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Preface to the 
Fifth Edition 


“Tf it is beautiful, wear it around your neck. If it serves a useful purpose, carry it 
on your back. It if is neither, get rid of it.” 

In the process of deciding which material to include in this new edition and 
which to discard, I attempted to follow the above-quoted advice of my sergeant 
major (whose name I forgot) in the Israeli army as we were preparing to go into the 
field. I thus timited the material to what I consider, subjectively, beautiful, or im- 
portant, or, on more than one occasion, both. The user of this book will have his 
own candidates for each of these categories, which. 1 hope, are not different from 
mine. In the process, most of the topics and chapters of the fourth edition survived 
the transition to the fifth. A considerable amount of new material, however, has been 
added. The changes reflect the continuous ascendance of optical communication as 
the foremost communication technology. With the new additions, the center of grav- 
ity of the book has swung clearly to the side of low-power, communication-related 
topics that made it appropriate to change the title to Optical Electronics in Modern 
Communications. 

The main new features of this edition are: 


1. Use of the transfer function Fourier transform formalism to treat pulse propaga- 
tion in fibers. 

2. The temporal-spatial equivalence of pulse and beam propagation inciuding tem- 
poral lenses. 

3. Compensation of dispersive pulse spread in fibers. 


4. New treatment of the optical susceptibility (y‘(v} and y"(v)), using the Kramers- 
Kroning relations. Derivation of Kramers-Kroniag relations. 

5. A major overhaul of the discussion on distributed feedback lasers. including a 
treatment of gain-coupled lasers. 

6. Dynamic chirp in semiconductor lasers. 

7. Vertical-cavity semiconductor lasers. 

8. A new chapter on solitons, with a first-principles derivation of the propagation 
equation in nonlinear fibers. 

9. A new chapter consisting of a classical treatment of quantum optics and quantum 
noise, consequences [vr optical measurements, shot noise, and ‘‘squeezing”’ of 
amplitude fluctuations, below the classical timit. by degenerate parametric am- 
plification. 


The academic requirements for the use of this book are unchanged from those 
stated in the preface to the fourth edition, repeated here. 

I am indebted to Mrs. Jana Mercado and Mrs. Mary Eleanor Johnson for typing 
and editing under fire. I also benefited from specific technical inputs by John Kitch- 
ing, William Marshall, John O’Brien, and Matt McAdams, 

To Mr. Ali Adtbt my deep apprectation for the countless hours spent rederiving 
all the major results, The errors and inconsistencies that he corrected will go a long 
way toward making this a rigorous and relatively error-free text. 


Pasadena, California Amnon Yariv 
June 1996 


—_—_—__—. —_—-- — - =< MaMa 





Preface to the 
Fourth Edition 


The five years that have mtervened since the appearance of the third edition of 
OPTICAL ELECTRONICS witnessed significant technical developments in the field 
and the emergence of some major trends. A tew of the important developments are 


l. Optical fiber communication has established itself as the key communication 
technology. 

2, The semiconductor laser and especially the longer wavelength GalnAsP/[nP ver- 
sion has emerged as the main light source for high-data-rate optical fiber com- 
munication systems. 

3. Quantum well semiconductor lasers started replacing their con ventional counter- 
parts for high-data-rate long distance communication and most other sophisticated 
applications including ultra-low threshold and mode-locked lasers. 

4. Optical fiber amplifiers are causing a minor revolution in fiber communication 
due to their impact on very long distance transmission and on large scale optical 
distribution systems. 


The accumulated weight of the new developments was such that when I last 
taught the course at Caltech in 1989 I found myself using a substantial fraction of 
course material that was not mcluded in the text. The fourth edition brings this 
material into the fold. The main additions to the third edition, include major revisions 
and new chapters dealing with 


. Jones calculus and its extension to Faraday effect elements. 

. Radiometry and infrared detection. 

. Optical fiber amplifiers and their impact on fiber communication links. 

. Laser arrays. 

. Distributed feedback lasers, including multi-element lasers with phase shift sec- 
tions. 

6. Quantum weil and ultra-low threshold semiconductor lasers. 

7. Photorefractive crystals and two-beam coupling in dynamic holography and 

image processing. 

8. Two-beam coupling and phase conjugation in stimulated Brillouin scattering. 

9. Intensity fluctuations and coherence in semiconductor lasers and their impact on 

fiber communication systems. 


A ee bd r= 


The book continues to be aimed at the student interested in learning how to 
generate and manipulate optical radiation and how to use it to transmit information. 
At Caltech the course is taken, almost in equal proportions, by electrical engineering, 
physics, and applied physics students. About half the students tend to be seniors and. 
the rest graduate students. 

The prerequisites for taking the course at Caltech are a sound undergraduate 
background in electromagnetic theory—usually a one year course in this area—and 
an introcution to atomic physics. 

The hands-on and research flavor of the book owes greatly to the exciting mix 
of visitors, talented students, and postdocs who bombard me continually with their 
newest findings and thoughts. 

This edition includes acknowledged and unacknowledged contributions from 
Chris Harder, Kerry Vahala, Eli Kapon, Kam Lau, Pamela Derry, Israel Ury, Nadav 
Bar-Chaim, Hank Blauvelt, Michael Mittelstein, Lars Eng, Norman Kwong, Shu Wu 
Wu, Bin Zhao, and Rudy Hoffmeister. The Caltech Applied Physics 130 and 131 
classes during 1987 and 1989, helped ferret out inconsistencies and insisted on 
clearer presentations. 

My wife Fran and my administrative assistant Jana Mercado are responsible for 
the typing and editing. To them and to all of the above, my gratitude. 


Pasadena, California Amnon Yariv 
January 1991 
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1.0 INTRODUCTION 

In this chapter we derive some of the basic results concerning the propagation of 
plane. single-frequency, electromagnetic waves in homogencous isotropic media, as 
well as in anisotropic crystal media. Starting with Maxwell's equations we obtain 
expressions for the dissipation, storage. and transport of energy resulting from the 
propagation of waves in material media. We consider in some detail the phenomenon 
of birefringence, in which the phase velocity of a plane wave in a crystal depends 
on its direction of polarization. The two allowed modes of propagation in uniaxial 
crystals—the ‘ordinary’ and ‘extraordinary’ rays—are discussed using the for- 
malism of the index ellipsoid. 

We also derive the Fresnel-Kirchhoff diffraction integral. This mlegral, the key 
for work in coherent and Fourier optics, will be used extensively throughout this 
book. 


1.1 COMPLEX-FUNCTION FORMALISM 





In problems thal involve sinusoidally varying time functions, we can save a greal 
dea} of manipulation and space by using the complex-tunction formalism. As an 
example consider the function 


a(t) = JA] cos(wt + h) (1.1-1) 


] 
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where wis the circular (radian) frequency’ and œ, is the phase. Defining the complex 
amplitude of a(t} by 


A = |A| e” (1.1-2} 
we can rewrite (1.1-1) as 
a(t) = RejAe™] (1.1-3) 
We will often represent a(t) by 
a(t) = Ae™ (1.1-4) 


instead of by {1.1-1) or (1.1-3). This, of course, is not strictly correct so that when 
this happens it is always understood that what is meant by (1.1-4) is the real part 
of Aexp(iwt). In most situations the replacement of (1.1-3) by the complex form 
(1.1-4) poses no problems, The exceptions are cases that involve the product (or 
powers) of sinusoidal functions. In these cases we must use the real form of the 
function (1.1-3). To illustrate the case where the distinction between the real and 
complex form is not necessary, consider the problem of taking the derivative of a(t). 


Using (1.1-1) we obtain 


dalt) _ 


P a cos(wt + ,)] = —alA| sin(wt + Aa) (1.1-5) 


If we use instead the complex form (1.1-4), we get 


dalt) d 


— (Ae'"} = iwAe™ 
dt dt 


Taking, as agreed, the real part of the last expression and using (1.1-2), we obtain 
(1.1-5). 

As an example of a case in which we have to use the real form of the function, 
consider the product of two sinusoidal functions a(t} and b(t), where 


a(t) = |A| cos(wt + Q) 
= £l [ett ba) 4+ eg Kutt ba) (1.14) 


= RejAe™"] 
and 
b(t) = |B] cos(wt + ep) 
_ Bi 
2 
= Re[Be™| 


[ett dip) + eg hort ém] (1.1-7) 


'The radian frequency « is to be distinguished from the real frequency r = w27. 
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with A = |A| exp(id,) and B = |B| exp(id,). Using the real functions, we get 
Aj |8| 
2 


Were we to evaluate the product a(f)h(z) using the complex form of the functions, 
we would get 





anbi = [cos(2wz + p, + h) + cosid, ~ &)] (1.1-8) 


alt)b(t) = ABe" = [Aj |B| gÉ eit bat de) (1.1-9) 


Comparing the last result to (1.1-8) shows that the time-independent {dc) term z|A| 
|B| cos(@,, — ,) is missing, and thus the use of the complex form led to an error. 


Time-Averaging of Sinusoidal Products’ 


Another problem often encountered is that of finding the time average of the product 
of two sinusoidal functions of the same frequency 
T 


a(nb(t) = | |A| cos(at + ,)|B] cos(eat + dp) dt (1.1-10) 


ii 

where a(t) and b(t) are given by {1.1-6) and (1.1-7) and the horizontal bar denotes 
time-averaging. T = 27/e is the period of the oscillation. Since the integrand in 
(1.1-10) is periodic in T, the averaging can be performed over a time F. Using (1.]- 
8) we obtain directly 


ae cost, — os) (1.1-1) 





a(ob(t) = 


This last result can be written in terms of the complex amplitudes A and 8, defined 
immediately following (1.]-7}, as 


a(b = ZRe(AB*) (1.1-12) 
This important result will find frequent use throughout the book. 


1.2 CONSIDERATIONS OF ENERGY AND POWER IN ELECTROMAGNETIC FIELDS 


In this section we derive the formal expressions for the power transport, power 
dissipation, and energy storage that accompany the propagation of electromagnetic 
radiation in material media. The starting point is Maxwell's curl equations (in MKS 


units) 
dd 
¥Vxh=i+— (1.2-1) 
at 
ab 
Vxer= ays (1.2-2) 


r= 


"The problem of the time average of ihe product of two nearly sinusoidal functions is considered in 
Problems 1.1 and 1.2. 
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and the constitutive equations relating the polarization of the medium to the dis- 
placement vectors 


d = Enë + p (1.23) 
b = uh + m) (1.2-4) 


where i is the current density (amperes per square meter); elr, #) and hir, 7) are the 
electric and magnetic field vectors, respectively; dir, t) and b(r, t) are the electric 
and magnetic displacement vectors; pír, t) and mír, ż) are the electric and magnetic 
polarizations (dipole moment per unit volume) of the medium; and £p and jug are 
the electric and magnetic permeabilities of vacuum, respectively. We adopt the con- 
vention of using lowercase letters to denote the time-varying functions, reserving 
capital letters for the amplitudes of the sinusoidal time functions. For a detailed 
discussion of Maxwell’s equations, the reader is referred to any standard text on 
electromagnetic theory such as Reference [1]. 
Using (1.2-3) and (1.2-4) in (1.2-1) and (1.2-2) leads to 


å 
Vxh=it— (ee + p) (1.2-5) 


il 


V xe == uo + m) (1.24) 


Taking the scalar (dot) product of (1.2-5) and e gives 


. Ey d dp 
-Vxh=e-i+t——fe-e) +e: — 1.2-7 
e h=e-i > 5 {e-e) te `; (1.2-7) 
where we used the relation 
ld de 
2 PON Oey 
Next we take the scalar product of (1.2-6) and h: 
jg d am 
-V xo = -—--ih-h) —- a — 1.28 
h e > yl ) = pol t (1.2-8) 


Subtracting (1.2-8) from (1,2-7) and using the vector identity 
V-(AXB=B-VxA-A-¥VXB (1.29) 


df & Ho 
—e-e+ —h-h 
i (Bere 2h 


results in 


—¥V-(e Xh) = erit— 


te P + jigh — (1.2-10) 
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We integrate the last equation over an arbitrary volume V and use the Gauss theorem 


(1) 
f (V + A) dv = Í A- nda (1.2-10a) 


where A is any vector function, n is the unit vector normal to the surface $ enclosing 
V, and dv and da are the differenhal volume and surface elements, respectively. The 
result is 


- | veexmd=~| @xhy-nde (1,2-11) 
V 5 


= 0 f Ep d Ho dp om 
= | leit [2e e] +2] Enn] te E+ ph — la 
ac 2 (Se e) 2 (4 era, TPM li 


According to the conventional interpretation of electromagnetic theory, the left side 
of (1.2-11), that is, 


- | te xh) emda 


gives the total power Mowing into the volume bounded by $. The first term on the 
right side is the power expended by the ficld on the moving charges; the sum of the 
second and third terms corresponds to the rate of increase of the vacuum electro- 
magnetic stored energy Éa where 


t= | ese + hhl (1.2-12) 
vi2 2 
Of special interest in this book is the next-to-last term 
op 
-> 1.2-13 
e ( ) 


which represents the power per unit volume expended by the field on the electric 
dipoles, This power goes into an increase in the potential energy stored by the dipoles 
as well as into supplying the dissipation that may accompany the change in p. We 
will return to it again in Chapter 5, where we treat the interaction of radiation and 
atomic systems. 


Dipolar Dissipation in Harmonic Fields 


According to the discussion in the preceding paragraph, the average power per unit 
volume expended by the field on the medium electric polarization ts 


Power op 
= p — 
Volume af 





(1.2-14) 


ELECTROMASNETIC THEORY 


where the horizontal bar denotes time-averaging. Let us assume for the sake of 
simplicity that e(z) and pr} are parallel to each other and take their time dependence 


to he 
e(t) = RetEe"] (1.2-15) 
p(t) = Re[Pe™] (1.216) 


where E and P are the complex amplitudes. The electric susceptibility xy, of the 
medium is defined by 
P = egy E (1.2-17) 


and is thus a complex number, in general a function of the frequency w. Substituting 
(1.2-15) and (1.2-16) in (1.2-14) and using (1.2-17) gives 


Pow <- 
L = RelEe™] ReliwPe™) 





Volume 
= $ Re[imegy.EE*| (1,2-18) 


a 4 
= 5 bol EY Refy.) 


where in going from the first to the second equality we used (1.1-12). Since y, Is 
complex, we can write it m terms of its real and imaginary parts as 


Xe = x7 iy: (1.2-19) 


which, when used in (1.2-17), gives 





Power Moke pp (1.2-20) 





which is the desired result. 
We leave it as an exercise (Problem 1.3) to show that in anisotropic media in 


which the complex field components are related by 


P= 6) gE; (1.2-21) 
i 


the application of (1.2-14} yields 





Power _ wo 
Volume 2 





so >, Relix,ETE) (1.2-22) 
iy 


The study of power exchange between electrons (bound or free) and electromagnetic 
fields is central to this book. It is thus instructive to rederive Equation (1,2-18), 
obtained here formally from Maxwell’s equations, using another, and possibly more 
familiar, point of view. 
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Consider the case of a single localized electric dipole p. Tn this case, the power 
flow from the dipole to the field is obtained by replacing p by p in (t.2-13). 


Power aye (1.2.23) 


. _), = e+ 
dipole —> field dit 


The stmplest oscillating dipole imaginable is arguably that of an electron whose 
position is given by 


X = xo cos(wt + h.) (1,2-24) 
which is subject to an electric field 
e, = Ep COs wt (1,2-25) 
The dipole moment of the oscillating electron (whose charge is ~e) is 
fb, = —ex = —exg colat + Q.) 
which leads to 
Power =eF, ox = ee) = -Fv (1.2-26) 


elect, — field — ül 


, , TA . 
where F = —e ¢, is the force on the electron, while v = P is its velocity. We have 


thus shown that the dipolar result for power exchange, Equation (1.2-23) or equiv- 
alently (1.2-13} is equivalent to Equation (1.2-27), well familiar from classical dy- 
namics. It is now easy to understand why the power flow from a field to the electron 


(polarization) depends on their relative phase. The case œ. = - H , for example, is 


one where 


Power | 3 

elect. > field ~ WEXyEy COS” wi (1.2-27) 

The electron is subject to a braking force at all times and continually loses power 
R 

to the field. If @. = 2 the reverse is true:; the electron is always accelerated and 


the power flow is given by (1.2-28) with a minus sign. 

The reader is encouraged to make plots of the power flow vs. t during one optical 
cycle for, say, &, = 0, a, the power flow reverses sign four times per (optical) 
period, thus averaging out to zero. 


1.3 WAVE PROPAGATION IN ISOTROPIC MEDIA 


Here we consider the propagation of electromagnetic plane waves in homogeneous 
and isotropic media so that ¢ and y are scalar constants. Vacuum is, of course, the 
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best example of such a “medium.” Liquids and glasses are material media that, to 
a first approximation, can be treated as homogeneous and isotropic.” We choose the 
direction of propagation as z and, taking the plane wave to be uniform in the x-y 
plane, put d/ax = o/dy 7 O im (1.2-L} and (1.2-2). Assuming a lossless (¢ = 0) 
medium, (1.2-1) and (1.2-2) become 


dh 
Veezr-rn— Ll 
€ e7 (T31) 
de 
Vxh=:— (1.3-2) 
ar 
dey _ ah, 33 
xm (1.33) 
dh, de, 
—=—g— (1.34) 
oy at 
de oA. 
i= -p— 1.35 
ie Bo (t.45) 
On a 
Ore =, Sy (1.34) 
gz ar 
dn 
0 = u — 1.347 
E (1.37) 
de. 
0 = ge — 1.3-4 
e gt (148) 


From (1.3-7) and {1.3-8} it follows that the time dependent parts of h, and e, are 
both zero; therefore, a uniform plane wave in a homogeneous isotropic medium can 
have no longitudinal field components. We can obtain a self-consistent set of equa- 
tions from (1.3-3) through (1.3-8) by taking e, and A, (or e, and h,) to be zero.” In 
this case the last set of equations reduces to Equations (1.3-4) and (1.3-5). Taking 
the derivative of (1.3-5) with respect to z and using (1.3-4), we obtain 


ae, B de, 
ae ag? 





(1.39) 





‘The individual molecules making up the liquid or glass are, of course, anisotropic. This anisotropy, 
however, s averaged out because of the very large number of molecules with random onentations present 


inside a volume ~ A‘. 

“More fundamentally it can be easily shown from (1.3-1) and (1.3-2) (see Problem 1.4) thal, for uniform 
plane harmonic waves. e and h are normal to each other as well as to the direction of propagation. Thus, 
xand y can simply be chosen to coincide with the directions of e and h. 
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A reversal of the procedure will yield a similar equation for 4,. Since our main 
interest is in harmonic (sinusoidal) time variation, we postulate a solution in the form 
of 


e? = EZ give (1.310) 


where E> exp(+ikz) are the complex field amplitudes at z, Before substituting (1.3- 
10) into the wave equation (1.3-9), we may consider the nature of the two functions 
e;. Taking first ef : If an observer were to travel in such a way as to always exercise 
the same field value, he would have to satisfy the condition 


wt — kz = constant 


where the constant is arbitrary and determines the field value ‘‘seen’’ by the observer. 
By differentiation of the last result, it follows that the observer must travel in the 
+z direction with a velocity 


dz œ 
=— = 1.3-11 

Oh k an) 
This is the phase velocity of the wave. If the wave were frozen in time, the separation 
between two neighboring field peaks—that is, the wavelength—would be 


27 C 
à = — = lr — 1.3-12 
7 7 ( ) 


The e; solution differs only in the sign of k, and thus, according to (1.3-11), it 
corresponds to a wave traveling with a phase velocity c in the —z direction. 

The value of ¢ can be obtained by substituting the assumed solution (1.3-10) 
into {1.3-9), which results in 


(1.313) 


Or 


The phase velocity in vacuum is 


l 
— = 3 X 10° mis 
V Hogy 





Co = 


whereas in material media it has the value 


Co 
č = 7 
n 
where n = W efe is the index of refraction. 
Turning our attention next to the magnetic field h,, we can express it, in a manner 
similar to (1,3-10), in the form of 


hy = Hy eer’? (13-14) 


10 
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Substitution of this equation into (1.3-4) and using (1.3-10) gives 
~ikH 7 ee krj — —iwekt ee ®) 
Therefore, from (1.3-13), 
EY ji 

Ht = — = [= 1.3-15 

y 7 i z { ) 
In vacuum Yo = V fio/€) = 377 ohms. Repeating the same steps with H, and Ey 
gives 


H =- (1.3-16) 


so that for negative (~z) traveling waves the relative phase of the electric and mag- 
netic fields is reversed with respect to the wave traveling in the +z direction. Since 
the wave equation {1.3-9} is a linear differential equation, we can take the solution 
for the harmonic case as a linear superposition of ef* and e7 


ez, t) = Ege" 4+ Fo etek) (1.3-17) 


and, similarly, 
I esp 
A(z, t) -` [Et en _. Evekorte) 
| n 
where Et and E, are arbitrary complex constants. 


Power Flow in Harmonic Fields 


The average power per unit area—that is, the intensity (W/m*)—<arried in the di- 
rection of propagation by a uniform plane wave is given by (1.2-11) as 


I| = |e xh (1.318) 


where the horizontal bar denotes time averaging. Since e || x and b || y, we can obtain 
from (1.3-18) for the power flow in the z direction 


I= eh, 


Taking advantage of the harmonic nature of e, and 4,, we use (1.3-17) and (1.1- 
12) to obtain 


H l l 
= $ RelEH) = >, ReflEre E + Ere" 
7 


X [(E;)te™ — (E,)*e*]} 
-EL Et 
y 2y 
The first term on the right side of (1.3-19) gives the intensity associated with the 


positive (+z) traveling wave, whereas the second term represents the negative trav- 
èling wave, with the minus sign accounting for the opposite direction of power flow, 


(1.3-19) 


WAVE PROPAGATION IN ISOTROPIC MEDIA 11 


An important relation that will be used in a number of later chapters relates the 
intensity of the plane wave to the stored electromagnetic energy density. We start 
by considering the second and fourth terms on the right of (1.2-11) 


d fe a 
-|2 ece te 
d¢\2 at 


Using the relations 


P= Et 
E = Eal + x} (1.3-20) 
we obtain 
d fE op dje 
-— | =p. + _— = — |— pe 1.3-2] 
2 (Pene) ear 2 (fe e) l ) 


Since we assumed the medium to be lossless, the last term must represent the rate 
of change of electric energy density stored in the vacuum as well as in the electric 
dipoles; that is, 


Gelecine E 
——- =e: 1.3-22 
Volume 7? Í ( 


The magnetic energy density is derived in a similar fashion using the relations 
m= yni 
= Boll + Xa 

resulting in 


Smagnene Hy (1,3-23) 


Volume 2 


Considering only the positive traveling wave in (1.3-17), we obtain from (1.3-22) 

















and (t.3-23) 
€ Emari TO e\ — = 
— magietie elegrrie — _ -r + e) hy 
Volume Volume (5) (ev) f ae 
= le + 2 late 
4 4 
E ub Et 2 
= = |g + = = 
4 49 
= ig Et 2 (1 3-24) 





where the second equality is based on (1.1-12), and the third and fourth use (1.3- 
15). Comparing (1.3-24) to (1,3-19), we get 
i | 


Fa e 1.3-25 
é/Nolume Vue i ) 
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where € = magens + Griecrric 18 the electromagnetic field energy and c is the phase 
velocity of light in the medium. In terms of the electric field we get, putting |E; |= 


E, 
I= cele? JE} 
2 2n 
— [eh _ 
n= ic = 377 ohms in free space (1.3-26) 
E 


1.4 WAVE PROPAGATION IN CRYSTALS—THE INDEX ELLIPSOID 


in the discussion of electromagnetic wave propagation up to this point, we have 
assumed that the medium was isotropic. This causes the induced polarization to be 
parallel to the electric field and to be related to it by a (scalar) factor that 1s inde- 
pendent of the direction along which the field is applied. This situation does not 
apply in the case of dielectric crystals. Since the crystal is made up of a regular 
periodic array of atoms {or ions), we may expect that the induced polarization will 
depend in its magnitude and direction, on the direction of the applied field. Instead 
of the simple relation (1.3-20) linking p and e, we have 


P, = eX Ee + XB + Xaa 
P, = Ea Xa Ex + Xu, + Xo3F2) (1.4-1) 
P, = Ea Er T XyE; + X54) 


dj 


where the capital letters denote the complex amplitudes of the corresponding time- 
harmonic quantities. The 3 X 3 array of the y, coefficients is called the electnc 
susceptibility tensor. The magnitude of the y; coefficients depends, of course, on 
the choice of the x, y, and z axes relative to that of the crystal structure. It is always 
possible to choose x, y. and z in such a way that the off-diagonal elements vanish, 


leaving 
P, = Eoy uE 
P, = EXE (1.4-2) 
P, = eGoV 56, 


These directions are called the principal dielectric axes of the crystal. in this book 
we will use only the principal coordinate system. We can, instead of using (1.4-2), 
describe the dielectric response of the crystal by means of the electric permeability 
tensor €p, defined by 


D, = EEx 
, = en (1.4-3) 
D, = e33F, 
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From (1.4-2) and the relation 


D= &E +P 
we have 
En = El + yn) 
En = Egd + X22) (1.44) 
En = Eod + xa) 
Birefringence 


One of the most important consequences of the dielectric anisotropy of crystals 1s 
the phenomenon of birefringence in which the phase velocity of an optical beam 
propagating in the crystal depends on the direction of polarization of its e vector. 
Before treating this problem mathematically, we may pause and ponder its physical 
ongin. In an isotropic medium the induced polarization 1s independent of the held 
direction so that yii = Y22 = Y33, and, using (1.4-4), €), = Ex = &3 = £. Since c 
= (pe) "7, the phase velocity is independent of the direction of polarization. In an 
anisotropic medium the situation is different. Consider, for example, a wave prop- 
agating along z. If its electric field is parallel to x, it will induce, according to (1.4- 
2), only £, and will consequently *‘see’’ an electric permeability £, Its phase ve- 
locity will thus be c, = (j2,,)"'. If, on the other hand, the wave is polarized parallel 
to y, it will propagate with a phase velocity c, = (Hen) "^. 

Birefringence has some interesting consequences. Consider, as an example, a 
wave propagating along the crystal z direction and having at some plane, say z = 0, 
a linearly polarized field with equal components along x and y. Since k, # X,, as the 
wave propagates into the crystal the x and y components get out of phase and the 
wave becomes elliptically polarized. This phenomenon ts discussed in detail in Sec- 
tion 9.2 and forms the basis of the electrooptic modulation of light. 

Returning to the example of a wave propagating along the crystal z direction, 
let us assume, as in Section 1.3, that the only nonvanishing field components are e, 
and h, Maxwell's curt equations (1.3-5) and (1.3-4) reduce, in a self-consistent 
manner, to 


de, 2h, 
Oz j at (1.4-5) 
az at 


Taking the derivative of the first of Equations (1.4-5) with respect to z and then 
substituting the second equation for d#,/dz gives 


Pe, ae, 
ee Orn (1.4-6) 
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If we postulate, as in (1.3-10), a solution in the form 
g, = Eye’ * (1.47) 
then Equation (1.4-6) becomes 
kE, = W pe,,E, 
Therefore, the propagation constant of a wave polarized along x and traveling along 
zis 
k, = wV ey, (1.4-8) 


Repeating the derivation but with a wave polarized along the y axis, instedd of the 
x axis, yields k, = WWV pe. 


Index Ellipsoid 


As shown above, in a crystal the phase velocity of a wave propagating along a given 
direction depends on the direction of its polarization. For propagation along z, as an 
example, we found that Maxwell's equations admitted two solutions: one with its 
linear polarization along x and the second along y, If we consider the propagation 
along some arbitrary direction in the crystal, the problem becomes more difficult. 
We have to determine the directions of polarization of the two allowed waves, as 
well as their phase velocities. This is done most conveniently using the so-called 
index ellipsoid 


2 
FY yf oy (1.49) 
Eo Exel Ege Eq 








This is the equation of a generalized ellipsoid with major axes parallel to x, y, and 
z whose respective lengths are 2°V Ej /e9, 2V 29/8, and 2V £348. The procedure 
for finding the polarization directions and the corresponding phase velocities for a 
given direction of propagation is as follows: Determine the ellipse formed by the 
intersection of a plane through the origin and normal to the direction of propagation 
and the index ellipsoid (1.4-9). The directions of the major and minor axes of this 
ellipse are those of the two allowed polarizations,” and the lengths of these axes are 
2n, and 2n,, where n, and n; are the indices of refraction of the two allowed 
solutions. The two waves propagate, thus, with phase velocities cogni and cyna, 
respectively, where co = (Ho£0) "2 is the phase velocity in vacuum. A formal proof 
of this procedure is given in References [2—4]. 

To illustrate the use of the index ellipsoid, consider the case of a uniaxial crystal 
(that is, a crystal with a single axis of threefold, fourfold, or sixfold symmetry). 
Taking the direction of this axis as z, symmetry considerations dictate that £; = 


“These are actually the directions of the D, not of the E, vector. In a crystal these two are separated, m 
general, by a small angle; see References [2] and [3]. 
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g+. Defining the principal indices of refraction n, and n, by 


"Ji Er + _ E33 
nee =A AEE (1.4-10) 
Eg Ey Ey 


4 2 2 
X y ki 
eI ee (1.411) 
n on, K 


This is an ellipsoid of revolution with the circular symmetry axis parallel to z. The 
z major axis of the ellipsoid is of length 2n,, whereas that of the x and y axes 18 27. 
The procedure of using the index ellipsoid is illustrated by Figure 1-1, 

The direction of propagation is along s and is at an angle # to the (optic) z AXIS. 
Because of the circular symmetry of (1.4-11) about z, we can choose, without any 
loss of generality, the y axis to coincide with the proyectron of s on the x-y plane. 
The intersection ellipse of the plane normal to s with the ellipsoid is shaded in the 
figure. The two allowed polarization directions are paraliel to the axes of the ellipse 
and thus correspond to the line segments OA and OB. They are consequently per- 
pendicular to 5 as well as to each other. The two waves polarized along these direc- 


‘See, for example, J F. Nye, Physical Properties of Crystals New York: Oxford University Press. 1937. 


z (Optic) axis 
L 


a ae 


8. 


(0, 0, n5 
So 








= Mij: 9, U) \ | <S 
1 \ | i 


Figure 1-1 Construction for finding indices of refraction and allowed polarization for a given 
direction of propagation s. The figure shown is for a uniaxial crystal with a, = Ay = Ry. 
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tions have, respectively, indices of refraction given by 2,(@) = [OA] and n, = [OB]. 
The first of these two waves, which is polarized along OA, is called the extraordinary 
wave. Its direction of polarization varies with 6 following the intersection point A. 
Its index of refraction is given by the length of OA. It can be determined using Figure 
1-2, which shows the intersection of the index ellipsoid with the y-z plane. 

Using the relations 


nO) =z ty 
z 
— = gin 
nÁ0) 
and the equation of the ellipse 
JON 
Ma Me 


we obtain 
l costo sinto 


n n ne 





(1.4-12) 








Thus, for @ = 0°, 2,(0°) = n,, and for 6 = 90°, n490) = n. 

The ordinary wave remains, according to Figure 1-1, polarized along the same 
direction OB independent of 8. It has an index of refraction n.. The amount of 
birefringence n,(@} — n, thus varies from zero for 8 = 0° (that is, propagation along 
the optic axis} ton, — n, for @ = 90°. 





Figure 1-2 Intersection of the index ellipsoid with the z-y plane. |OA| = n,(@) is the index of 
refraction of the extraordinary wave propagating in the direction s. 
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Figure 1-3 Intersection of s-z plane with normal surfaces of a positive uniaxial crystal (7, > 


Ra), 


Normal (index) Surfaces 


Consider the surface in which the distance of a given point from the origin is equal 
to the index of refraction of a wave propagating along this direction. This surface, 
not to be confused with the index ellipsoid, is called the normal surface. It is con- 
structed using the index ellipsoid (Figure 1-1}. The normai surface of the extraor- 
dinary ray is constructed by measuring along each direction s(?, @) the corresponding 
index n, (8, $), which is the distance OA in Figure 1-1. For a uniaxial crystal, this 
results in an ellipsoid of revolution about the z axis as illustrated by the outer line 
in Figure 1-3. For the ordinary ray we plot the distance OB = no (which is inde- 
pendent of 6, œ), resulting in the inner sphere of Figure 1-3. 


1.5 JONES CALCULUS AND ITS APPLICATION TO PROPAGATION IN OPTICAL 
SYSTEMS WITH BIREFRINGENT CRYSTALS 


Many sophisticated optical systems, such as electrooptic modulators (to be discussed 
in Chapter 9) involve the passage of light through a train of polarizers and birefnn- 
gent (retardation) plates. The effect of each individual element, either polarizer or 
retardation plate, on the polarization state of the transmitted light can be described 
by simple means. However, when an optical system consists of many such elements, 
each oriented at a different azimuthal angle, the calculation of the overall transmis- 
sion becomes complicated and is greatly facilitated by a systematic approach. The 
Jones calculus, invented in 1940 by R. C. Jones [5], is a powerful matrix method in 
which the state of polarization is represented by a two-component vector, while each 
optical element 18 represented by a 2 X 2 matrix. The overall transfer matrix for the 
whole system is obtained by multiplying all the individual element matrices, and the 
polarization state of the transmitted light is computed by multiplying the vector 
representing the input beam by the overall matrix. We will first develop the math- 
ematical formulation of the Jones matrix method and then apply it to some cases of 
practical interest, 
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We have shown in the previous section that a unidirectional light propagation 
in a birefringent crystal generally consists of a linear superposition of two orthog- 
onally polarized waves—the eigenwaves. These eigenwaves, for a given direction 
of propagation, have well-defined phase velocities and directions of polarization. 
The birefringent crystals may be either uniaxial (n, = n,n.) or biaxial (n, # n, # 
n,}. However, the most commonly used materials, such as calcite and quartz, are 
umaxial, In a uniaxial crystal, these eigenwaves are the so-called ordinary and ex- 
traordinary waves, whose properties were derived in Section 1,4, The directions of 
polarization for these eigenwaves are mutually orthogonal and are called the slaw 
and fast axes of the crystal for the given direction of propagation. Retardation plates 
are usually cut in such a way that the ¢ axis lies in the plane of the plate surfaces. 
Thus the propagation direction of normally incident light is perpendicular to the c 
axis. 

Retardation plates (also called wave plates) are polanzation-state converters, or 
transformers. The polarization state of a light beam can be converted to any other 
polarization state by using a suitable retardation plate. In formulating the Jones 
matrix method, we assume that there is no reflection of light from either surface of 
the plate and the light is totally transmitted through the plate surfaces. In practice, 
there is some reflection, though most plates are coated with ‘‘antireflection’’ coatings 
to greatly reduce such reflection. Referring to Figure 1.4, we consider a light beam 


(fixed laboratory axis) z 


y 
A 
| 
| 


T m ee — — + — — —r y {fixed laboratory axis) 


Incident Crystal 

beam 

Figure 1-4 A retardation plate rotated at an angle ¢ about the z axis. f(‘‘fast’’} and s(‘‘slow’’) 
are the two principal dielectric axes of the crystal for light propagating along z (see Section 
1.4). The x and y axes are fixed in the laboratory frame. 
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that is incident normally on a retardation plate along the z axis with a polarization 
state described by the Jones column vector 


Vy 
v= (v) (1.51) 


where V, and V, are two complex numbers representing the complex field amphtudes 
along x and y. The x, y and z axes are fixed laboratory axes. To determine how the 
light propagates in the retardation plate, we need to resolve it mto a linear combi- 
nation of the fast and slow elgenwaves of the crystal. This is done by the coordinate 


transformation 
Ve) d cosy sing) / V, _ V, 
y) p a ow) () RW ) ue) 


V, is the slow component of the polarization vector V, whereas V; is the fast com- 
ponent. The slow and fast axes are fixed in the crystal. The angle between the fast 
axis and the y direction is ẹ. These two components are eigenwaves of the retardation 
plate and will propagate with their own phase velocities and polarizations as dis- 
cussed in Section 1.4. Because of the difference in phase velocity, the two compo- 
nents undergo a different phase delay in passage through the crystal. This retardation 
changes the polarization state of the emerging beam. 

Let n, and n; be the refractive indices of the slow and fast eigenwaves, respec- 
tively. The polarization state of the emerging beam in the crystal coordinate system 
is thus giver by 


V, exp (-n, = j ; 0 Vs 
_ C 


v (1.53) 
V; 0 exp | -ing z j V; 


where / is the thickness of the plate and æ 1s the radian frequency of the Itght beam. 
The phase retardation is defined as the difference of the phase delays (exponents) in 
(1.5-3} 


T= (n, = np (1.54) 


Notice that the phase retardation I is a measure of the relative change in phase, not 
the absolute change. The birefringence of a typical crystal retardation plate ts small, 
that is, |n, — nd << nRa An Consequently, the absolute change in phase caused by 
the plate may be hundreds of times greater than the phase retardation. Let œ be the 
mean absolute phase change 


wi 
b= a(n, tny (1.55) 
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Then Equation (1.5-3) can be written in terms of œ and I as 


a r 
V oje Q Y 
$ — p$ T E 1.56 
y) ° ( Q ‘) @ i ) 


The Jones vector of the polarization state of the emerging beam in the xy coordinate 
system is given by transforming back from the crystal to the laboratory coordinate 


system 
V. COS — sin V, 
V, sin y cos W \Ve 


By combining Equations (1.5-2), (1.5-6), and (1.5-7), we can write the transforma- 
tion due to the retardation plate as 


(y) =en waay 
y) = RW WRD y 


kd 


) (1.58) 


where A(y) 1s the rotation matrix of (1.5-2) and W, 1s the Jones matrix of (1.5-6) 
for the retardation plate. These are given, respectively, by 


_f cose smn 
mw) = a cos f 19%) 
and 
i ' =iPf2 0 
Wy =e ( 0 won) (1.5-10) 


The phase factor e~‘® can usually be left out.’ A retardation plate, characterized by 
its phase retardation I‘ and its azimuth angle i, is represented by the product of three 
matrices 


Wp, T) = W = R- WR) 
e172) post p + ef") gin? y —j sin - sin 2y) 
= (1.511) 


F, n. 
—i sin 7 sin(2u) eT gin? h + e” cos? ab 


Note that the Jones matrix of a wave plate is a unitary matrix, that js, 
W'W = 1 


where the dagger t signifies the Hermitian conjugate (WY j= (Wha. The passage 
of a polarized light beam through a wave plate is described mathematically as a 
unitary transformation. Many physical properties are invariant under unitary trans- 


"The overall phase factor exp (~ ib) is only important when the output field V’ is combined coherently 
with another field. 
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formations; these mclude the orthogonal relation between the Jones vectors and the 
magnitude of the Jones vectors. Thus, if the polarization states of two beams are 
mutually orthogonal, they will remain orthogonal after passing through an arbitrary 


wave plate. 
The Jones matrix of an ideal, lossless homogeneous and linear, thin plate po- 
larizer oriented with its transmission axis parallel to the laboratory x axis is 


Py = e” 4 (1.5-12) 
00 


where @ is the absolute phase accumulated due to the finite optical thickness of the 
polarizer. The Jones matrix of a polarizer rotated by an angle from the x axis about 


z is given by 
P = R(—WPoR(Y) (1.5-13) 
Thus, if we neglect the (in this case unimportant) absolute phase @, the Jones matrix 


representations of the polarizers oriented so as to transmit light with electric field 
vectors parallel to the x and y laboratory axes, respectively, are given by 


1 0 0 0 
P= ( and r= ( (1.514) 
0 0 0 | 


To find the effect of an arbitrary train of retardation plates and polarizers on the 
polarization state of polarized light, we multiply the Jones vector of the incident 
beam by the ordered product of the matrices of the various clements. 





Example: A Half-Wave Retardation Plate 





A half-wave plate has a phase retardation of I = a. According to Equation (1.5-4), 
an x-cut® (or y-cut) uniaxial crystal will act as a half-wave plate, provided the thick- 
ness is / = A/2(n, — mo). We will determine the effect of a half-wave plate on the 
polarization state of a transmitted light beam. The azimuth angle of the wave plate 
is taken as 45° and the incident beam as vertically {y} polarized. The Jones vector 
for the incident beam can be written as 


y= () (1.5-15) 


and the Jones matrix for the half-wave plate is obtained by using Equation (1.5-11) 
with T = m, = md 


at CE IRE) a 
“Volt is \ 0 i/ v2\-t 1/) \-i 0 (1.16) 


PA crystal plate is called x-cui if its facets are perpendicular to the principal x axis. 
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The Jones vector for the emerging beam is obtained by multiplying Equations {1.5- 
16} and (1.5-15); the result is 


y = (o) = i A 1.517 
“o No (O17) 


which corresponds to horizontally (x) polarized light. The effect of the half-wave 
plate is thus to rotate the input polarization by 90°, It can be shown that for a general 
azimuth angle i}, the half-wave plate will rotate the polarization by an angle 24 (see 
Problem 1.7a). In other words, linearly polarized light remains linearly polarized, 
except that the plane of polarization is rotated by an angle of 2. 

When the incident light ts circularly polarized, a half-wave plate will convert 
right-hand circularly polarized light into left-hand circularly polanzed light and vice 
versa, regardless of the azimuth angle. The proof is left as an exercise (see Problem 
1.7). Figure 1.5 illustrates the effect of a half-wave plate. 





A plate 


Figure 1-5 The effect of a half-wave plate on the polarization state of a beam. 





Example: A Quarter-Wave Plate 


A quarter-wave plate has a phase retardation of I = a/2. If the plate is made of an 
x-cut (or y-cut) uniaxially anistropic crystal, the thickness is / = A/4 (n, — no) (or 
odd multiples thereof). Suppose again that the azimuth angle of the plate is ys = 45° 
and the incident beam ts vertically polarized. The Jones vector for the incident beam 
is given by Equation (1.5-15). The Jones matrix for this quarter-wave plate is 


-5 (' pio Ja ) 
CVI tho ems vali l 


l 1 ~i 
= — 1.5-18 
V2 (| ‘ (1518) 
The Jones vector of the emerging beam is obtained by multiplying Equations (1.5- 
18) and (1.5-15) and is given by 


a0 
V=- —]|. (15-19) 


To an observer facing the z direction (direction of propagation), this is a clockwise 
circularly polarized light. The effect of a 45°-oriented quarter-wave plate is thus to 
convert vertically polarized light into circularly polarized light. If the incident beam 
is horizontally polarized, the emerging beam will be circularly polarized in a coun- 
terclockwise sense. The effect of this quarter-wave plate is illustrated in Figure 1-6. 


Out 





A 

= plat 

q Plate 
In 


Figure 1-6 The effect of a quarter-wave plate on the polarization state of a linearly polanzed 
input wave. 
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Intensity Transmission 


Up to this point our development of the Jones calculus was concerned with the 
polarization state of the light beam. In many cases, we need to determine the trans- 
mitted intensity. The combination of retardation plates and polarizers 1s often used 
to control or modulate the transmitted optical intensity. Because the phase retardation 
of each wave plate is wavelength-dependent, the polarization state of the emerging 
beam and its intensity (when polarizers are present) depend on the wavelength of 
the light. Let us represent the field as a Jones vector 


v= (7) 1.5-20 
“ly (1.5-20) 


The intensity is taken using (1.1-12) and (1.3-24) as proportional to: 
r= Ve y* = VF + yF (1.521) 


If the output beam is given by 
Vy 
y'= ( j (1.5-22) 


the transmissivity of the optical system is calculated as 


vP + V 
Wal + Wot (1.5-23) 
VP + |¥, 





Example: A Birefringent Plate Sandwiched between Parallel Polarizers 


Referring to Figure !-7, we consider a birefringent plate sandwiched between a pair 
of parallel polarizers. The plate is oriented so that the slow and fast axes are at 45° 
with respect to the polarizer. Let the birefringence be n, — no and the plate thickness 
be d. The phase retardation 1s then given by 


I = Irin, — ne) (1.5-24) 


and the corresponding Jones matrix is, according to Equation (1.5-11), with y = 45° 


T ising 
Ww- | cost ising 01.525) 


—isingl  cossI 
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Birefringent 


~ plate 
Polarizer 
x 


Figure l-7 A birefringent plate sandwiched between a pair of parallel polarizers. 





The incident beam, after it passes through the front polarizer, is polarized parallel 
to y and can be represented by 
0 
Y= ( (1.526) 


we shail take, arbitrarily, the intensity corresponding to (1.5-26} as unity. The Jones 
vector representation of the electric field vector of the transmitted beam is obtained 


as follows: 
v- 0 i ( cos4I “nt o) 
0 If \-iin cost Vy (1.527) 


= (esir) 
~ cosa? 


The transmitted beam is y polarized with an intensity given by 


mn, — cd 


> (1.528) 


I = cosi = cos? | 
It can be seen from Equation (1,5-28) that the transmitted intensity is a sinusoidal 
function of the wave number (A~!) and peaks at A = (f, — mod, (n, — nod/2, (n, 
— ng)d/3, ... . The wave-number separation between transmission maxima increases 
with decreasing plate thickness, 
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Example: A Birefringent Plate Sandwiched between a Pair of Crossed Polarizers 


If we rotate the analyzer shown in Figure 1-7 by 90°, then the input and output 
polarizers are crossed. The transmitted beam for this case is obtained as follows: 


(i 5) cos4T a) (e 
0 Of \—isingl  — cos$T r) (1.5-29) 


sin | 
= =j 2 
va 


The transmitted beam 1s honzontally (x) polarized with an intensity relative to the 
input value given by 


y’ 


(1.5-30) 


T(t, — no) d 
A 


Mout L sinir = sin? | 
f 

This is again a sinusoidal function of the wave number A~'. The transmission spec- 
trum consists of a series of maxima at A = 2(nh, — nod, 2(n, — agjd/3,.... These 
wavelengths correspond to phase retardations of m, 32, 52,..., that is, when the 
wave plate becomes a ‘‘half-wave’’ plate or odd integral multiples of a half-wave 


plate. 


Circular Polarization Representation 


Up to this point we represented the state of the propagating field as a vector V 
{Equation (1,5-1)] with components V, and V,. 


y= (v (1.531) 


] 0 
V, = o) VY, = (0) (1.532) 


The above choice is most convenient when dealing with birefringent crystals, since 
the propagating eigenmodes in this case are linearly and orthogonally polanzed. It 
is often more convenient to express the field in terms of ‘‘basis’’ vectors that are 
circularly polarized [6]. This is the case; for example. when we propagate through 
a magnetic medium. We define a wave of unit amplitude seen rotating in the CCW 


. 1 „Jo 
sense by an observer gazing along the +z axis as į f, while denotes a CW 


rotating wave. As in the case of the linearly polarized basis vectors (a and (o) , 
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0 
field of arbitrary polarization. Let V be some such field. We can write 


V=Y¥, +V, = (1.533) 
0 l V, 

vav fiey (l= Ms 1.5-34 

“Vs yo fly. (1.5-34) 


V + , . . 
lhe ( ; and i representations of a given vector can be derived from each 
| = (v) =° 1.535 
l=; v) =T (1.5-35) 
V, L I y¥, Vi 
=|. =$ (1.5-36) 
V, —;i i| {V V_ 


so that T = S~'. As an exaniple, consider a (unit) field polarized along x. Its rectan- 


l 0 . 
| } and | | constitute a complete set that can be used to describe a transverse 


or alternatively 


other by a 2 x 2 matrix? 
! 


| —i 


i 











| a | a 
, While its rotating representation is 


fat AOE) om 


i.e., equal and in-phase admixture of the two counter-rotating eigenmodes. Con- 


gular representation is 


I i 
l —i 








O . 0 
versely, a clockwise, circularly polarized unit wave if for example, is expressed 
in the rectangular representation by 


(y) =| i tr} - (i) (1.538) 


In certain optical materials containing magnetic atoms or ions, the natural modes of 
propagation are the two counter-rotating, circularly-polarized (CP) waves described 
above. The z direction is usually that of an applied magnetic field or that of the 
spontaneous magnetization. As in the case of a birefringent crystal, the two CP modes 
propagate with different phase velocittes or, equivalently, have different indices of 
refraction. This difference is due to the fact that the individual atomic magnetic 





Faraday Rotation 


*The form of F implies that al 1=0 the rotating waves l and fo} are parallel to the x axis. 
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moments precess in a unique sense about the z axis and thus interact differently 
{have slightly displaced resonances) with the two CP waves. Using the notation of 
(1.5-34), we can describe the propagation of a wave with arbitrary transverse polar- 
o. o. oo. V,(0 () 
ization by first resolving it, at z = Q, mto its components a and V_(0) 
and propagating each component with its appropriate phase delay through the mag- 
netic medium 


V,(z) _ V {9) gTM o pT o? 
V_{z) 0 V_(0) 


WEHE- -6 frm 415.39) 
V (0) | 


€ 


cfd Git 
0) e 


— p GAN +A ) 








where 6. = (ave) naz is the phase delay for the (+) or (—) circularly polarized 
wave. Ignoring the prefactor exp[—@/2)(0, — @_}] Gt is only relative phase delays 
that are of interest here) we rewrite (1.5-39) as 








V, (2) eft) QJ vt 
= “oe (1.5-40) 

V_ (2) 0 e PMT TV (0) 
af) =~ - 6)= 2m. -n 15-41 
Az) = > ( JT a Hy) (1.5-41) 


= Faraday rotation angle 


The reason for calling 4, the Faraday rotation angle becomes clear if we consider 
the effect of a magnetic medium on an incident wave that is described in the rec- 
tangular component representation 














(vo) _ p- etter) 0 7 7 on 
Vlz) 0 ea YO) 
_ . cosb — sind on (1.542) 
sind, cosel AKO) 
V,(0) 
= R(-@ E43 
(— üF) (vo ( } 


where R(—@,) is, according to (1.5-2}, the matrix representing a rotation by — 0p 
about the z axis. The output field is thus rotated by —@, with respect to the input 
field. 

There exists a basic difference between propagation in a magnetic medium and 
in a dielectric birefringent medium. Consider the latter case first. An x'-polarized 
eigenwave, for instance, propagating along the z direction in a birefringent crystal 
has a phase velocity c/n,, where x’ is a principal dielectric axis. The same applies 
to the wave propagating in the reverse direction. The medium is reciprocal. Ina 
magnetic medium the story is quite different. Let a linearly polarized wave traveling 
from left to right a distance L (in the +z direction) undergo a (Faraday) rotation of 
its plane of polarization of +é (the sign signifies the sense of the rotation about the 
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direction of propagation), A wave traveling in the —z direction in the crystal wil! 
experience a rotation of -&(Z) about the new direction (~z) of propagation. This 
is because the magnetic field or, equivalently, the magnetic polarization now points 
in the opposite direction relative to the direction of propagation. (The wave can 
differentiate between +z and —z—something that it cannot do in a birefringent 
crystal}. The medium is termed nonreciprocal. The net effect of a round trip through 
the medium of length Ł is that the plane of polarization of the beam returning to the 
starting, z = 0 plane, is rotated by 24,(L). This Faraday rotation is used to make 
optical isolators to block off back-reflected radiation, The basic configuration of a 
Faraday isolator 1s illustrated in Figure 1-8 (a) and (b), A linearly polarized incident 
wave 1s rotated by 45° in passage through the Faraday medium and then passed fully 
by the output polarizer. A reflected wave is rotated an additional 45° in the return 
tip and is thus blocked off by the input polarizer. Faraday isolators now form an 
integral part of most optical communication systems employing semiconductor diode 
lasers since such tasers are extremely sensitive to even small amounts of reflected 
light thai cause instabilities in their power and frequency characteristics. 
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Figure 1-8 (a) A Faraday isolator comprised of two polarizers rotated by 45° relative to each 
other on either side of a magnetic medium with # = 45°. 
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Figure 1-8 (continued) (b) A cross-sectional view of a practical commercial isolator. (Cour- 
tesy of Namiki Precision Jewel Company.) 


1.6 DIFFRACTION OF ELECTROMAGNETIC WAVES 


In this section, we will derive a most important result, the Fresnel-Kirchhoff Dif- 
fraction Integral, to describe how an electromagnetic field propagates between any 
two planes, say, the planes z = 0 and z = L of an isotropic medium, as shown in 
Figure 1-9. The result, Equation (1.6-13), is the starting point to many of the im- 
portant developments in coherent optics and image processing [9] and is used in this 
book to treat optical resonators (Section 4.9) and image processing by four-wave 
mixing (Section 17.10). 


L = 
uw Cy) Hix, ¥,Z) Halay) 
z=0 zi 


Figure 1-9 Propagation of an optical wave trom z = 0 to z = L. 
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We will depart from the conventional, Green function, derivation [10] and em- 
ploy a “linear system’’ approach that is formally identical to that used to analyze 
electrical and mechanical systems. As a bonus, we will find the mathematics and 
resulting formulae identical to those we will employ in Chapter 3 to describe how 
narrow. information-bearing, optical pulses propagate in fibers. This analogy will 


prove both interesting and useful. 
In this section we will make ample use of the Fourier transform (FT) relations 


fixy) = f Fk sky) explike + ky dk, dk, (1.61) 
x I 
Fkk) = 75 | | Foy) expl- Hk + Ky idx dy 


between a function f(x,y) and its FT f(k,.k,). Another important result that follows 
directly from (1.6-1) is that of the convolution integral 


| | f koky) f koky) explika + ky dk, dk, 
] 
= 5 fiy) fle — x,y — pdx! dy’ (1.62) 


l 
= _.. * 
An? f t f 2 
Where the + symbol represents the convolution integral. 


We consider an electromagnetic field of (radian) frequency w and a scalar com- 
plex amplitude u(x,y,z) 


E(xy.zd) = u(xy.z) exp(iat) (1.653) 


where E is some Cartesian coordinate of the vector field. The complex amplitude 
u(x, y, 2) obeys 


Vat ku =0 k? = wpe (ld) 
| | | oo Fu 
which equation results when we substitute (1.6-3) in the equation V‘u = je zz , 


which is the three-dimensional extension of Equation (1.3-9) to the case of an iso- 


tropic medium. 
The scenario considered next is one where we are given an ‘‘input’’ optical 


field whose complex amplitude at z = 0 ts 

uy(x,y) = u(r,y,0) (1.6-5) 
Our task 18 to find the *‘output’’ field u, atz = L: 

tixy) = uy, L) (1.66) 


We have already shown that a simple solution of (1.6-4) is of the form 
u =e, which represents a plane wave propagating along + z, It can be verified, 
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by direct substitution, that a plane wave propagating along any arbitrary direction, 
say that of k can be taken as 
' 2 
aay = w(K} exp(—i Er), k = wV pe = < (1.6-7) 
since this expression also satisfies (1.6-4). It follows that an arbitrary superposition 
of plane waves, each of the form of (1.6-7), propagating along all conceivable di- 
rections, 1.¢., 


u(X,9,2) = {| Fika ko explika + ky) — IVE -KE -—  adk, dk, (1.68) 


where F is an arbitrary function, also satisfies Equation {1.6-4). The integrand of 
(1.6-8) represents the amplitude of a plane wave propagating along the direction 


k = -ik — th, + VE RE (1.69) 


so that integration over k, and k, takes in waves propagating along all possible 
directions. The form of k, in (1.6-9) is dictated by the requirement that u(x, y, z) 
satisfy the wave equation (1.6-4) or, physically, to ensure that each plane wave 
component in (1.6-8) has the same wavelength A/a = 2a/k as appropriate to a wave 
propagating in an isotropic medium. 

It follows from {1.6-8} that 


u(x,y,0) = # (x,y) = |f F(k,k,) explika + kydk, dk, (1.610) 


Equation (1.6-10) is of the form of the Fourier integral transform (FT) of (1.6-1). 
F(k,,k,) is thus the Fourier transform of the input field u ,{x,y). 


] 
Fikk) = rm {| uy (x,y) exp{—itk.x + ky dk, dk, = kek) (1.611) 
We can thus rewnte (1.6-8) as 


u(x,y,2) = | | Ty(kok,) explika + ky — VP -K -E Ddk, dk, (1.612) 


Equation (1.6-12) constitutes a powerful algorithm for the propagation of a mono- 
chromatic wave. It states that given an ‘‘input’’ field with an arbitrary complex 
amplitude #,(x,y} at some plane, which without loss of generality we take as z = 0, 
we can write down the field amplitude at any other plane z by first derving the 
Fourier integral transform #,(k,,k,) of 4,(v,y} and then using it in the integral of 
Equation (1.6-12). 

Our main preoccupation in this book is with beamlike optical waves. By this 
we mean optical beams whose plane wave components propagate either along the z 
axis of at smal! angles to it. Mathematically, this is equivalent to stating that in 
Equation (1.6-12) a(k,.k,) is appreciable only in a region where &,,k, << k. This is 
the, so-called, paraxial condition. When it applies, we can approximate 
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Ve -R-e di - EE) and re-express (1.6-8), taking z = L, as 
(X,Y) = H(X yL) 
(1.613) 
——* 





mM ke 4 ke 
= exp(—ikL) [J] aaa v0 = T : L) expli(k,x + ky )}dk, dk, 


We recognize the integral of (1.6-13) as the inverse Fourier transform {IFF} of the 
product of the two functions, designated as 1 and 2. Using the convolution theorem 
(1.6-2), we write the integral as the convolution of the two functions 


u (x,y) = IFT(a)(%,,4,)} (1.6-14) 
R+k Imik ty 
= . Y 4 — _ 3 l. ] 
pixy) To | T )| 7 vo ik 7 ) (1.6-15) 


which results in 








] l 

ualxy) = pE {| u(x’, y pix — x,y y jd’ dy = qi th *P (1.615) 
i 

= = exp(—ikL) ffa y’) oo læ- xY +y- iha dy’ (1.617) 


Equation (1.6-17) is the celebrated Fresnel-Kirchhoff diffraction integral, which we 
will use on a number of occasions throughout the book. 

Another useful relation results when we compare Equation (1.6-13) to the first 
of Equations (1.6-1). It follows directly that 


E+E 
Hak, k,) = R (Koky) a a L) (1.618) 


where we left out the constant delay factor exp(—ikL) since it does not depend on 
kok,- It can always be restored, on the rare occasions when needed, by multiplying 
the right side through by exp — kL). 

The effect of propagation of (1.6-18) a distance L by a monochromatic beam in 
a homogeneous and isotropic medium can thus be represented by multiplying the 
Fourier transform a |(k,,k,) of the input amplitude «)(x,y) by the “transfer function,” 


ko +e 
Tik ko = a(i T . (1.619) 





This point of view, which embodies the spirit of system theory [8], ts completely 
equivalent to the spatial relationship (1.6-17). It 1s often more convenient to use one 
or the other of these relations depending on the problem at hand. 
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Problems 


1.1 Consider the probiem of finding the time average 


an | i 2 
FEES, -if a(t) dt 
of 
a(t) = |A| cos(ayt + 61) + JA cos(wot + bo) 


= Re[V,(0)] 
where 
Vt} = Aye" 1 Ase’ 


and A. = [Aale V(t) is called the analytical signal of a(t). Assume that (w, 
— i) € w, and integrate over a time 7, which is long compared to the period 27 
Ww) 2 but short compared to the beat period 2a/(@, — w-).'° Show that 


—_—_—. 


a(t) = VAVE] 


1.2 Show how we can use the analytic functions as defined by Problem 1.1 to find 
the time average 





T 
abt) = - f a(b(pat 


where a(t) is the same as in Problem 1.1, and the analytic function of bte) is 

V(t) = Ae" + Age] 
so that Ae) = Re[¥,(z)]. Assume that the difference between any two of the fre- 
quencies w,, wy, @3, and w is small compared to the frequencies themselves. (An- 
swer: a(pb(f) = + Re[V(CAV EWI.) 
1.3 Derive Equation (1.2-22). 
1.4 Starting with Maxwell’s curl equations [(1.2-1), (1.2-2)] and taking i = 0, show 
that in the case of a harmonic (sinusoidal) uniform plane wave, the field vectors e 
and h are normal to each other as well as to the direction of propagation. [Hint: 
Assume the wave to have the form e““’"*” and show by actual differentiation that 
we can formally replace the operator V in Maxwell's equations by — ik]. 
1.5 Derive Equation (1.3-19), 


1.6 A linearly polarized electromagnetic wave is incident normally at z = O on the 
x-y face of a crystal so that it propagates along its z axis. The crystal electric per- 


When this condition is fulfilled, at) consists of a sinusoidal function with a ‘‘slowly"’ varying amplitude 
and is often called a guasi-sinusvid, 
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meability tensor referred to x, y, and z is diagonal with elements €,), £2, and &,3. If 
the wave is polarized initially so that it has equal components along x and y, what 
is the state of its polarization at the plane z, where 


Tr 
k, — kz = = 
(k; 2 4 


Plot the position of the electric field vector m this plane at times t = 0, m6, 77/3, 
tla, 273, S76. 


1.7 Half-wuve plate. A half-wave plate has a phase retardation of I = 7. Assume 
that the plate is oriented so that the azimuth angle (1.c., the angle between the x axis 
and the slow axis of the plate) 15 ¥. 


GO, Find the polarization state of the transmitted beam, assuming that the incident 
beam 18 linearly polarized in the y direction. 

b. Show that a half-wave plate will convert right-hand circularly polarized light into 
left-hand circularly polanzed light, and vice versa, regardless of the azimuth angle 
of the plate. 

C. Lithium tantalate (LiTaO ) is a uniaxial crystal with a, = 2.1391 and n, = 2.1432 
at A = 1 ym. Find the half-wave-plate thickness at this wavelength, assuming 
the plate is cut in such a way that the surfaces are perpendicular to the x axis of 
the principal coordinate (1.¢., x-cut). 


1.8 Quarter-wave plate. A quarter-wave plate has a phase retardation of T = a/ 
2. Assume that the plate is oriented in a direction with azimuth angle ih, 


a. Find the polarization state of the transmitted beam, assuming that the incident 
beam is polarized in the y direction. 

b. If the polarization state resulting from (a) is represented by a complex number 
on the complex plane, show that the locus of these points as 4 varies from 0 to 
$ is a branch of a hyperbola, Obtain the equation of the hyperbola, 

C. Quartz (œ = $10.) is a uniaxial crystal with ng = 1.53283 and n, = 1.54152 at 
A = 1.1592 ym. Find the thickness of an x-cut quartz quarter-wave plate at this 
wavelength. 


1.9 A matrix A is called unitary if 
A'A = AA’ = 1 
where 1 is the unity matrix and the Hermitian conjugate A’ of matrix A is defined 
by (A'), = Aj; Show that if A is unitary 
> ATA, = 8. 
f 


This property will be needed in Problem 1.10d. 


1.18 Polarization transformation by a wave plate. A wave plate is characterized 
by its phase retardation I and azimuth angle y. 
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a. Find the polarization state of the emerging beam, assuming that the incident beam 
is polarized in the x direction. 

b. Use a complex number to represent the resulting polarization state obtained in 
(a). 

c. The polarization state of the incident x-polarized beam ts represented by a point 
at the origin of the complex plane. Show that the transformed polarization state 
can be anywhere on the complex plane, provided I can be varied from 0 to 2a 
and if can be varied from 0 to $7. Physically, this means that any polarization 
state can be produced from linearly polarized light, provided a proper wave plate 
1s available. 

d. Show that the Jones matrix W of a wave plate is unitary, that 1s, 


WW = 1, (Wy = W}; 
where the dagger indicates Hermitian conjugation [see Equation (].5-11)]. 

e. Let V, and V; be the transformed Jones vectors of V, and V,, respectively. Show 
that if V, and V, are orthogonal, so are V, and V3. (A and B are orthogonal if 
A+ B* = 0,) 

1.11 Show that the (Jones) matrix (in the rectangular eigenwave representation) of 


a birefringent plate with a retardation I that is rotated by an angle ẹ from the x axis 
is 


cos? p exp(—iT/2) + sin? gexp(+i0/2)  —isin 2 sinl/2 
—jsin 24 sinT/2 sin? y exp(—-i/2) + cos’ y exp(+il/2) 
Derive an expression for the intensity transmission through a system consistent of a 


polarizer || to £, a Faraday rotator 6, wave plate with retardation I rotated an angle 
yy from the x axis, and a crossed output polarizer ( || to $). 


1.12 


a. Show that (ABY = B'A’. 

b. Show that if an optical element is represented by a unitary matrix, the intensity 
of an incident wave of arbitrary polarization is preserved in passage through the 
element. 

c. Show that the matrix representing a train of arbitrary retardation plates is unitary. 


Wild) = 


1.13 | 


a. Show that in an isotropic medium we can take the general solution of the wave 
equation of a monochromatic feid 


VE + KE =0 


ds 


= oo 


Kir) = {| dkdk,A(kle tha thy V E -kiki 


-o OG 


where A(k) is an arbitrary vector lying on a plane normal to k and &* = W pE. 
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b. Show that if E(r) is specified at some piane S, say the plane z = 0, as E{x,y,0), 
then 


1\ | 
Aik) _ (| i dxdvE(x,y,.0)e"*” 


27 
i 
where k = k, + 9k, + 2 Vi? —  — K. [Hine: Compare Equations (1) and 
(2) with z = 0 to the integral Fourier transform relationships. | 
C. Assume that at z = 0 the field ts given by 
-a2 =x = al? 


E(x,y,0) = E 
(%3,9) TE 


and is zero everywhere else. Find the spreading angle of the beam far away to 
the right of the aperture. [Hint: Each k signifies a direction of propagation so 
that |Ack}|” can be viewed as the distribution function of directions k of the beam 


to the right of the aperture. ] 


1.14 Consider light propagating through a sequence of A/2 retardation plates (l = 
m as shown: 


A +» a +*+ + iki k 
§ 
[aa [T= 
Unit cell 1 Unit ceil] N 


Each unit cell consists of two plates whose surfaces are normal to j—one with its f 
(fast) axis |} to Z and one rotated by @ about £. Find the effect of propagation 
through N cells on a beam initially polarized as shown. Solve the problem first by 
simple considerations, if possible, then formally. 


1.15 Show that if we define 


il 


y Valk} 
ExH 


IE- ek + H. «Hi 


# 


Ve 


in a crystal, chen 
V = W 
o. Recall that ¢ is a tensor, 


b. After giving the problem a real try, you may consult Optical Waves in Crystals, 
A. Yariv and P. Yeh, New York: Wiley, p, 79, 1983. 
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1.16 Derive the transfer matrix of a polarizer whose transmisston direction 1s ro- 
tated by a from the laboratory x axis. 


1.17 Prove relation (1.5-35). 


1.18 The electric field at some point in a medium and the position x of an electron 
are given by 
e (ri) = RIE, ee?) 


X(T) — RIX gtu toe) 
Plot the instantaneous power flow ee,v, during one complete oscillation cycle for 
the case PE — de = 0, — mi2, +a/2. What is the (cycle) average power flow for 
each case (V, = dx/df)? 
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2.0 INTRODUCTION 


The Propagation of 
Rays and Beams 





In this chapter we take up the subject of optical ray propagation through a variety 
of optical media, These include homogeneous and isotropic materials, thin lenses, 
dielectric interfaces, and curved mirrors. Since a ray is, by definition, normal to the 
optical wavefront, an understanding of the ray behavior makes it possible to trace 
the evolution of optical waves when they are passing through various optical ele- 
ments. We tind that the passage of a ray (or its reflection) through these clements 
can be described by simple 2 X 2 matrices. Furthermore, these matrices will be 
found to describe the propagation of spherical waves and of Gaussian beams such 
as those characteristic of the output of lasers, Gaussian beam propagation 1s analyzed 
in second half of the chapter. 


.1 LENS WAVEGUIDE 


Consider a paraxial ray' passing through a thin lens of focal length f as shown in 
Figure 2-1. Taking the cylindrical axis of symmetry as z, denoting the ray distance 
from the axis by r and its slope dr/dz as r', we can relate the output ray (ous Pou) 
to the input ray (Fn in) by means of 


Fout = Fin 


(2.1-1) 





'By paraxial ray we mean a ray whose angular deviation from the cylindrical (z) axis ts small enough 
that the sinc and tangent of the angle can be approximated by the angle itself. 
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— Focal plane 


Figure 2-1 Deflection of a ray by a thin lens. 


where the first of (2.1-1) follows from the definition of a thin lens and the second 
can be derived from a consideration of the behavior of the undeflected central ray 
with a slope equal to rin as shown in Figure 2-1, 

Representing a ray at any position z as a column matrix, 


| r(z) 
r'{z) 
We can rewrite (2.1-1) using the rules for matrix multiplication (see References 
[iJ-[3]) as 


rz) = 








Fou 1 O}lr., 
= i (2.1-2) 
Pout —- | Fin 
f 


where f > 0 for a converging lens and is negative for a diverging one. 
The ray matrices for a number of other optical elements are shown in Table 2-1. 
Consider as an example the propagation of a ray through a straight section of a 
homogeneous medium of length d followed by a thin lens of focal length f. This 
corresponds to propagation between planes a and $ in Figure 2-2. Since the effect 
of the straight section is merely that of increasing r by dr’, using (2.1-1) we can 
relate the output 6 and input (at a) rays by: 


=| , ; (2.1-3) 
! -z (i=j jr 
F ent ( z) F 


Notice also that the matrix corresponds to the product of the thin lens matrix times 
the straight section matrix as given in Table 2-1. 

We are now in a position to consider the propagation of a ray through a bip- 
enodic lens system made up of lenses of focal lengths f, and f> separated by d as 


LENS WAVEGUIDE Al 


Table 2-1 Ray Matrices for Some Common Optical Elements and Media 


(1) Straight Section: 





Length a 
| 
(2) Thin Lens: 1 ù 
Focal length f | 
(f > 0. converging; =o i 
f < 0, diverging) f 









(3) Dielectric Interface: 1 @Q 
Retractive indices Fi 

Ri, fy 0 — 

fy 


(4) Spherical Dielectnc 
Interface: 
Radius & 


(5) Spherical Mirror. 
Radius of 
curvature Ñ 


(6) A medium with a 
quadratic index profile 





42 


THE PROPAGATION OF RAYS AND BEAMS 


——_— Te e m 


) > 
)> 


---- _—_ ™ }—=—- --- ~-.J———_~~ ---- ---- 


"F 


d 
| 
] 
i 
f l f 
h | 
| 
l 
l 
l 


Plane s a Planes + | 


Figure 2-2 Propagation of an optical ray through a biperiodic lens sequence. 


shown in Figure 2-2. This will be shown in the next chapter to be formally equivalent 
to the problem of Gaussian-beam propagation inside an optical resonator with mir- 
rors of radii R, = 2f, and R, = 2f, that are separated by d. 

The section between the planes s and s + 1 can be considered as the basic unit 
cell of the periodic lens sequence. The matrix relating the ray parameters at the 
output of a unit cell to those at the input is the product of two matrices, one for each 
lens, each of which is of the form of the matrix in (2.1-3}. 


Leto ( 3 l ( 2) eM 
Pea =- o To en F 
rt! f, f, f fz 


or, ir equation form, 


ry, = Ar, + Br; 
(2.1-5) 
ray = Cr, + Dr, 


where A, B, C, and D are the elements of the matrix resulting from multiplying the 
two square matrices in (2.1-4) and are given by 
d 


A=1-— 
fr 


AEA e 
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From the first of (2.1-5) we get 
l 
r = D eai T AF) (2.1-7) 
B 
and thus 
l 
r = B (Far T Ar) (2.1-8) 


Using the second of (2.1-5) in (2.1-8) and substituting for r, from (2.1-7) gives 
rag T (A+ Dy, + (AD — BC), = 0 (2.19) 


for the difference equation governing the evolution through the lens waveguide. 
Using (2.1-6) we can show that AD — BC = 1. We can consequently rewrite (2.1- 
9} as 





Faa — 2br,., tr, = 0 (2, 1-10} 

d d Ë` 
where bza +p (1-2-4, ) 2.1-1} 
x B A Ih ern) 


Equation (2.1-10) is the equivalent. in terms of difference equations, of the differ- 
ential equation 7” + Gr = 0, whose solution is riz) = r(OexpltiV Gz]. We are 
thus led to try a solution im the form of 


r = roe 
which, when substituted in (2,1-10), leads to 
et — Ibe? + | =O (2. 1-12) 


and therefore 
eM=bt+ivi-bB=e" (2.1-13) 


where cos 6 = b. 
The general solution can be taken as a linear superposition of exp(is#) and 
exp —is@) solutions or equivalently as 


Fe = Fmax SISO + a) (2.1-14) 


where raa, = rofin a and a can be expressed using (2.1-7) in terms of fp and ro- 
The condition for a stable, that is, confined, ray ts that @ be a real number, since 

in this case the ray radius r, oscillates as a function of the cell number s between 

Fmax aNd Fax. According to (2.1-13), the necessary and sufficient condition for 8 


to be real 1s that [5] 
bl s1 (2.1-15) 
In terms of the system parameters, we can use {2.1-11} to reexpress (2.1-15) 
d dad. Ë 


-121-5 < 


— — + = 
ho A fih 
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oF 


a d 
0 =|] - — - —Įļ| =£} 2.1-16 
( val A i 


If, on the other hand, the stability condition |b] = 1 is violated, we obtain, 
according to (2.1-10), a solution in the form of 


r= Ce" + Coe (2.1-17) 


where e°% = b + Vb’ — 1, and, since the magnitude of either expla +) or exp(a_) 
exceeds unity, the beam radius will increase without limit as a function of (dis- 
tance) s. 


Identical-Lens Waveguide 


The simplest case of a lens waveguide is one in which f, = f, = f; that is, all lenses 
are identical. 

The analysis of this situation is considerably simpler than that used for a bip- 
eriodic lens sequence. The reason is that the periodic unit cell (the smallest part of 
the sequence that can, upon translation, recreate the whole sequence) contains a 
single lens only. The (A, 8, C, D) matrix for the unit cell is given by the square 
matrix in (2.]-3). Following exactly the steps leading to (2.1-11) through (2. 1-14), 
the stability condition becomes 


O=ds4f (2.1-18) 
and the beam radius at the ath lens ts given by 


r, — Vmax SIO + a) 
d 
cos @ = ( ~ <) (2.1-19) 


Because of the algebraic simplicity of this problem we can easily express rma and 
& in (2.1-19) m terms of the initial conditions fo and ró, obtaining 


4f 
4f- d 


mas 2- i/( + 2f a) (2.1-21) 
d Fp 


where n corresponds to the plane immediately to the right of the nth lens. The 
derivation of the last two equations is left as an exercise (Problem 2.1). 

The stability criteria can be demonsirated experimentally by tracing the behavior 
of a laser beam as it propagates down a sequence of lenses spaced uniformly. One 
can easily notice the rapid escape of the beam once condition (2.1-18) is 
violated. 





(rà + drora + df ro) (2.1-20) 


(F max)” = 
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2.2 PROPAGATION OF RAYS BETWEEN MIRRORS (6) 


Another important application of the formalism just developed concerns the bounc- 
ing of a ray between two curved mirrors. Since the reflection at a mirror with a radius 
of curvature & is equivalent, except for the folding of the path, to passage through 
a lens with a focal length f = &/2, we can use the formalism of the preceding section 
to describe the propagation of a ray between two curved reflectors with radii ot 
curvature R, and R,, which are separated by d. Let us consider the simple case of a 
ray that 1s imected into a symmetric two-muirror system as shown in Figure 2-3(a). 
Since the x and y coordinates of the ray are independent variables, we can take them 
according to (2.1-19} in the form of 
Xa = Xna SIORO + ay) 
(2.2-1) 
Ya = Ymax SIAO + ay) 
where n refers to the ray parameter immediately following the nth reflection. Ac- 
cording to (2,2-1), the locus of the points x,, y, on a given mirror lies on an ellipse, 


Reentrant Rays 
If ĝin (2.2-1) satistes the condition 
2v0 = 2r (2.2-2) 


where r and / are any two integers, a ray will return to its starting point following 
v round trips and will thus continuously retrace the same pattern on the mirrors. If 
we consider as an example the simple case of / = {, r = 2, so that @ = @/2, from 
(2.1-19) we obtain d = 2f = R; that is, if the mirrors are separated by a distance 
equal to their radius of curvature R, the trapped ray will retrace its pattern after two 
round trips (» = 2). This situation (d = R) is referred to as symmetric confocal, 
since the two mirrors have a common focal point f = R/2. it will be discussed in 
detail in Chapter 4. The ray pattern corresponding to r = 2 is iHustrated in Figure 
2-3(b). 





Injection 
point —-——— 


(a) (b) 


Figure 2-3 (a) Path of a ray injected in plane of figure into the space between (wo mirrors. 
(b) Reentrant ray in confocal (d = R) mirror configuration repeating its pattern after two round 


trips. 
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2.3 RAYS IN LENSLIKE MEDIA {7) 


The basic physical property of lenses that is responsible for their focusing action is 
the fact that the optical path across them f n(y, z) dz (where # is the index of refraction 
of the medium) is a quadratic function of the distance r from the z axis. Using ray 
optics, we account for this fact by a change in the ray’s slope as in (2.1-1). This 
same property can be represented by relating the complex field amplitude of the 
incident optical feld E,(x, yY) immediately to the right of an ideal thin lens to that 
immediately to the left E(x, yv) by 
ty 


2 2 
Erix, v) = E(x, yexp + ik = T (2.31) 





where f is the focal length and & = 2an/à y. 

The effect of the lens, therefore, is to cause a phase shift k(x* + y°N2f, which 
increases quadratically with the distance from the axis. We consider next the closely 
related case of a medium whose index of refraction n varies according to’ 


n(x, y) = No [ - T + >] (2.3-2) 


where k+ 15 a constant. Since the phase delay of a wave propagating through a section 
dz of a medium with an index of refraction n is (27 dz/A.y)n, it follows directly that 
a thin slab of the medium described by (2.3-2) will act as a thin lens, introducing 
[as in (2.3-1)] a phase shift proportional to (x* + y*}. The behavior of a ray in this 
case 1s described by the differential equation that applies to ray propagation im an 
optically inhomogeneous medium [$], 


d x) -= Vn (2.3-3) 


where s is the distance along the ray measured from some fixed position on it and 
ris the position vector of the point at s. For paraxial rays we may replace dids by 


didz and, using (2.3-2), ohtain 
2 
dr + (i) r=0 (2.3-4) 


dz 


If at the input plane z = 0 the ray has a radius Fo and slope ry, we can write the 
solution of {2.3-4} directly as 


= cos ka z + £ sin [i z| ra 
riz) = cos rs. ro S Vk’ 0 
r Vp fe 
k ik k 
r'(2) = -F sin r :) Fa + cos (i :) ro (2.3-5) 


“Equation (2.3-2) can be viewed as consisting of the frst two terms in the Taylor series expansion of 
a(x, y) for the radial symmetnc case. 
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z=0 z=f 


Figure 2-4 Path of a ray in a medium with a quadratic index variation. 


That is, the ray oscillates back and forth across the axis, as shown in Figure 2-4. A 
section of the quadratic index medium acts as a lens. This can be proved by showing, 
using (2.3-5), that a family of parallel rays entering at z = 0 at different radit will 
converge upon emerging at z = f to a common focus at a distance 


1 fk kz 
h = he Vk. cot ( 7 } (2.3-6) 
from the exit plane. The factor 7y accounts for the refraction at the boundary. as- 
suming the medium at z > / to possess an index 7 = 1 and a small angle of incidence. 
The derivation of (2.3-6) is left as an exercise (Problem 2.3). 
Equations (2.3-5) apply to a focusing medium with x, > 0. In a medium where 
k, < O—that is, where the index increases with the distance from the axis—the 
solutions for r{z) and 7’(z) become 


i 
r(z) = cosh ( :) Fo t E sinh ( hr 


— 
k k k 
r(2) = ka sinh ( f:l z) ry + cosh fis :) ro (2.3-7) 


so that r{z) increases with distance and eventually escapes. A section of such a 


medium acts as 4 negative lens. 
Physical situations giving rise to quadratic index variation include: 


1. Propagation of laser beams with Gaussian-ltke intensity profile in a slightly 
absorbing medium: The absorption heating gives nise, because of the dependence 
of n on the temperature T, to an index profile [9]. If dn/dT = 0, as is the case 
for most materials, the index is smallest on the axis where the absorption heating 
is highest. This corresponds to a k, < 0 in (2.3-2) and the beam spreads with 
the distance z. If dnidT > 0, as in certain lead glasses [10], the beams are 
focused. 

2. In optically pumped solid-state laser rods, the portion of the absorbed pump 
power thal is not converted to laser radiation is conducted as heat to the rod 
surface. This heat conduction requires a temperature gradient in which F is 
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maximum on axis. The dependence of a on T then gives rise to a positive lens 
effect for du/d? > 0 and a negative lens for dnfdT < 0. 

3, Dielectric waveguides made by sandwiching a layer of index n, between two 
layers with index #, < nı. This situation will be discussed further in Chapter 7 
in connection with injection lasers. 


4. Optical fibers produced by cladding a thin optical fiber (whose radius is com- 


parable to A) of an index n, with a sheath of index n, < n. Such fibers are 
used as light pipes. 

5. Optical waveguides consisting of glasslike rods or filaments, with radu large 
compared to A, whose index decreases with increasing r, Such waveguides can 
be used for the simultaneous transmission of a number of laser beams, which 
are injected into the waveguide at different angles. It follows from (2.3-5) that 
the beams will emerge, each along a unique direction, and consequently can be 
easily separated. Furthermore, in view of its previously discussed lens proper- 
ties, the waveguide can be used to transmit optical image information in much 
the same way as images are transmitted by a multielement lens system to the 
image plane of a camera [11]. 


2:4 WAVE EQUATION IN QUADRATIC INDEX MEDIA 


The most widely encountered optical beam in quantum electronics is one where the 
intensity distribution at planes normal to the propagation direction is Gaussian. To 
derive its characteristics we start with the Maxwell's equations in an isotropic charge- 
free medium. 


az 
Vx H=& — 
of 
dH 
VXE=-p— 
g ar 
V+ (eE) = 0 (2.4-1) 
Taking the curl of the second of {2.4-1} and substituting the first results in 
vE l 
VE - ue 3 -V k E- re} (2.4-2) 
E 


where we used V X V x E = V(¥-E) — V°E. If we assume the field quantities to 
vary as E(x, y, z, t) = RelE(, y, ze‘“”] and neglect the right side of (2.4-2),* we 
obtam 


VE + DE = 0 (2.4-3) 


“This neglect is justified if the fractional change of e in onc optical wavelength is <1, 
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where 
ir) = w*pe(r) £ — a (2.4-4)} 


thus allowing for a possible dependence of ¢ on-position r. We have also taken x as 
a complex number to allow for the possibility of losses (a > 0) or gain (g < 0) in 
the medium.* 

We limit our derivation to the case in which k°(r) is given by 


ir, h D = kh kka? r= Va ty? (2.4-5) 


where, according to (2.4-4}, 


a(0 
E = (0) = ape0 |i- ; 2) ) 
we(Q) 
so that $» 1s some constant characteristic of the medium. Furthermore, we assume a 
solution whose transverse dependence is on r = Vx? + y* only, so that in (2.4-3) 
we can replace V? by 
ð a lð 
t= V += taat 
vV ao a? rë o rib 
The kind of propagation we are considermg is that of a nearly plane wave in 
which the flow of energy is predominantly along a single (for example, z) direction 
so that we may limit our derivation to a single transverse field component E. Taking 
E as 


elie 


(2.4-6) 


E = Wx, y Je (2.4-7) 
we obtain from (2.4-3) and (2.4-5) in a few simple steps, 
Vig — 2k’ — kka y = 0 (2.4-8) 


where of’ = divaz and where we assume that the variation is slow enough that 
hap! > a E kah, 
Next we take tin the form of 





k 3 
TA r l (2.49) 


that, when substituted into (2.4-8) and after using (2.4-6), gives 


2 } 
l 

- (4 r? — 2i (5) - kr (2) -= 2kP! — kkr? =0 (2.410) 
g g g 


‘If k is complex (for example, k, + ik), tben a traveling electromagnetic plane wave has the form of 
expfi{at — kg] = expl tkz + eat — £,z)]. 


ý = exp l-i [ro + 
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If (2.4-10) is to hold for all r, the coefficients of the different powers of r must be 
equal to zero. This leads to [7] 


2 
l l k 
(£ + 9 +2-0 pr=t (2.4-11) 
q q k q 


The wave equation (2.4-3) is thus reduced to (2.4-11). 


2.5 GAUSSIAN BEAMS IN A HOMOGENEOUS MEDIUM 


We start with Equation (2.4-11) 


= +4(2)4 <9 251 


In a homogeneous medium the quadratic coefficient k, of (2.4-5) is zero so that 


L + 4 £) = 2.5-2 
or 
dq _ 
d = | (2.5-3) 
G@=2+ a (2.54) 


where gy is an arbitrary integration constant. From (2.4-11) and (2.5-4; we have 


i i 
Ppl = - -= — —— 2.95 
ļ 2+ go l } 
so that 
, Fi 
%z) = -iln í + z) (2.56) 
[S da 


where the new constant of integration was chosen as e = ingo. 
Combining (2.5-5) and (2.5-6) in (2.4-9), we obtain 


— EFE _; zy, v 
ur exe | i iln hei)” (2.57) 


We take g, to be purely imaginary and reexpress it in terms of a new constant w 
as 
Tein 2mh 


Gg =! 1 A= 7 = vacuum wave length (2.58) 
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The choice of imaginary go will be found to lead to physically meaningful waves 
whose energy density is confined near the z axis. With this last substitution, let us 
consider, one at a time, the two factors in (2.5-7). The first one becomes 


AZ 
exp -i (i —] z) 


= m ; tan`! | — 259 
V1 + (A In wr’) Ap | an (5) | eo") 


where we used Inia + ib) = InVa* + p + i tan” '(d/a). Substituting (2.5-8) in the 
second term of (2.5-7) and separating the exponent into its real and imaginary parts, 
we obtain 





—; z —p?} 
exp | —— | = > 
p E + = xp r + (Agmeeny’] | 
ikr 
O jl + y (2510) 


If we define the following parameters 


sosal (S al) esm 














wgn % 
2 
TOGN ZA 
R=z]/it = i+ 212 
| ( Xe | A 3) ee) 
o aaf AZ AO adz 
n(z) = tan mun} tan 7 (2.5-13) 
g 
TU 
zo = F 


we can combine (2.5-9) and (2.5-10) in (2.5-7) and, recalling that E(x, y, z} = wr, 
y, Zexp(—ékz), obtain 


k 2 
E(x, y z) = Eo 2o exp |i — ndl — E] 


«(Z) 2q(z) 
=p —i{kz — eE) 
e P| vD 2R@) 
p 2m (2.514) 


À 


This is our basic result. We refer to it as the fundamental Gaussian-beam solution, 
since we have excluded the more complicated solutions of (2.4-3) (that is, those with 
azimuthal variation) by limiting ourselves to transverse dependence involving r = 
(x* + yY“ only. These higher-order modes will be discussed separately. 

From (2.5-14) the parameter œz), which evolves according to (2.5-11), is the 
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distance r at which the field amplitude is down by a factor f/e compared to its value 
on the axis. We will consequently refer to it as the beam spot size. The parameter 
w is the minimum spot size. It is the beam spot size at the plane z = 0. The parameter 
R in (2.5-14) is the radius of curvature of the very nearly spherical wavefronts at z.° 
We can verify this statement by deriving the radius of curvature of the constant 
phase surfaces (wavefronts) or, more simply, by considering the form of a spherical 
wave emitted by a point radiator placed at z = 0. It is given by 


l Í 
Ex RE = z exp (zave + y“ + 2) 


xt + y? 
2R 





z = exp (~i — ik tty g (2515) 
since z is equal to R, the radius of curvature of the spherical wave. Comparing (2.5- 
15) with (2.5-14), we identify R as the radius of curvature of the Gaussian beam. 
The convention regarding the sign of A(z} is that it is negative if the center of 
curvature occurs at z' > z and vice versa. 

The form of the fundamental Gaussian beam is, according to (2.5-14), uniquely 
détermined once its minimum spot size wp and its location—that 1s, the plane z = 
Q---are specified. The spot size w and radius of curvature A at any plane z are then 
found from (2.5-11} and (2.5-12). Some of these characteristics are displayed in 
Figure 2-5. The hyperbolas shown in this figure correspond to the ray direction and 
are intersections of planes that include the z axis and the hyperboloids 


x? + y? = const. w (z) (25-15) 


These hyperbolas correspond to the local direction of energy propagation. The spher- 
ical surfaces shown have radii of curvature given by (2.5-12). For large z the hy- 
perboloids x* + y7 = œ” are asymptotic to the cone 





r= V +y = z (2.5-17) 





Actually, it follows from (2,5-14) that, with the exception of the immediate vicinity of the plane z = 0, 
the wavefronts are parabolic since they are defined by &[z + (r7/2R)] = const. For r* < 2°, the distinction 
between parabolic and spherical surfaces is not important. 


x _ — ——— Phase fronts ——— 
z=0 


\ Propagation lines “ 





Figure 2-5 Propagating Gaussian beam. 
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whose half-apex angle, which we take as a measure of the angular beam spread, is 





À À 
Ün = tan’ ( = — for Oeean € 7 (2.5-18) 
Wwf TW 


This last result is a rigorous manifestation of wave diffraction according to 
which a wave that is confined in the transverse direction to an aperture of radius ti, 
will spread (diffract) in the far field (z > tragn/d) according to (2.5-18). 


2.6 FUNDAMENTAL GAUSSIAN BEAM IN A LENSLIKE MEDIUM—THE ABCD LAW 


We now return to the general case of a lenslike medium so that k, # 0. The P and 
q functions of (2.4-9) obey, according to (2.4-11) 


pi=—- (2.61) 
q 
If we introduce the function s defined by 
| f 
L=’ (2.6-2) 
g 4 
we obtain from (2.6-1) 
kz 
“+ s— = 
4 ki k 


so that 


=a sin ka + bcos k 
s(Z) = a 7 z } z 
ka ka ka . jk 
voy a Kao Kop [on E 263 
sD =a z cos Jy? b z sin ie (2.6-3) 


where ¢ and 6 are arbitrary constants. 
Using (2.6-3) in (2.6-2) and expressing the result in terms of an input value go 
gives the following result for the complex beam radius q(z) 


Gz —sin[(V kakaz] V kolkgo + cos[(V kfk)z] 


The physical significance of giz} in this case can be extracted from (2.4-9}. We 
expand the part of dr, z) that involves r. The result is 


if o p” ikp2/Pe zh 
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If we express the real and imaginary parts of g(z) by means of 


l l À 
g(z) p Rz) _ mnu i) (2.65) 


seol - 7; & | 
v= EXP) a ORD 


so that wz) is the beam spot size and R tts radius of curvature, as in the case of a 
homogeneous medium, which is described by (2.5-14). For the special case of a 
homogeneous medium (k, = 0), (2.6-4) reduces to (2.5-4). 


we obtain 





Transformation of the Gaussian Beam—the ABCD Law 


We have derived above the transformation law of a Gaussian beam (2.6-4) propa- 
gating through a lenslike medium that is characterized by k,. We note first by com- 
paring (2.6-4) to Table 2-1(6) and to (2.3-5) that the transformation can be described 


by 
_ Aq, + B 
Ca + D 





G2 (2.66) 
where A, B, €, D are the elements of the ray matrix that relates the ray (r, r’) ata 
plane 2 to the ray at plane 1. It follows immediately that the propagation through, 
or reflection from, any of the elements shown in Table 2-1 also obeys (2.6-6), since 
these elements can all be viewed as special cases of a lenslike medium. For future 
reference we note that hy applying (2.6-6) to a thin lens of focal length f we obtain 
from (2.6-6) and Table 2-1(2) 


— So (2.6-7) 
fz q Í 

so that using (2.6-5) 
We = Ww, 
1 = d_l (2.68) 
R, R f 


These results apply, as well, to reftection from a mirror with a radius of curvature 
R if we replace f by K/2. 

Consider next the propagation of a Gaussian beam through two lenslike media 
that are adjacent to each other. The ray matrix describing the first one 1$ (A), B4, 
C,, D) while that of the second one is (Az, Ba, Ca Dz). Taking the input beam 
parameter as q, and the output beam parameter as q3, we have from (2.6-6) 


Aig: + Bi 


ne Cig, + D; 
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for the beam parameter at the output of medium 1 and 


_ Aga + Bs 
73 Cogn + Dy 


and after combining the last two equations, 


_ Arg t Br 


= 2.69 
Crq, + Dr ( 


4 3 
where (Ay, B,, C,, De) are the elements of the ray matrix relating the output plane 
(3) to the input plane (1), that is, 


A, B, 
C D; 


It follows by induction that (2.6-9) applies to the propagation of a Gaussian 
beam through any arbitrary number of lenslike media and elements. The matrix (Ay, 
By, Cr, Dy) ts the ordered product of the matrices characterizing the individual 
members of the chain. 

The great power of the ABCD law is that it enables us to trace the Gaussian 
beam parameter g(z) through a complicated sequence of lenslike elements. The bear 
radius R(z) and spot size w(z) at any plane z can be recovered through the use of 
(2.6-5). The application of this method will be made clear by the following example. 


A, B, 
C, D, 


A, B, 


2.6-10 
C. D, (2.610) 























Exampie: Gaussian Beam Focusing 





As an illustration of the applicatton of the ABCD law, we consider the case of a 
Gaussian beam that is incident at its waist on a thin lens of focal length f, as shown 
in Figure 2-6. We will find the location of the waist of the output beam and the beam 
spot size at that pojnt. 





eee ee ee a 
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Figure 2-6 Focusing of a Gaussian beam. 
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At the input plane | w = wa. Ri = œ so that 








} l A À 
q, 7 R, o! Tun E Teh A 
using (2.6-8) leads to 
fot ! À 
aoo a fo f Toh 
> a o a E 
1O LU- Nman E 
ol _ À 
Ofo Trays 
At plane 3 we obtain, using (2.5-4), 
qx =, ti — 2 +i 








i—s 

da Ra TWSA 
_ [vala + K) + 4 ibia + 67) 
(alla? + BY) + IP + Pe + be 


Since plane 3 is, according to the statement of the problem. to correspond to the 
output beam waist, Aa = œ, Using this fact in the last equation leads to 


a f Í 








i = + 7 =r = 4 = * 2.611 
ati 1 + (flair + (flea l } 
as the location of the new waist, and to 
ALTUA fe 
wy TATO _ fiza (2.612) 


= = 
wp V1 +AT VI E aY 
for the output beam waist. The confocal beam parameter 


Tan 
À 


= 
— 





é th 


is, according to (2.5-11}, the distance from the waist in which the input beam spot 
. F rn 1 B ` 

size increases by V2 and is a convenient measure of the convergence of the input 

beam. The smaller zaj, the *‘stronger’’ the convergence. 
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2.7 A GAUSSIAN BEAM IN LENS WAVEGUIDE 


As another example of the application of the ABCD law, we consider the propagation 
of a Gaussian beam through a sequence of thin lenses, as shown in Figure 2-2. The 


matrix, relating a ray in plane s + | to the plane s = | is 
5 
Ar B A B 
nF) (2.7-1) 
Cr D; C D 














where (4, 8, C, D} is the matrix for propagation through a single two-lens, unit cell 
(As = 1) and is given by (2.1-6). We can use a well-known formula for the sth 
power of a matrix with a unity determinant (unimodular) to obtain 


sin 8 
_ B sinish) 
j sin # 
_ C sints4) 
sin # 
= D sinish) - sinlís — Dal (2.7-2) 
sin @ 
where 
d d d? 
asosa o (1-42-24 E) 2.7-3) 
í h h fih l 


and then use (2.7-2) in (2.6-9) with the result 
— sin[(s — 1 + B sin{s8 
jo = {A sin(s6) sinks ONG sin{s 8) (27-4) 
C sin{s#}¢, + D sin(s@) — sin[(s — 18] 


The condition for the confinement of the Gaussian beam by the lens sequence 1s, 
from (2.7-4), that @ be real; otherwise, the sine functions will yield growing expo- 
nentials. From (2.7-3), this condition becomes |cos é| = 1, or 


d d 
ĝ0=|] - — ||- —tłz |l 2.7-5 
( AN a er) 


that is, the same as condition (2.]-16) for stable-ray propagation. 
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The Gaussian mode treated up to this point has a field variation that depends only 
on the axial distance z and the distance r from the axis. If we do not impose the 
condition d/d@ = 0 (where ¢ is the azimuthal angle in a cylindrical coordinate system 
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(r, œ. D} and take A. = 0, the wave equation (2.4-3) has solutions in the form of 
[12] 


E (xy 2) = E, | H (vie) (v3 a ) 
Leria Pa s i} wz) i = wz) m = wr} 


7 4 


X | pEi p (i+ om +1) 
exp | —! — tke + ii + om 7 
P 2q(2) 


tty) A <a + 
= Ea ff 2 —— H a>) 
" wiz) | (v3 5) (. wz), 


d 


| ety ika? +y’) 








- — i oe the t i tm + y 
(2.8-1) 


where ; is he Hermite polynomial of order /, and m{z), K(2). g(z), and 7 are defined 
as in (2.5-21) through (2.5-13). 
We nate for future reference that the phase shift on the axis 1s 


a 


[I 


kz ~ (2 + m+ 1) tan”! (= 
en 





2 
zo = (2.82) 

À 
The transverse variation of the electric field along x tor y) 15 seen to be of the form 
HA&exp(— €/23 where £ = V2x/w. This function has been studied extensively, 
since it corresponds, also, to the quantum mechanical wavefunction udg) of the 
harmonic oscillator [13]. Some low-order functions normalized to represent the same 
amount of total beam power are shown in Figure 2-7. Photographs of actual field 
patterns are shown in Figure 2-8. Note that the first four correspond to the intensity 

14 €)|* plots H = 0, 1, 2, 3) of Figure 2-7. 


2.9 HIGH-ORDER GAUSSIAN BEAM MODES IN QUADRATIC INDEX MEDIA 


In Section 2.6 we treated the propagation of a circularly symmetric Gaussian beam 
in lenslike media. Here we extend the treatment to higher-order modes and limit our 
attention to steady-state {that ts, g(z) = const.) solutions in media whose index of 
refraction can be described by 


n(n) = 0° hi - r p) rau ty (2.9-ta) 


that is consistent with (2.4-5) if we put ka = 2arn,/A. 
The vector-wave equation (2.4-3) takes the form 


VE +2 ( ~ ip) E=0 (2.9-)b) 
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Figure 2-7 Hermite-Gaussian functions nd = (m rry YH(De *? corresponding to 
higher-order beam solutions (Equation 2.8-1). The curves are normalized so as to represent a 
fixed amount of total beam power in all the modes 


(n ude = 1) 


The solid curves are the functions u,(é) for 2 = 0, 1, 2, 3, and 10. The curves which are limited 
to the upper half space are u}(2). 
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Figure 2-7 (continued) 


We consider some (scalar) component & of the last equation and assume a 
solution in the form 


Bix, y) = wx, vb exp (— Bz] 
Taking p(x, y) = fOdg(y) the wave equation {(2.9-1b) becomes 
1f iF ee Ce , 
POP Tee ee Bats yy pt =o (2.9-2) 
fax gay n 


Since (2.9-2) is the sum of a y dependent part and an x dependent part, it follows 
that 





; ie 
P-~ BK 2a =Ç (2.9-3) 





Idg om, 
SO pps -¢ (2.9-4) 
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where C is some constant. Consider first (2.9-4). Defining a variable £ by 





14 
£ = ay a = Rt ("2 (2.9-5) 
(2.9-4) becomes 
dg C . 
JE + p — | g = a (2.9-5) 
y 


This is a well-known differential equation and is identical to the Schrödinger equa- 
tion of the harmonic oscillator [13]. The eigenvalue C/a* must satisfy 


C 
= Qm+i) m=1,23... (2.9-7) 


and corresponding to an integer m, the solution is 
gn( = Hne ©” (2.9-8) 


where Hn is the Hermite polynomial of order m. 
We now repeat the procedure with (2.9-3). Substituting 


¢ = at 
It becomes 
ef |e- e -cC 
TOERE 
50 that, as in (2.9-7). 
2 gl 
ETETE U+ f= ],2,3,... (2.9-9) 
‘¥ 
and 
FD = Age ©? (2.9-10) 


The total solution for y is thus 
Vr VIDN oe as 
ux, y) = H; “~ Hp ~ e7" HI 
a w 
where the “spot sive” w is, according to (2.9-5), 


fo i. IEA! i. | fe 
V2 2 Aj l 
u = — = |l- (=) = i— Í ) (2.9-11) 
a Vk AH \ T \an, 


The total (complex) feld is 





Eyal. 82) = Gi. oe "Be 
` zx r -y i r? _ = 
“a $ i 7 i (\ i >) exp (- =) exp (iBiz) 
fu id 





! 


(2,9-12) 
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The propagation constant §,,, of the /, m mode is obtained from (2,9-7) and 
(2.9-9) 


Li2 
-4 {1-2 fh 
Bi» =K hı ae (i t+mt+ D (29-13) 


Two features of the mode solutions are noteworthy. (1) Unlike the homogeneous 
medium solution (n, = 0}, the mode spot size w is independent of z. This can be 
explained by the focusing action of the index variation (#, > 0), which counteracts 
the natural tendency of a confined beam to diffract (spread). In the case of an index 
of refraction which increases with rn, < 0), it follows from (2.9-1 1) and (2.9-12) 
that œf < 0 and no confined solutions exist. The index profile in this case leads to 
defocusing, thus reinforcing the diffraction of the beam. (2) The dependence of 8 
on the mode indices $, m causes the different modes to have phase velocities Vim = 
av, ,, a8 well as group velocities (V,m = dadh; m that depend on $ and m, 

Let us consider the modal dispersion (that is, the dependence on / and m) of the 
group velocity of mode J, m 


dw 


—— 2.9-|d 
4B, C914) 


(Ulim = 
If the index variation is small so that 


l Ma 
~ Pat m+ el (2.9-15) 


we can approximate (2.9-13} as 


ansk- Basmi- usm sty (2.9-16) 


so that. according to (2.9-14), 


ch 
í (2.9-17) 





—(+tmt1y¥ 
yz tm J 


The effect of the group velocity dispersion on pulse propagation 1s considered next. 
We will show in Chapter 3 that optical pulses propagate at the group velocity 


. og , {dev 
ve We will also treat the effect of group velocity dispersion he + Of} on pulse 


broadening. 


Pulse Spreading in Quadratic Index Giass Fibers 


Glass fibers with quadratic index profiles (2.9-1a} are excellent channels for optical 
communicalion systems (15, 16]. The information ts coded onto trains of optical 
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pulses and the channel information capacity is thus fundamentally limited by the 
number of pulses that can be transmitted per unit time [17, 18]. 

There are two ways in which the group velocity dispersion limits the pulse 
repetition rate of the quadratic index channel. 


L. Modal Dispersion Ifthe optical pulses fed into the input end of the fiber excite 
a large number of modes (this will be the case if the input light is strongly focused 
so that the “‘rays’” subtend a large angle}, then each mode will travel with a group 
velocity (Ve) m as given by (2.9-17). If all the modes from (0, 0) to (fna max) are 
excited, the output pulse at z = L will broaden to 








] l 
Ar=L|——— - 2.9-18 
| —+— | l ) 
We can use (2.9-17) to obtain 
HL * 
AT FE fim + Maa + IY- | (2.9-19) 


The maximum number of pulses per second that can be transmitted without 
serious overlap of adjacent output pulses 1s thus fmax ~ LAT. High data rate trans- 
mission will thus require the use of single mode excitation, which can be achieved 
by the use of coherent single mode laser excitation |16, 17, 18, 24]. 






Example: Numerical Example 











Consider a 1-km-long quadratic index fiber with z = 1.5, na = 5.1 X [0° cm™?. Let 
the input optical pulses at A = 1 jum excite the modes up tO lmas = max — 30. 
Substitution in (2.9-19) gives 


Ar=8X 107% 8 


and fi. ~ (ATY) = 1.25 X 10° pulses per second for the maximum pulse rate. 





2. Group Velocity Dispersion The pulse spreading (2.9-19) due to multimode 
excitation can be eliminated if one were to excite a single mode, say /, m only. In 
this case pulse spreading would still result from the dependence of (v,);,, on fre- 
quency. This spreading can be explained by the fact that a pulse with a spectral width 
Aw will spread in a distance £ by 


d (=) 
dw \U, 


Aw = Aw (2.9-20) 
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If the pulse is derived, say, by gating, from a coherent continuous source with a 
negligible spectral width, the pulse spectral width is related to the pulse duration T 
by Aw ~ 2/7 and (2.9-20} becomes 


(2.9-21) 








If the source bandwidth Aw, exceeds 7~', then we need to replace Aw in (2.9-20) 
by Aw,. A rigorous treatment of this subject is reserved for Chapter 3. 


2.10 PROPAGATION IN MEDIA WITH A QUADRATIC GAIN PROFILE 


In many laser media the gain is a strong function of position. This vartation can be 
due to a variety of causes, among them: {1) the radial distribution of energetic 
electrons in the plasma region of gas lasers [19], (2) the variation of pumping inten- 
sity m solid state lasers, and (3) the dependence of the degree of gain saturation on 
the radial position in the beam. 

We can account for an optical medium with quadratic gain (or loss) variation 
by taking the complex propagation constant &(r) in (2.4-5} as 


kir = k + ilag — far’) (2.101) 
where the plus (minus) sign applies to the case of gain (Joss). Assuming kor? < k 


in (2,4-5), we have ka = ia,. Using this value in (2.4-11)} to obtain the steady-state 
((1/g)' = 0) solution of the complex beam radius yields? 


l ky ia, 
= Z —} — = —] 2.10-2 
7 i | n f y ( } 


The steady-state beam radius and spot size are obtained from (2.6-5) and (2.10-2) 
i A 


\ maa, 


len 


Vie (2.103) 


2 


= 





We thus find that the steady-state solution comesponds to a beam with a constant 
spat size but with a finite radius of curvature. 

The general (non-steady-state) behavior of the Gaussian beam in a quadratic 
gain medium is described by (2.6-4), where ks = fa. 

Experimental data showing a decrease of the beam spot size with increasing 
gain parameter a, in agreement with (2.10-3) are shown in Figure 2-9. 


* Steady state” here refers not to the intensity, which according to (2.10-1) is growing or decaying with 
Z, but to the beam radius of curvature and spol size 
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Figure 2-9 Theoretical curve showing the dependence of beam radius on quadratic gain con- 
stant a. Experimental points were obtained in a xenon 3.39-y2m laser in which æ; was varied 
by controlling the unsaturated laser gain. (After Reference [20].) 


2.11 ELLIPTIC GAUSSIAN BEAMS 





All the beam solutions considered up to this point have one feature in common. The 
field drops off as in (2.8-1), according to 


2 
Ein © EXP - x 4 (2.11-1) 





w (z) 


so that the locus in the x-y plane of the points where the field is down by a factor 
of e`! from its value on the axis is a circle of radius oz}. We will refer to such 


beams as circular Gaussian beams. | 
The wave equation (2.4-8) also admits solutions in which the variation in the x 


and y directions is characterized by 


2 7 


E,, < exp | - — - = | (2.11-2) 
wiz) ax (2) 








with w, £ œ. Such beams, which we name elliptic Gaussian, result, for example, 
when a circular Gaussian beam passes through a cylindrical Jens or when a laser 
beam emerges from an astigmatic resonator—that is, one whose mirrors possess 
different radii of curvature in the z-y and z-x planes. 

We will not repeat the whole derivation for this case, but will indicate the main 
steps. 
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Instead of (2.4-9) we assume a solution 


_ _; Kk a, * o i 
ui = exp | i [ro + IA x* + 14.40 y I} (2.11-3) 


that results, in a manner similar to (2.4-11), in’ 


2 7 
Coa G) Ba a 
qx qs k 





q i 
l l k 
ay Jy k 
and 
dP rfl] 
To- ifta) (2.1-5) 
dz 2a g 
In the case of a homogeneous (k,, = ka, = 0) beam we obtain as in (2.5-4), 
g(z) = 2+ C, (2.11-4) 


where C, is an arbitrary constant of integration. We find it useful to write C, as 
Cr = -l + Gor (2.11-7) 


where z, 1s real and go 18 imaginary. The physical significance of these two constants 
will become clear in what follows. A similar result with x — y is obtained for g,{z}. 
Using the solutions of g,(z) and ¢,(z) in (2.11-5) gives 


p=- ifia(: 8) a inf ei) 
2 fax Gay 


Proceeding straightforwardly, as in the derivation connecting (2.5-6, ... 14}, results 
In 








Els, y,2) = Eye e | [kz ~ no- 2 - & | 
sfa = |! 7 gf) 2¢2) 
Me ° w,{z)w,(Z) “p m™ qz)  2g,{2) 


= E eet ex {it ~ yd] - x? Es + ik ) 
° V odzo} P 7 a(z) — 2R,(z) 


wD IRG) (2.11-8) 





"The parameters k», and ka, are defined by 
k*ix, y= k kk ox? — kin 


which is a generalization of (2.4-5). 
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Figure 2-10 [llustration of an elliptic beam produced by cylindrical focusing of a circular 
Gaussian bear. 


where 
ToN 
Fin —= | A 
s, A{z — z, i 
wiz) = of, [ + or) | (2.11-9) 


with similar expressions in which x > y for ga. w,, R.. 
The phase delay yz) in (2.11-8} is now given bv 


A(z Z, _, fA(Z - 2, 
niz) = $ tan | (e) +$ tan (Ae) (2.11-10) 


3 
O TORR Tih 


It follows that aii the results derived for the case of circular Gaussian beams 
apply, separately, to the x-z and to the v-z behavior of the elliptic Gaussian beam. 
For the purpose of analysis the elliptic beam can be considered as two independent 
beams.” The position of the waist is not necessarily the same for these two beams, 
it occurs at z = z, for the x-z beam and at z = z, for the v-z beam in the example 
of Figure 2-10, where z, and z, are arbitrary. 

It also follows from the similarity between (2.1 1-4) and (2.4-11} that the ABCD 
transformation law (2.6-9) can be applied separately to gdz) and g,(z) which, ac- 
cording to (2.11-8), are given by 














(2.11-11) 
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(a) Near-field patterns (b) Far-field patterns 


Figure 2-11 (a) Near-field and (b) far-field intensity distributions of the output of stripe contact 
GaAs-GaAlAs lasers. (After Reference [21].) 


Elliptic Gaussian Beams in a Quadratic Lenslike Medium 


Here we consider the steady-state elliptic beam propagating in a medium whose 
index of refraction is given by 


Pir) = (i - 12 - p) (2.11-12) 
H 
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The derivation is identical to that presented in Section 2.9, resulting in 


* l 2} 
En) = Eye "H, (va =) H, (v3 z) exp (- 2 A (2.11-13) 
iy. i W 


where u= (È an (L 1) 
PUT 3, 
a Ge l (2.11-14) 
T AIL», 
he, 12 


2.12 DIFFRACTION INTEGRAL FOR A GENERALIZED PARAXIAL A, B, C, D SYSTEM (25) 


In Sec. 1.6 we derived the, very important, Fresnel-Kirchhoff diffraction integral, 
Eq. {].6-17), reproduced here with a slight change of notation. 


ik 
file. ¥i) = Sap PO ikL) {| Tolto Yo) 


ik 
ool -2 [w — ty) + {yi T Yo) | dxy dYa 
pa PT n (2.121) 
A Ag 


which relates the field f, at z = L to the field fẹ at z = D in the case of a homogeneous 
and isotropic medium. This result can be extended to the case where the intervening 
medium consists of a cascade of paraxial axisymmetric components which can be 
described by an overall A, B, C, D matrix. An example of such a system is sketched 
in Figure 2-12. The result is 


K 
fin ¥1) = r exp{—ikoL)} {| folXor Yo) 


ko 
apl i T favi + yo) — 2xot, — 2yo; + D(x? + | dx, dy, (2.12-2) 


2T W 


k = = 
" Ao C 
L= ` nL, = optical path length along the axis 


The proof of this important result is not given here. The interested reader can consult 
the original papers of Baues [26] and Collins [27], as well as Reference [28]. 

To demonstrate the power of this result, we will use it to derive the imaging 
condition of a generalized cascade of optical elements described by an overall 
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Figure 2-12 A cascade of lenslike (paraxial) elements with an overall A, #, C, D matrix. 


(A, B, C, D) matrix. By rearranging and manipulating the exponent of Equation 
(2.12-2), we can rewrite it as 


Fils. yi) = e exp ito =! - AG - i)e + 7) 


2 2 
{{ fol%o, Yo) exp |- ALE - 4 + aly -7 z) | dro dyo (2.12-3) 


[t is a straightforward matter to show [25] that 


i 2 
=~) - 1] 
im ab w- 5] (x) (2.1244) 


where d(x) is the Dirac delta function. Using Equation (2.12-4) in (2.12-3), we obtain 


lim files, y) = oe ikal) CAD AC z) "E en xi + J 


2A 
(2.12-5) 
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Figure 2-13 A single lens imaging system. 


J2 


THE PROPAGATION OF RAYS AND BEAMS 


Using the property AD-BC = 1, which holds when the individual A, B, C, D matrices 
of the cascade possess unity determinants, we rewrite (2.12-5) as 


EXP( —iK yl.) kal XxX, ¥ 
fan po = SR ox i Et sh X fol] 2.128) 
This 1s the main result. It shows that in the limit of B — 0, fitx, yi) is magnified 

Y y 
by A to i a) as well as multiplied by a quadratic phase factor (in x, and y,). 


We thus associate A — 0 with the generalized imaging condition and A with the 
magnification. We leave it as a (simple) excrcise to prove that in the case of imaging 
by a single thin lens, as shown in Figure 2.13, the imaging condition B > 0 leads 
to the familiar, geometrical optics, imaging relation 


| | 
-— + (2.12-7) 


. ee d, 
while the magnification is A = ——. 
ih 


Problems 
2.1 Derive Equations {2.1-19) through (2.1-21). 
2.2 Show that the eigenvalues A of the equation 


A BR 
C D 


r, F 


+ 


f 


F. 




















r 


are A = e “” with exp(+ié) given by Equation (2.1-13). Note that, according to 
Equation (2. 1-3), the foregoing matrix equation can also be written as 


Mud 














Poe 
2.3 Derive Equation (2.3-6}. 


24 Make a plausibility argument to justify Equation (2.3-1) by showing that it 
holds for a plane wave incident on a lens. 


2.9 Show that a lenslike medium occupying the region 0 = z = / will image a 


point on the axis at z < 0 onto a single point. (lf the image point occurs at z < 1 
the image 15 virtual.) 


2.6 Derive the ray matrices of Table 2-1. 


2.7 Solve the problem leading up to Equations (2.6-11) and (2.6-12) for the case 
where the Jens is placed in an arbitrary position relative to the input beam (that is, 
not at its waist}. 
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2.8 





a, Assume a Gaussian beam incident normally on a solid prism with an index of 
refraction n as shown, What is the far-field diffraction angle of the output beam” 

b. Assume that the prism is moved to the left until its input face is at z = —/,. What 
is the new beam waist and what is its location? (Assume that the crystal is long 
enough that the beam waist is inside the crystal.) 


29 A Gaussian beam with a wavelength A is incident on a lens placed at z = / as 
shown. Calculate the lens focal length, f, so that the output beam has a waist at the 
front surface of the sample crystal. Show that (given / and L} two solutions exist. 
Sketch the beam behavior for each of these solutions. 


Lens with focal 
length f 


PIANI senm- Sample 


2.10 Complete all the missing steps in the derivation of Section 2.11. 


2.11 Find the beam spot size and the maximum number of pulses per second that 
can be carried by an optical beam (A = 1 um) propagating in a quadratic index glass 
fiber with n = 1.5, na = 5 X 10° cm”. (a) in the case of a single mode excitation 
i = m = 0; (t in the case where all the modes with /, m < 5 are excited. Using 
dispersion data of any typical commercial glass and taking n = 5 X 10° cm~? Lmax 
= Mma = 30, compare the relative contributions of modal and glass dispersion to 
pulse broadening. 


2.12 Given a thick lens with radii of curvature &, and A. on its entrance and exit 
surfaces, an index of refraction n, and a thickness d, 


a. Obtain the ARCO matrix of the lens. 
b. What is its focal distance for light incident from the left? 


4 


THE PROPAGATION OF RAYS AND BEAMS 


2.13 Show that 





— ; 
lim | eX = d(x) 
l I — = = 
pV 2B PN | 2B 


where 4{x) is the Dirac 6 function. 


2.14 Show that in the case of imaging by a thin lens the generalized imaging 
condition £ = 0 leads to Equation (2.12-7). 


References 


L 
2, 


3, 
. Siegman, A. E., An Introduction to Lasers and Masers. New York: McGraw- 


Pierce, J. R., Theory and Design of Electron Beams, 2d ed. Princeton, N.J.: Yan 
Nostrand, 1954, Chapter 11. 

Ramo, 5., J. R. Whinnery, and T. Van Duzer, Fields and Waves in Communi- 
cation Electronics. New York: Wiley, 1965, p. 376. 

Yariv, A., Quantum Electronics, 2d ed. New York: Wiley, 1975. 


Hill, 1968. 


» Kogetnik. H., and T. Li, “Laser beams and resonators,” Proc. IEEE 54:1312, 


1966. 


» Herriot, D., H. Kogelnik, and R. Kompfner, ‘‘Off-axis paths in spherical mirror 


interferometers,” Appl. Opt. 3:523, 1964. 


. Kogelnik, H.. ‘On the propagation of Gaussian beams of light through lenslike 


media including those with a loss and gain variation,” Appl. Opt. 4:1562, 1965, 


. Born, M., and E. Wolt, Principles of Optics, 3d ed. New York: Pergamon, 1965, 


p. 124. 


. Gordon, J. P., R. È. C. Leite, R. S. Moore, §. P. $. Porto, and J. R. Whinnery, 


‘‘Long-transient effects in lasers with inserted liquid samples,” J. Appi. Phys. 
36:3, 1965. 


. Dabby, F. W., and J. R. Whinaery, ‘Thermal self-focusing of taser beams in 


lead glasses,” Appi. Phys. Lett. 13:284, 1968. 


. Yariv, A., ‘Three dimensional pictorial transmission in optical fibers,” Appl. 


Phys, Lett. 2:88, 1976. 


. Marcuse, D., Light Transmission Optics. Princeton, N.J.: Yan Nostrand. 1972. 
. Yariv, A., Quantum Electronics, 2d ed. New York: Wiley, 1975, Section 2.2. 

. Kogelnik, H., and W. Rigrod, Proc, [RE 50:230, 1962. 

. Kawakami, S., and J. Nishizawa, “An optical waveguide with the optimum 


distribution of the refractive index with reference to waveform distortion, ' IEEE 
Trans. Microwave Theory and Technique, MTT-16, tO:814, 1968. 


. Miller, §. E., E. A. J. Marcatili, and T. Li, “Research toward optical fiber 


transmission systems,’ Proc. IEEE 61:1703, 1973. 


. Cohen, L: G., and H. M. Presby, ‘Shuttle pulse measurement of pulse spreading 


in a low loss graded index fiber,” Appi. Opt. 14:1361, 1975. 


. Bloom, D. M., L. F. Mollenaver, Chinlon Lin. D. W. Taylor, and A. M. 


DelGaudio, ‘‘Direct demonstration of distortionless picosecond-pulse propaga- 
tion in kilometer-length optical fibers,” Opt. Lert. 4:297, 1979. 


19, 


26. 


ai. 


22, 


23. 


24, 


25. 


26. 


27. 


28. 


REFERENCES 75 


Bennett, W, R.. “Inversion Mechanisms in Gas Lasers,” Appi. Opt., Suppl. 2 
(Chemical Lasers 3, 1965, 

Casperson, L., and A. Yariv, ‘‘The Gaussian mode in optical resonators with a 
radial gain profile," Appl. Phys. Lett. 12:355, 1968. 

Zachos, T. H., ‘Gaussian beams from GaAs junction lasers,” Appl. Phys. Lett. 
12:318, 1969. 

Zachos, T. H., and J. E. Ripper, “Resonant modes of GaAs junction lasers,”’ 
IEEE J. of Quantum Electron, QE-3:29, 1969. 

H. Yonezu et al, CA GaAs~—Al,Ga,; , as double heterostructure planar stripe 
laser,’ Jpn. £ Appl. Phys. 12:1585, 1973. 

Suematsu, Y. ‘‘Long Wavelength Optical Fiber Communication,’ Proc, IEEE 
71:692, 1983. 

Yariv, A.. Imaging of coherent fields through lenslike systems,” Opt. Len. 
19:1607 (1994). 

Baues, P., “Huygens” principle in inhomogeneous isotropic media,” Oproetec- 
tronics 1:37 (1969). 

Collins. $. A., ““Lens-system diffraction integral written in terms of matrix op- 
ties, J. Opt. Sec. Am. 60:1168 (1970). 

Siegman, A. E., “Lasers, | University Science Books, Mill Vatley, CA, 1986, 
pp. 779~782. 





Propagati on of 
— Optical Beams in 
Fibers 





3.0 INTRODUCTION 





The silica glass fiber has become the most important transmission medium for long- 
distance, high-data-rate optical communication. It has caused what can be called, 
with very little exaggeration, a revolution in the art and practice of communication, 
This success is due mostly to the prediction |1] and realization [2] of low-loss prop- 
agation of confined optical modes in such fibers once the concentration of the ab- 
sorbing impurities has been reduced to insignificance. 

The technology of optical communication in fibers can be stated, in simple 
terms. as that of feeding optical pulses at a maximal rate intu one end of a fiber and 
retrieving them at the other end. The length of the fiber may vary from a few meters, 
in the case of computer interconnect applications, to thousands of kilometers, in the 
case of transoceanic submarine cables, The main goal of a communication system 
is to receive the pulses at the output end with minimal loss of energy, minimal spread, 
and minimal contamination by noise. Nature, naturally, throws up many obstacles 
m the path of anyone trying to achieve these modest goals. Some of nature's tricks 
include: diffraction; group velocity dispersion, which causes pulse spreading: and a 
variety of nonlinear scattering mechanisms. Much of this book is devoted to the 
understanding of these phenomena and, using this knowledge. to devising strategies 
for optimal transmission. In this chapter, we will study the subject of optical guided 
modes in fibers. We will also study the problem of pulse spreading due to eToup 
velocity dispersion and various strategies of combatting it. The topics of detection, 
amplification, and noise will be taken up in Chapters 10 and 11. 
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3.1 WAVE EQUATIONS IN CYLINDRICAL COORDINATES 


In Chapter 2 we have shown that optical waveguides with a quadratic index profile 
(see Equation 2.9-1a} can support guided nondiffracting modes. The effect of dif- 
fraction spreading is counterbalanced by the lensing effort of the index profile of the 
guide. Commercial silica-based optical fibers use a step index profile with a *‘high”’ 
index core and a “‘low’’ index cladding. These fibers form the backbone of most 
modern communication systems, and the study of their modes of propagation is the 
subject at hand. 

Since the refractive index profiles n(r) of most fibers are cylindrically symmet- 
fic, it is convenient to use the cylindrical coordinate system. The field components 
are E, Ep E,, Hy, Hn and H,. The wave equation (2.4-3) assumes its simple form 
only for the Cartesian components of the field vectors. Since the unit vectors a, and 
a, are not constant vectors, the wave equations involving the transverse components 
are very complicated. The wave equation for the z component of the field vectors, 
however, remains simple, 


(V? + kô) ae Q (3.1-1) 
H. 


where k? = ernie and V? is the Laplacian operator given by 
fF la lë # 
— t-> tar trs 
ar rör r ðt az 


The problems of wave propagation in a cylindrical structure are usually approached 
by solving for E, and H, first and then expressing E, E H, and Hin terms of E, 


and H,. 
Since we are concerned with the propagation along the waveguide, we 
assume 
Kr, ¢ E(r, 
my | m P| explitwt — Bo (3.1-2) 
Hír, t) Hír, ġ) 


i.e., every component of the field vector assumes the same z- and t-dependence of 
exp[i(@t — B2]. Maxwell’s curl equations are now written in terms of the cylindrical 


components and are given 


iweE, = iBH, + ~—- H. (3.1-3a) 
r ap 
, . g 
iweE, = —iBH, ~ — H, (3.1-3b) 
l @ La 
= — =- — H, + -~ (ri 3.1-3¢ 
iw pe, -g H, nET (rH 5) ( ) 
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and 
, , ld 
~it, = BE, t- — E. (3.1-4a} 
rag 
, , d 
-iwp = —iBE, — z E, (3, 1-4b) 
r 
ld l a 
—i .=—--— $ +t- , 
iw pA. rab tm (rEg) (3.1-4c} 


Using (3.1-3a), (3.1-3b), (3.1-4a), and (3.1-4b), we can solve for £,, Ea. H,, and Ha 
in terms of E, and H.. The results are 


—i d d 
E -— É Lg 4 boy 
ape ~ BP \ar B rod 
—tp d ti d 
Ey = aS | — E. - — — H, 3.1-6 
° zl © B zn) o) 
g- P (2y Àp 
aue — P \ar 6 rab ~ 
— iB d we J 
— H.+ —— E, 3.14 
ih ate (3 : B ar | ( ) 


These relations show that it is sufficient to determine E£, and #, in order to specify 
uniquely the wave solution. The remaining components can be calculated from 
(3.1-5) and (3.1-6). 

With the assumed z-dependence of (3.1-2), the wave equation (3.1-1) becomes 


o la 1#” E. 
— + -— + = — + ik p “T= 0 3.1-7 
E rör rge l p IA ( ) 


This equation is separable, and the solution takes the form 


E. 

H = pider ip) (3.18) 
where / = 0, 1, 2,3,..., 80 that E. and H. are single-valued functions of $. Then 
(3.1-7) becomes 

ry daw i P 
—~+-~4[¢e- p-—]p=0 3.1-9 
ör rar ( p 5) Y ( 


where # = E.H. 
Equation (3.1-9) +s the Bessel differential equation, and the solutions are called 


Bessel functions of order }. If k — 87 > 0. the general solution of (3.1-9) is 


wir) = CdA) + C YAR) {(3.1-10) 
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where A° = k° — B*, c, and c, are constants, and Jy, Y; are Bessel functions of the 
first and second kind, respectively, of order 7. If k? — p? < 0, the general solution 


of (3.1-9) ts 


ur) = eihar) + c2KAgr) (3.1-11) 


where g° = B° — kê, ci and c, are constants, and J,, K; are the modified Bessel 
functions of the first and second kind, respectively, of order £. 

To proceed with our solution, we need the asymptotic forms of these 
functions for small and large arguments. Only leading terms will be given for 


simplicity. 


For x < 1: 


Forx > loi 


i jx 
JX) > i (z) 


? X 
Fax} — — (i — + 0.5772.. ) 
T 2 


i 
f— 1)! f2 
ye» -= (2) E A 
T xX 


i i 
Hx) > 7i (z 


Kax) > — fn + 0.5772.. | 


Kix) > (eb (2) f=1,2,3,... (3.1-12) 
2 x 


Lf 
Ka) > (z) eo (3.1-13) 


In these formulas / ts assumed to be a nonnegative integer. The transition from the 
small x behavior to the large x asymptotic form occurs in the region of x ~ I. 
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3.2 THE STEP-INDEX CIRCULAR WAVEGUIDE 


The geometry of the step-index circular waveguide 1s shown in Figure 3-1. ir consists 
of a core ot refractive index #, and radius a, and a cladding of refractive index n, 
and radius #. The radius $ of the cladding is usually chosen to be large enough so 
that the field of confined modes is virtually zero at r = b. In the calculation below 
we will put b = œ; this is a legitimate assumption in most waveguides, as far as 
confined modes are concerned. 

The radial dependence of the fields E- and H. 1s given by (3.1-10} or (3.1-1 1). 
depending on the sign of k* ~ 8’. For confined propagation, 8 must be larger than 
Re (1e.. B > nako = neve), This ensures that the wave is evanescent in the 
cladding region, r > a. The solution is thus given by (3.1-11) with e, = 0. This ts 
evident from the asymptotic behavior for large r given by (3.1-13). The evanescent 
decay of the field also ensures that the power flow is along the direction of the z 
axis, Le, no radial power flaw exists. Thus the fields of a confined mode in the 
cladding ir > a} are given by 


Ede, 1) = CKigr) exp [ilwt + 16 — Bo 


. r>a (3.2-1) 
Hr, t) = DKágr) exp [mt + i@ — Pz) 
where C and D are two arbitrary constants, and g 1s given by 
g = B — wk 
ky = — (3.2-2) 


For the fields in the core, r < a, we must consider the behavior of the fields as 
r— 0. According to (3. 1-12), Y, and K, are divergent as r — 0. Since the fields must 
remain finite at r = 0. the proper choice for the fields in the core (r < a) is (3.1-10) 
with cs = 0. This becomes evident only when matching, at the interface r = a, the 
tangential components of the field vectors E and H in the core with the cladding 
field components derived from (3.21); we are unable to accomplish this if the radial 
dependence of the core fields is given by /,. Thus the propagation constant 6 must 
be jess than 7k, and the core fields are given by 


E.(r, t} = Adar) exp [Het + ib — BOI 


r<a (3.2-3) 
Hirt) = Biher) exp [Mawr + fd — Br) 


where A and & are two arbitrary constants, and A 1s given by 
A? = niki ~ B (3.24) 


In the field expressions (3.2-1) and (3.2-3). we bave taken a +7 sign in front of 
If in the exponents. A negative sign would yield a set of independent solutions, but 
with the same radial dependence. Physically, / plays a role similar to the quantum 
number describing the z component of the orbital angular momentum of an electron 
ina cylindrically symmetric potential field. Thus, if the positive sign in front of Fo 
corresponds to a clockwise “‘circulation’’ of photons about the z axis, the negative 
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Figure 3-) Structure and index profile of a step-index circular waveguide. 


sign would correspond to a counterclockwise ‘‘circulation’’ of photons around the 
axis. Since the fiber itself does not possess any preferred sense of rotation, these two 


States are degenerate. 
Equations (3.2-1) and (3.2-3) together require that K? > 0 and g7 > 0, which 


translates to 
nikoa > B > nak, (3.2-5) 


which can be regarded as a necessary condition for confined modes to exist. This is 
identical to the condition discussed in Section 13.1 for the slab dielectric waveguide 
and can be expected on intuitive grounds from our discussions of total internal 
reflection at a dielectric interface. 

Using (3.2-1) and (3.2-3) in conjunction with (3,1-5) and (3.1-6), we can cal- 
culate all the held components in both the cladding and the core regions. The result 
is 


Core (r < a)! 
E, = -2 | ansan + m bith) expli(wt + ld — Bz)] 
-iB | il OH y | l 
E, = p E Adar) — B Bai expli(wt + io — Bz)] 


E. = Adfhr) exp [ilot + id — Bol (3.24) 
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-g El 
H = = Biin = = = AJáihr) | expliia@t + Id — Bs) 
i 
—ip | 
H, = y |! Bi {hr\) + g A an| expier + id — Bol 
H. = Bl{hr) exp [itot + ib — Bo) (3.2-7) 
where 
Jiho = diarvdihr), 6, = Ewi 
Cladding (r > a): 
iB 


= = carian + + a Kuan explet + id — Bz] 


ls s 


9 
E, = CK{qr) exp [i(wt + id — Bz)| (3.2-8) 


il 
E, = E E CKiqr) — a Dek ian exp[i(wt + fd — fz) 


HE af 
H, = s | Dekion ~ = ckan | explilwr + 1 — pa) 


a Ca 
H, = s ! DKj{qr) + F cab capli + io — pz) 


AH. = DKáqr} exp filwt + id — Bz)] (3.2-9) 


where Kitan = dK dardlar), e, = eqns. These ficlds must satisfy the boundary 
conditions that Ep. E., #4, and H. be continuous at r = a, This leads to 


Ad<ha) — CR Aga) = 0 


i _ BH 
A E He +B 7 nao 
+ C E 5 Kyaa) | + p| — 2H qa) = () 


Bika) — DKdqa) = 0 


+C f Kiao) +D E 7 = 0 (3.2-10) 
qB qa 


where the primes on J, and A, again reter to differentiation with respect to their 
arguments Aa and ga, respectively. Equations (3.2-10) yield a nontrivial solution for 
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A, B, C, and D, provided the determinant of their coefficients vanishes. This require- 
ment yields the following mode condition that determines the propagation constant 


( Jiha) Elo) rizi aK) 
had<ha)  qaKáqa)j \hað{ha) ` qaK{qa) 


_ 1 2 1 297 B P l 
ETE e 


Equation (3.2-11), together with (3,2-4) and (3.2-2), is a transcendental function of 
B for each {. The function J)(xv¥x/.(x) in (3.2-11) is a rapidly varying oscillatory 
function of x = ha. Therefore, (3.2-11) may be considered roughly as a quadratic 
equation in J )(Aavha/ (ha). For a given į and a given frequency w, only a finite 
number of eigenvalues 8 can be found that satisfy (3.2-11) and (3.2-5). Once the 
eigenvalues have been found, we employ (3.2-10) to solve for the ratios B/A, C/A, 
and D/A that determine the six field components of the mode corresponding to each 
propagation constant 8. These ratios are, from (3.2-10), 














C _ Mba) 
A Kga) 

B ifiji l \( Tiha Kiga) ) 

A wa\ga Ka) \hadiha agKfga) 

D Jha) B 

= 2 212 
A Kiga)A (3:2-12) 


The quantity B/A is of particular interest because it is a measure of the relative amount 
of E, and H, in a mode (i.c., BAA = A/E,). Note that £, and H, are out of phase by 
m2. 


Mode Characteristics and Cutoff Conditions 


In the treatment of slab waveguide modes in Section 13.2, we show that the solutions 
are easily separated into two classes, the TE and TM modes. In the circular wave- 
guide, the solutions also separate into two classes. However, these are not m general 
TE or TM, each having in general nonvanishing E, H,, Ep Hy. En and H, com- 
ponents. The two classes in solutions can be obtained by noting that (3.2-11) is 
quadratic in J}(taVhaJ,(ha), and when we solve for this quantity, we obtain two 
different equations corresponding to the two roots of the quadratic equation. The 
eigenvalues resulting from these two equations yield the two classes of solutions 
that are designated conventionally as the EH and HE modes. 
By solving equation (3.2-11) for J;(haVhal{ha), we obtain 


Jha fm +m) Ki 
had,(ha) 2n? } gak; 


i > 2 2 , 2 j 2 i 27) 1/2 
a [EE (AL) 45/4) (4+ a] ' (3.213) 
2ni gak, ny \Ko ga h'a 
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Now consider the graphical solution of (3.2-17a) and (3.3-17b). Confined modes 
require that q be real to achieve the exponential decay of the field in the cladding. 
Thus we need only consider Aa in the range OS ha = V = koan? — nt)? The 
right-hand sides of (3.2-17) are always negative. Starting from —K (VVVK,(V) for 
TE modes at Au = 0, the right side of (3.2-17a) is a monotonically decreasing 
function of Aa and becomes asymptotical, according to (3.1-12) 


K (ga) 2 
—_ _ —— = SS mamaa 
gak (ga) noy (V? - ka layt — hat) 


which diverges to — at ka = V. The right side of (3.2-17b) for TM modes behaves 
identically except for a factor of v5/n?. On the left sides of (3.2-17a) and (3.2-17b), 
J (hayhad (ha) starts from 1/2 at ha = 0 and increases monotonically until it di- 
verges to © at ha = 2.405, which is the first zero of Joha. Beyond ha = 2.405, 
J (hayhas (ha) varies from — œ to + © between the zeros of Jatha). For large values 
of ha, J ,(haVhes (ha) is a function resembling — (ha) ` tan(ha ~ 7/4), according 
to Figure 3-2 which shows the two curves describing the right and left sides of (3.2- 
17a), respectively. The normalized frequency V = koaia? — n3)'" is assumed to be 
high enough so that two modes, marked by the circles at the intersection of the two 
curves, exist. The vertical asymptotes are piven by the roots of Jo(ha) = Q. If the 
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Figure 3-2 Graphical determination of the propagation constants of TE modes (/ = 0} for a 
step-index waveguide. 
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maximum value of ka, (Aana = V, is smaller than the first root of Jo(x), 2.405, 
there can be no intersection of the two curves for real 8. If V is between the first 
and the second zero of J q(x), there will be exactly one intersection of the two curves. 
Thus the cutoff value (a^) for TE,,, (or TMy,,) waves is given by 


i X 


where Xom is the mth zero of Jox). The first three zeros are 
Soy — 2.405 Ag = 5.520 Xg T 8.654 
For higher zeros, the asymptotic formula 
Xom = (m — a)r 

gives adequate accuracy (to at least three figures). 

When / # 0 in equations (3.2-15), the modes are no longer TE or TM but become 
the EH or HE modes of the waveguide. These can still be solved graphically in a 
manner similar to that outlined for the / = O case. For / = E, the two curves repre- 


senting the two sides of the EH mode condition (3.2-15a) are shown in Figure 3-3. 
The normalized frequency V = kpa — nå} is assumed to be 8, so that there are 


13.323 
ha 


Figure 3-3 Graphical determination of the propagation constants of £ = 1 EH modes for a 
step-index fiber. 
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Figure 3-4 Graphical determination of the propagation constants of the { = | HE modes for 
a step-index dielectric waveguide. 


two intersections. These are the EH,, and EH,, modes. The vertical asymptotes are 
given by the roots of /\(x) = 0. Figure 3-4 shows those of the HE modes. At the 
same value of V = 8 there are three intersections that correspond io HE, ,, HE,,, 
and HE,, modes, respectively. The vertical asymptotes are also given by the roots 
of /,(x) = Ò. Note that, as shown in Figure 3-4, the intersection for HE,, mode 
always exists regardless of the value of V. This means the HE,, mode does not have 
a cutoff. All other HE,,,. FH,,, modes have cutoff values of afk given by 


dd X iy’ 


(2) O Im — ny"? (3:2-20) 


where m’ = m for EH,, modes and m’ = m — 1 for HE,,, modes; x,,, is the mth 
zero of J (ax), excluding the one at x = Ô. The first three zeros arc 


Xll = 3.832 A413 > 7.016 t = 10.173 


For higher zeros, the asymptotic formula 


T 
Xim SMT ET 
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gives adequate accuracy (to at least three figures). For / > 1, the cutoff values for 
alh are given by [3] 


El 
a _ Mim 
e) E Imini a ny)" (3.221) 
HE 
a _ Si (3 2-22) 
Al, 2r — nip 


where x, is the mth zero of J,(x) = 0. and Zi 15 the mth root of 


kæ 


WHD = — l) £ + =) Fy(2) F>] (3.2-23) 


If we substitute the propagation constant £ for / > 1 into (3.2-12), we find that B/A 
is neither zero not infinite. This means that both E, and H, are present in these 
modes. The designation of these hybrid modes is based on the relative contribution 
of E. and H. to a transverse component (e.g., E, or Eg) of the field at some reference 
point. If E. makes the larger contribution. the mode is considered £-like and des- 
ignated EH,,,. and so on. The mode HE,, can propagate at any wavelength, as noted 
earlier, since (aM HE = 0, The next modes that can propagate. according to (3.2-19) 
are the TE), and TMo, modes. Since Xim OF Zim forms an increasing sequence for 
fixed { and increasing m, or for fixed m and increasing /, the number of allowed 
modes increases as the square of a/A (see Problem 3.1). 

For many applications, the important characteristic of a mode is the propagation 
constant £ as a function of the frequency w (or normalized frequency V). This 
information is often presented as the mode index of the confined mode 


n= Ë (3.2-24) 
Ko 

as a function of V = koala; — 3)‘*: here ky = we. Since the phase velocity of a 
mode is w/, n is the ratio of the speed of light in vacuum to the mode phase veiocity 
in is also called the effective mode index). Figure 3-5 shows n for a number of the 
low-order modes of the step-index circular waveguide [4]. We note that at cutoff, 
each mode has a value of (S/k,) = n». We can easily understand this by recalling 
that as the mode approaches cutoff, the fields extend well into the cladding layer. 
Thus, near cutoff the modes are poorly confined and most of the energy propagates 
in medium 2 and thus n = n+. By similar reasoning, for frequencies far above cutoff, 
the mode is tightly confined to the core, and ” approaches 7. 

As discussed earlier, for V < 2.405, only the fundamental HE,, mode can prop- 
agate. This is an important result, since for many applications single mode propa- 
gation is required. These applications include interferometry that calls for well-de- 
fined stationary phase fronts and optical communications by transmission af very 
short optical pulses. In the latter case the excitation of many modes would lead to 
pulse broadening, since the different modes possess different group velocities. This 
limits the number of pulses, i.e., bits, that can be packed into a given time slot and 
still be separable on the receiving end. 
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Figure 3-5 Normalized propagation constant as a function of V parameter for a few of the 
lowest-order modes of a step-index waveguide [4]. 


3.3 LINEARLY POLARIZED MODES 


The mode condition (3.2-11) and the field components (3.2-6) through (3.2-9) and 
(3,2-12) are exact solutions of the wave equation (2.4-3) for the step-index dielectric 
waveguide. These exact expressions are very complicated especially for those hybrid 
modes (EH,,,, HE,,,) that have all six nonzero field components. A good approxi- 
mation of the field components and mode condition can be obtained in most fibers 
whose core refractive index is only slightly higher than that of the cladding medium. 
Assuming that 


ni-m <1 (3.3-1) 


the continuity condition on the tangential components of H at the interface between 
n, and n, becomes identical to that of the tangential components of the field vector 
E. This leads to a tremendous simplification in matching the field components at the 
core-cladding interface. Thus we may use the Cartesian components of the field 
vectors without introducing much complexity in solving the wave equation. 

This simplified solution of the linearly polarized modes for the round fiber using 
the assumption (3.3-1} 1s due to Gloge [5]. In the limit (3.3-1), all the transverse 
wave numbers (A, q} are much smaller compared to the propagation constant B, i.e., 


gagh (3.3-2) 


We now start by solving the wave equation for the transverse Cartesian field com- 
ponents £,, E, #,, and A’,. These field components also satisfy the wave equations 
(3.1-7) and (3.1-9). For a step-index dielectric waveguide, the general solutions are 
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given by (3.1-10} and (3.1-11}. We now look for solutions where either the x or y 
component of the electric field vanishes. Since Ey can be expressed in terms of £, 


and E, as 
E, = TE, sin @ + E, cos @ (3.3-3) 
it is apparent that E, component is simply proportional to either £, or E,. Thus the 


continuity of Ea becomes equivalent to the continuity of £, or &, in these new 
solutions. Take the E field of a y-polarized solution of the form 


E, = 0 (3.34) 
oe expli@t — Bd)  r<a 
BK {grje’* expli — BZ] r>a 


where A and B are constants. We assume that E. < E.. The magnetic held compo- 
nents are then given, according to (2.4-1) and (3.1-2), by 


Y 


(3.35) 


—i a -f 
H = — E, = E, 
w az wji 
H, = 0 
id 
H. = — — E, (3.3-6) 
` wt ax 


The longitudinal component of the electric field vector E is related to H, according 
to the Maxwell equation Y X H = e dH/ot 


i d —ip d 
——H, — - — 
We oY ar he wy 





E = (3.3-7) 
where we used (3.3-6) in arriving at the last equality, We note that the field com- 
ponents £, and H, are zero in this solution. The other four field components can be 
expressed in terms of E. In order to calculate H, and £,, we need to carry out the 
differentiation with respect to x and y, respectively, according to (3.3-6) and (3.3- 


7}. Since £. is of the form (3.3-5}, we need the relations 
a Ord aga 
lee at (3.38) 
dx dxdr dx ad 

and 

dp ð 

aad 8b 0 339) 
dy dyor dyd@d 

By using the definition of r and @ 


r= (x? + yy” (3.3-10) 


$= tan”! 2) (3.3-11) 
A 
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we obtain 
ðr xX 
— =-= co od (3.3-12) 
ax oF 
dF ¥ 
—="-=snd (3.3-13) 
dy F 
ap — _ PA — _ 1 iy i 
ay pS db (3.3-14) 
and 
db x |1 
ILL- awl 
ay a57 COS @ (3.3-15) 


We now substitute (3.3-5) for E, in (3.3-6) and (3.3-7) and carry out the differen- 
tiation, using equations (3.3-8) through (3.3-15). After some laborious algebra and 
using the following functional relations of the Bessel function, 


(x) = ARANES, = Jt) 
Ki) = 4K- + Ke) (3.416) 


i 
5 = HF) + Fis] 


= KO = ~ HK, 0) = Kin) (3.317) 

we obtain the following expressions for the field components. 
Core (F < a}: 

f= 0 

E, = Adarje"® exp[i(wt — B2)] 

E, = a Vane A + Fane "| explet- Bo) 

H.=- É Add<hrje"® exp[i(wt — B2) 

wy 
H, = 0 


H, = = E Dithre tt? — J (are 0] expikwt — po) (3.318) 
ap 
Cladding (r > a): 
E =0 
E, = BKáqrje”® expli(wt — Bz)] 
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BE. = IK [Kalgi P* — K lge" |) explitwt — 8z) 
H, =- Ë BK (grje"® expliot — B2)] 

Wp 
H,= 0 


g B 7 , , 
H= - a 5 (Ky, (are)? + Ky (gre | expli(wt - Bz)) (3-319) 


In arriving at (3.3-18) and (3.3-19), we have also used 8 = nko = Aakn SINCE nako 
< B < nko andn, — n, Note that E, and H, are the dominant field components 
because in the limit (3.3-1) A, g £ B. In other words, the field is essentially transverse. 
The constant # is given by 


_ Adiha) 


3.3-20 
K{qga) ( 


to ensure the continuity of E, (Ep * E,) at the corc boundary r = a. The constant A 
is then determined by the normalization condition, 

The field solution (3.3-18} and (3.3-19) is a y-polarized wave (E, = Ü). Fora 
complete field description, we also need the mode with the orthogonal polarization 
(i.e., an x-polarized wave). The field components £, and E, of this orthogonal mode 
are taken of the form 





_ Af<hr)e"® expli(at — B2)] rag (3.321) 
BKiqre"® expli(we — Bz)) r>a 
E =Ü (3.422) 
and the other field components are, according to the Maxwell equations, 
i2 P d 
O wedr * W HED 
H, = 
1 2 1 = Ëg 
wp az Ci) ht 
~1d 
H = — E, (3,3-23) 
wh dy 


where we have assumed that E. < E,. We note that E, = 0 and A, = 0 in this 
solution. By substituting (3.3-21) for E, in (3.3-23) and carrying out the differenti- 
ation, using equations (3.3-8) through (3.3-15), we obtain, again after some laborious 
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algebra and using the relations (3.3-16) and (3.3-17), the following expressions for 
the field amplitudes: 


Core (r < a): 
E, = Al{hrye"® exp[i(wt — Bz)] 
E, = 0 
. h A tit Ligh tf — lih . 

E, = FF JaAn t — J ihre” *lexpli(at — Bz) 
H, = 0 

H, = © alghre" explilwt - 

y = — Alfhrje™ exp(itwt — pz] 


wj 


h A 
H, => alae? A + J, (hrje"*Jexplit@r — Bd] (3.324) 
i 


Cladding (r > a}: 
E, = BKAgre"® expli(at — Bz} 


E,=0 
R , , 
E, = 53 Kaine? + K (gre ?*expliot — Ball 
#, = 0 
B 


i, = — BK faqr)e"* exp[i(wt — Bz)] 
tuft 


4 
H, = E [Knigge th — KW gne*}expli(wt ~ Bal (3.325) 


In arriving at (3.3-24) and (3.3-25), we again made the assumption that 8 = niko 
= nk, because of (3.3-1). We note that £, and H, are the dominant field components 
in this solution. Therefore, the mode is again nearly transverse and linearly polarized 
along the x direction. The constant B is again given by (3.3-20) to ensure the con- 
tinuity of EE, = E,) at the core boundary r = a. 

We have obtained the field expressions for two types of guided modes whose 
transverse fields are polarized orthogonally to each other. These field expressions 
are approximate solutions of Maxwell’s equations, provided the tangential compo- 
nents of the field vectors are continuous at the dielectric interface r = a. The con- 
tinuity of E at r = a leads to (3,3-20), The H components are proportional to the 
Eş components, according to the field expressions (3.3-18), (3.3-19), (3.3-24), and 
(3,3-25} in this approximation. Therefore the continuity of E, results in the conti- 
nuity of H,. 
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We now consider the continuity of £, at y = a. Since the continuity condition 
must hold for all azimuth angles ġ, we must equate the coefficients of expfi(/ + 
Hy] and expli(f — 1)@] separately, Using the field expressions (3.3-18) and (3.3- 
19) and (3.3-20), we obtain the following mode conditions: 


h Jig (ha) _ Ky. (ga) (3.326) 
(ha) KAga) 
and 
h Ji_ {ha} _ K, (qa) (3.3-27) 


Iiha) f Kiga) 


The same equations result from the continuity of H,. In addition, if we use the 
field expressions (3.3-24) and (3.3-25) for the x-polarized mode, we will amive at 
the same mode conditions (3.3-26) and (3.3-27). This means that these two trans- 
versely orthogonal modes are degenerate in the propagation constant 8, The mode 
condition (3.3-27) is mathematically equivalent to (3.3-26) if we use the recurrence 
relation of the Bessel functions (3.3-17). 

The mode condition (3.3-26) obtained in this approximation is much simpler 
than the exact expression (3.2-11). The exact mode condition (3,2-11) has twice as 
many solutions as the simple one (3.3-26) because (3.2-11) is quadratic in J;/J,. This 
indicates that each solution of (3.3-26) is really twofold degenerate. In fact the 
propagation constants of the exact HE,,.,,,, and EH,- in modes are nearly degenerate 
[6]. They become exactly the same in the limit n; — nz This can also be seen from 
the expressions of the field components £, and H, in (3.3-18), (3.3-19), (3.3-24), 
and (3.3-25). Comparison of the linearly polarized mode expressions with the exact 
modes (3.2-3) shows that the linearly polarized modes are actually a superposition 
of HE,,,,, and EH)-;,, modes [6]. Two independent linear superpositions lead to 
the x-polarized and y-polanized modes. The total number of modes is the same in 
both theories. The eigenvalues obtained from (3.3-26) are labeled as Bim with i = 
0,1,2,3,...,m=1,2,3,..., where the subscript m indicates the mth root of the 
transcendental equation (3.3-26). The modes are designated LP,,,. The lowest-order 
mode HE,, now has the propagation constant labeled So, and the mode 1s designated 
as LP). 

The mode conditions for those linearly polarized waves (3.3-26) or (3.3-27) can 
also be solved graphically. Figure 3-6 shows the normalized propagation constant 
as a function of the normalized frequency V. The mode cutoff corresponds to the 
condition g = 0 which, according to (3.3-27), leads to the condition 


Jn = 9 (3.3-28) 
where 


V = kya(nt — 13)" = 20 ` (np na” (3.3-29) 
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Figure 3-6 Normalized propagation constant $ as function of normalized frequency V for the 
gnided modes of the optical fiber, $ = (fk. — n(n, — na. (After Reference [5).) 


It follows that the lowest-order mode, characterized by / = 0, has a cutoff given by 
the lowest root of the equation 


J_(V) = -3,(V) = 0 (3.3-30) 


Hence V = 0. In other words, the lowest-order mode does not have a cutoff, This 
is the HE,, mode and is now labeled LP,,. The next mode of the type / = 0, cuts 
off when J,(V) next equals zero, that is, when V = 3.832. This mode is labeled 
LP 2. The cutoff values of V for some low-order LP,,, modes are given in Table 3-1. 


Table 3-1 Cutoff Values of V for Some Low-Order LP 


Modes 
a a anian 
V m= tl m= 2 m=3 ma 4 
[= Q 3.832 7.016 16.173 
i= 2.405 5.520 &.654 11.792 
{= 3,832 7.016 10.173 13.323 
i= 3 5.136 8.417 11.620 14.796 
f=4 6.379 9.760 13.017 16.224 


96 


PROPAGATION OF OPTICAL BEAMS IN FIBERS 


All these values are zeros of the Bessel function. For high-order modes, the cutoff 
value of V is given approximately according to (3.3-28) and (3.1-13)} 
3\ 9 
WLP, o = ma + { — 3) 7 (3.331) 


Figure 3-7 shows the regions in which a given mode is the highest one allowed for 
a given / value group, labeled in LP mode designation. Also shown in the figure are 
the associated HE, EH, TE, and TM mode notations that are the exact modes. Figure 
3-8 shows the field distribution of the LP,, modes [6]. The LPa, mode has radially 
symmetric feld distribution Jo(4r) in the core. 

One of the most important advantages of using the linearly polarized mode is 
that the modes are almost transversely polarized and are dominated by one transverse 
electric field component (E, or £,) and one transverse magnetic field component 
(H, or H,). The E vector can be chosen to be along any arbitrary radial direc- 
tion with the H vector along a perpendicular radial direction. Once this mode is 
chosen, there exists another independent mode with £ and H orthogonal to the 
first pait. 


Power Fow and Power Density 


We now derive expressions for the Poynting vector and the power flow in the core 
and cladding. The time-averaged Poynting vector along the waveguide is, acccording 
to (13-18) 


S, = {Re EH? — EH) (3.3-32) 





Figure 3-7 The regions of the parameter V for modes of order | = D, I. 
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Figure 3-8 Sketch of the fiber cross section and the four possible distributions of LP, ;. 


Substituting the field components from (3.3-18) and (3.3-19) or (3,3-24) and (3.3- 
25} into (3.3-32), we obtain 


P MeRa <a 

$= ws (3.333) 
—— IBP KA hr) r>@q 
Zop 


Note that the intensity distribution is cylindrically symmetric {1.e., no @ dependence). 
The amount of power that is contained in the core and the cladding is given by, 
respectively, 


an pa 
Po = f f Sur dr dab (3.3-34) 


217 po 
Paa = f { S.r dr dọ (3.335) 


a 
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Using the following integrals of Bessel functions [7] 


a 2 
j rJi(hr) dr = z [J ha) — Jitka (hay) (3.3-360) 


= 2 
| rKi(qr) dr = 5 [-Ki(ga) + K; \(g@)K;,:(ga)] (3.3-366) 


the powers Pone and Pana can be written, respectively, as 


P core = B ma JA| I ha) — dJi- (had, Aa)] (3.434-37) 
PANTE 


Paa = T ma |B) |—K iga) + K, (ga); , (ga)) (3.3-38) 
By using (3.3-20) for B and the mode conditions (3.3-26) and (3.3-27). the power 
Paa Can be written 


Poa = -> nal [-Ji(ha) - (2) J, thadhal] (3.339) 
Zou q 
For those fia values that are allowed by the mode condition (3,3-26) or {3.3- 
27), J, (ha (fa) is always negative, so that Paa is always positive. The nega- 
tiveness of J, (hal, (Aa) can be seen from (3.3-26) and (3.3-27), since the A,igay's 
are always positive, According to (3.3-37) and (3.3-39}, the total power flaw ts thus 
given by 


he 

p= B malal í + “| [—J,_ (had, , (ha)! (3.3-d0} 
Jap q 

The ratio of cladding power to the total power. D» = (Pan Ph which measures the 

fraction of mode power flowing in the cladding layer, is given, according to (3.3- 

39) and (3.3-40}, by 


` Paaa l (gay J (ha) 
Dp ya | OY t T Ghat, ha 3.3-41 
) | a) Ji- ne | ( ) 


where we used (ha) + (gay = kat) — ni) = ¥*. Figure 3-9 shows the ratio 
P aP for several modes as a function of the normalized frequency V [5]. Note that 
the fundamental mode LP, is best confined. Generally speaking, Penal P increases 
when the mode subscript ém increases, 


3.4 OPTICAL PULSE PROPAGATION AND PULSE SPREADING IN FIBERS 


Most of the traffic carried by optical fibers is in the form of digital pulses, each 
representing one bit of information. It thus follows that the narrower the pulses, the 
more of them can be crowded into a given (transmission) time stot, and thus more 
data (bits) can be transmitted during that time. As a matter of fact, modem com- 
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0.8 


0.2 


= 
r3 





Figure 3-9 Fractional power contained in the cladding as a function of the frequency param- 
eter V. (After Reference [5].} 


munication systems are designed today with pulse widths as narrow as 3 X 107"! s 
and with data rates exceeding 10'° bits/s. The trend to narrower pulses and higher 
rates continues unabated. What limits our ability to reduce the pulse width even 
further is the basic phenomenon of pulse lengthening due to the dependence of its 
group velocity on the frequency. This phenomenon is termed group velocity disper- 
sion. To be specific, we assumed a single mode, usually the lowest-order fundamental 
mode, of the fiber excited at z = 0. We will take the temporal envelope as a Gaussian 


F(x,y,0,0) = nax y) Relexp(—ar* + iw) (3.4-1) 


where uolx,Y) specifies the transverse modal profile of the mode and is obtatned from 
a solution such as that of Sections 3.1, 3.2. This solution also results in the dispersion 
relation for the propagation constant 6(w) of the mode. Since in practice the envelope 
function varies slowly compared to the optical oscillation, wy > a”, it is convenient 
to expand the pulse envelope in a Fourier transform integral 


F(x, y,7,£) = Re[vo(x,pexplagt) | f(MexpiNndQ] (3.4-2) 
. _ En lf? 
FQ) = FTfexp(—a2)] = aed (3.4-3) 


We may view (3.4-2) as an assembly of harmonic fields, each with its unique fre- 
quency (wo + 2) and amplitude #(()dQ.. To obtain the field at some other plane z, 
we need to multiply each frequency component f(MdNexpli(ws + Me} in (3.4-2) 
by its propagation delay factor, exp[—if{@_ + Ok]. We will also omit the “real 
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part’’ symbol and z(x,y), since they are not involved in the analysis and can be 
lestored when needed. The result is 


Eiz = | Kerni + Oy- Bla, + Ad) }dN 


We can expand Rie + 12) near the center (optical) frequency wa in a Taylor series 








dB | iR 
Blo, + O) = Bla) + Jo a Q + PENE o Q+... 
and obtain 
, ° . Q: idf} , 
F(z) = exp[il@y! — Bal dOf(Nexps i] Qe - — - = — |=] fF, 
“* U, 2 dw W, 
= exp[aof — Boné.) (3-4-4) 
where 
dB | l 
= .—| = — = 34-40 
Bo 5 Kwo) dola V, group velocity l ) 





The field envelope is given by the integral (3.4-4) 


i k ~ l 7 lod fl 
Eiz = l, fep] i ( 5) aT, (=) a |} 
= | mjam a ( -- =] — aaz || 
fnm) Vi 


and it propagates, in the case a = Ô, at the group velocity, ve. The pulse spreading 
Is caused by the group velocity dispersion characterized by the parameter 


1 dy 
id (= - 14 (3.4-6a) 
Vy 


(3.4-5) 





After substituting for f()} from (3.4-3), equation (3.4-5) becomes 


1 e »f Í , , Z 
9 = [-— — —- - Š 0 
(zt) Ta l e a ( + az) + (: z) all d 


Carrying out the integration yields 
i it~ Av dat — AVY 
Egì = —=———== exp| - ————4— lexp| i -= 3.4-6 
l Yl + ipao ( tifa + lbeza lige + lér 
The pulse duration + at z can be taken as the separation between the two times when 
the pulse envelope squared 1s smaller by a factor of 1/2 than its peak value. that 1s, 


il 


noum 
(2) = V2 In 2 ja + lő la (3.4-7) 
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The initial pulse width is 
172 








2 In 2 
To = ( (3.4-8) 
ft 
The pulse width after propagating a distance L can thus be expressed as 
Sul, In 2\" 
AL) = m + (* ; (3.49) 
To 
At large distances such that |aL| > 74 we obtain 
nig) ~ Gln DeL (3.4-0) 


To 


If we use the definition (Eq. 3.4-5a), of the factor a, the last expression becomes 


4 in 2 du] L 
= —— |=| — 3.411 
nL) u? |dw| To t ) 








The group velocity dispersion is often characterized by D = L '(dT/dh), where T 
is the pulse transmission time through length Z of the fiber. This definition is related 
to the second-order derivative of 8 with respect to w as 


lre { d’B 
and is related to the parameter a used above by 
4a 
D= — pU a (3.4-13) 


With this new definition, the pulse-width expression (3.4-9) can be written as 








3 z 
TE) = r, {I+ É In? D LA ) (3.414) 
mc 8 Tt 


If DL is in units of picoseconds per nanometer, A is in units of micrometers, and 7 
i$ in units of picoseconds, the pulse width can be written as 


+ 2 
L.47DLA (3.415) 


TIL) = Ta af 7 


The group velocity dispersion, i.e., the dependence of v, on œ, which according 
to (3.4-11) leads to pulse broadening, is due to two mechanisms: 


a. Material dispersion. The w indices of refraction n (w) and n(w) of the core and 
cladding materials depend on w., 

b, The confinement of the mode in a waveguide causes its propagation constant f 
and thus v, to depend on w. This is referred to as waveguide dispersion. 
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The propagation constant of a guided mode, say, LP, 1s obtained as a solution of 
the mode condinon (3.3-26} or (3.3-27). It 1s often expressed in terms of the mode 
index defined as 


Bin, = Hanky = Fims Ho, i) = (3.4-14) 
C 


where the mode index n, (often called effective index of mode im) 15 considered 
as a function of #,, #5, and w (see Figure 3-6), The velocity with which the mode 
energy ina light pulse travels down a waveguide ts called the group velocity and 18 
characterized by the expression 


s l 
dw P| 
Vue = = 34-17 
in d Bim ( dw l ) 


At a given frequency, different modes will thus have different group velocities. This 
is the modal dispersion discussed in Section 2.9. Pulse broadening and distortion in 
multimode waveguides where the energy 1s carried simultaneously by many modes 
is due mostiy to modal dispersion, 1.¢., the dn-dependence of v,. 

In single-mode waveguides (e.g, LP,, mode / = 0, m = 1), modal dispersion 
is not operative, and the pulse broadening is caused by the group velocity dispersion 
alone. Dropping the subscript Im = 01, the group velocity in a single-mode step- 
index fiber can be written, using (3.4-16), as 


C 


V dw € \dn, dw d, dw dw 








where n; 15 the refractive index of the core, #, 18 the refractive index of the cladding, 
and # is the mode index. The first two terms in the parentheses are the contribution 
from material dispersion, whereas the third term is a result of the waveguide dis- 
persion, From the uniform dielectric perturbation theory, the change in the eigen- 
value 8° results from a uniform dielectric perturbation ôni, and &n3 in the core and 
cladding, respectively, is given by 


4 


5p? = a (Ton? + Tani) (3.4-19) 
7 


where I’, and T- are the fraction of power flowing in the core and cladding, respec- 
lively. Using B° = mtoe, we obtain from (3.4-19) 


an. (m 
in, Na 


"or (= (3.420) 


ant > 


The group velocity can thus be expressed as 


. 
1# ely (yf +r, (2) om) | += (3,421) 
U, dw c€ nN dw) nf \ dw dw f, C 
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where we put a subscript w to indicate that (da/dw), 18 a waveguide dispersion. In 
a weakly guiding fiber, = na, we may assume that 


sim (2 aaan 
dw dw Jio fa 


where the subscript m indicates material dispersion. The group velocity (3.4-21) can 
thus be written 


l dB wl fan an H 
— = — = (=) + [— + - (3.4-23) 
U, do c| \dw/, da}, C 
Using œ = 2mcfh, (3.4-23) can be written in terms of A as 
| 4p A | fan an n 
—=—=-—--;[(—] +I1— +- 3.4-24 
v, dw c (2) () | C i } 


The group velocity dispersion D is thus given, according to (3.4-12) and (3.4-23), 


by 
p--4 an + on 34-25 
ec] aat, av? }, (3.425) 


Note that both material dispersion and waveguide dispersion contribute to the group 
velocity dispersion. The second-order derivatives (d"n/dA°),, ,, Vanish at the point of 
inflection on the curve n(A), 1.e., point where (d#/dA),, w is minimum or maximum. 
For GeQ,-doped silica, (@°n/dA’),, passes through zero near A = 1.3 am [8, 9]. The 
waveguide dispersion (d’n/dA7),, vanishes at a wavelength that depends on core 
diameter a as well as n, and n>. It is possible to tailor the zero-dispersion wavelength 
in singie-mode fibers by balancing the (negative) material dispersion against the 
(positive) waveguide dispersion {10]. Thus, by choosing a core diameter a between 
4 and 5 um and relative refractive index difference of (2, — nan, > 0.004, the 
wavelength of minimum group velocity dispersion can be shifted to the 1.5- to 1.6- 
um region where the Foss is lowest [11-16]. Figure 3-10(a) shows the waveguide 
and material (chromatic) contributions to the group velocity dispersion of the ‘‘con- 
ventional” 1.3 ym fibers. Figure 3-10(b) plots the dispersion curves for dispersion- 
shifted fibers. 

Figure 3-11 shows an input optical pulse and the output of the pulse after prop- 
agation in 2.5-km long fiber. 


1. Modal Dispersion. Even if the material index of refraction of a fiber (or any 
optical guide) were independent of the frequency w, the mere (transverse) con- 
finement of the light to finite dimensions would cause its group (and phase) 
velocity to depend on w. An example is Equation (2.9-17) for propagation in a 
quadratic index profile fiber. The physical reason for this dependence is that 
with increasing frequency the mode is more tightly confined, i.e., more of its 
power 1s contained in the core region, which results in an increase of the group 
velocity, since the core possesses a larger index of refraction than the cladding 
medium. 
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Figure 3-10 Group velocity disperion of (a) dispersion-unshifted 1.3 um fiber and {b} dis- 
persion- flattened and dispersion-shifted Abers (After Reference fI ].) 
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Figure 3-11 Pulse broadening in 2.5-km-long fiber resulting from chromatic (group velocity) 
dispersion [11]. 


2. Material Dispersion The group velocity, u,, depends implicitly on w because 
of the dependence of the indices of refraction of the waveguiding structure on 
w. This will be discussed in some detail in what follows, with emphasis on the 
commercially dominant step index fiber. 


Frequency Chip 


In addition to pulse broadening, the effect of pulse propagation in a dispersive fiber 
(d’ Alda? + 0) is to modify the optical frequency. In the case of a Gaussian pulse 
after propagating a distance z, the result, according to Equation (3.4-6), is 


l (t — uy _ 4ax(t — duy 
EQ) = TT ua | la + u leo is Bot) +i ey z 


2 
] 
IB- l2 2 (3.4-26) 


ad = p 
The total optical phase is 
dazlt — ziv,” 
= wd — Bg + — r . 


The optical frequency «(z,t), fundamentally, is the number of (optical) oscillations 
per second as measured by a stationary observer at z. It is thus given by 


cn = Ê bei) = +8 —— ll- y 3.4-28 
O gy O BO” le? + 16022) Pa) (3.428) 
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Figure 3-12 (a) An unchirped optical pulse with a Gaussian envelope. (b) The same pulse 
after propagation in a dispersive fiber (a = 0). The pulse is broader and is chirped. The 
vertical scale here is magnified, compared to (a), for clarity. 


The frequency is not a constant, but is chirped.” The linear chirp is a conse- 
quence of the group velocity dispersion causing different *‘groups ` of frequencies 
to travel at different velocities and thus spread themselves along the pulse. 


= 


p 


SN a 
A chirped optical pulse resulting trom propagation in a fiber with E < Ü, 





(2 > | is shown in Figure 3-12. The blue (high frequency) portion of the pulse 


w 
spectrum travels faster and arrives at z before the “red” portion, so that the frequency 
decreases (linearly) with time. 


3.5 COMPENSATION FOR GROUP VELOCITY DISPERSION 


The broadening of optical pulses due to group velocity dispersion, discussed im 
Section 3.4, is a limiting factor in high bit rate communication. This is due to the 
fact that the broadcnimg of the optical pulses makes the process of reconstructing 
the ‘‘ones’” and ‘zeros, of the data are in a digital format, on detection less certain, 
leading to errors. A number of different techniques are used to renarrow the optical 
pulses after propagation in a fiber, and some of the more important ones will be 
considered in what foliows. 
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We start with Equation (3.4-5) for the pulse envelope after propagating a dis- 
tance z in a fiber, The result, after a slight reshuffling of the exponent, 15 


€(z,t) = | ie ep -iuan - 2) exp(indn (3.5-1) 


# 


where f(O) is the Fourier transform of the input envelope, 
Recalling the Fourier integral theorem 


gÀ = |. B(NexpliQndN (3.5-2) 


where g(f) is an arbitrary function, we identify the expression within the square 
brackets of Equation (3.5-1) as the Fourier transform of the envelope &(z,t}. 


FT {€(z,t)} = f(Q) col ict — ža) 


or 
FT |e (2 + 3) = f(Njex-— iaz) (3.5-3) 
F 


Since our main interest here is in pulse shape and not in delay, we will, in the 
following, replace (t + 2/v,) by ¢. We will consequently take the transfer function 
of a fiber of length £ as 


Fiber transfer function = exp[—iaL{’] (3.54) 


The delay can be reintroduced into the final result by replacing t by (f — 2/v,). To 
obtain (z), we need to take the inverse Fourier transform of the right side of 
Equation (3.5-3). This is accomplished most easily by using the convolution theorem 
(1.6-2) to express G(z,t) as 


aa | i j i aly t 
EgO = V i f(r jo] (f= ft) | dt (3.540) 


We thus identify the function 





j i 
(ft) = ———— exp] +— ;? 35b} 
0) V r4aaz | daz ) l 
as the envelope impulse response of a fiber of length z and dispersion parameter a 
= pre, 

To illustrate the power of our formalism, we will put it to work in addressing 
the problem of the spreading of optical pulses with distance in their propagation in 
an optical fiber. We will find it advantageous to operate in the {2 domain and use 
(3.5-4) as our point of departure. We will consider two different schemes for recov- 
ering the pulses at the receiving end. 
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Compensation for Pulse Broadening by Fibers with Opposite Dispersion 


The first method is illustrated by Figure 3-13. An optical pulse with an input envelope 
filt) broadens in propagation through a fiber emerging as f,(7). It then enters a 
second fiber exiting it as faH. The envelope Fourier transform at the various stages 
is obtained by using (3.5-4). 


L AQ) 
2. f,(0) = F,(Mexp(—ia,L 0’) (3.5-5) 


3. FO) = faMexp iak N) 
= f(Mexpl- ial, + aLa] 

The second fiber is chosen so that its group velocity dispersion has an opposite sign 
to that of fiber 1, so that the condition aLi = ~a -ka 18 satisfied. When this happens, 
f,(Q) = f(O) and the output pulse ts identical in form and width te that of the 
input. [n physical terms, frequencies that travel faster in the first fiber are slowed 
down in the second, and vice versa. The powerful and concise use of the transfer 
function approach should be noted, It becomes even more important in the method 
of compensation, which will be discussed next. 


Compensation for Pulse Broadening by Phase Conjugation (27, 28, 29) 


Another method for pulse narrowing following group velocity dispersion in a fiber 
involves phase conjugation. The topic of phase conjugation is the concern of Chapter 
7. For the purpose of this discussion, we need merely accept the operational char- 
acteristics of a phase conjugator, as illustrated in Figure 3-14. In the case of an 
optical pulse, it performs complex conjugation on the (complex) individual fre- 
quency amplitudes making up the pulse accompanied by spectral inversion about 
the center optical frequency wo. The central frequency wo about which the spectral 
inversion takes place is that of a strong optical field £, exp(imof), which is used to 


i 

| 

i 

l 
Fiber | Fiber 2 
NE 


Figure 3-13 An optical pulse envelope evolving in propagation through two Abers, 
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- Input Output 


Figure 3-14 The ideal optical phase conjugator flips the frequency of each (monochromatic) 
single-frequency input while replacing the amplitude by its phase conjugate. A constant, G, 
ideally independent of £}, accounts for possible gain or loss. The optical property of the 
material employed by the conjugator is its third-order nonlinear optical susceptibility y™. 
(See Chapter 17.) 


“pump” the conjugation. In terms of our formalism, if an incoming optical field has 
the form 


Input to conjugator = f(Hexpwof} = | f(DMexpli(w, — Mdh 
then the output field is given by 
Output from conjugator =% | f* (Nexpfita, + Orla (3.56) 


The conjugator thus replaces f by its complex conjugate and inverts all the optical 
frequencies about wa. This 1s illustrated in Figure 3-14. 


The student may be curious as to how one may perform optical spectral 
inversion. The process, which is treated in detail in Section 17,2, involves 
essentially a third-order optical multiplication 


E x En 


if the input field, £,, at some point in the conjugator is the sum of three 
helds entering the conjugator from different directions 


Ein = È signal expli wy 7 De + Èi Exp (iwat) + Ep CAP fiw) + EE. 


then simple substitution shows that there exists an output field component 
Eon * E EE” gna exp{ilwa + wo — (wy — Q)jr} + ce. 


= EEE Sea CXpli(a@y + Ne] + cc. 





We note that the input wave at (@, — {2) gives rise to a proportional and complex 
conjugate output at {wg + 22). In a multifrequency input, the spectrum is *‘reflected’’ 
about wp. 
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The compensation scheme is illustrated by Figure 3-15 and involves two fibers 
and an interposing phase conjugator. Let us follow the evolution of an optical pulse 
envelope through the system. Its Fourier transform at each of the four numbered 
planes 1s 


1. A 

2. f.(Q) = f Aex ia LA 

3 fM = F2(-Q) = Ff- Nerplia, L0’) (3.56) 
4 f4(Q) = fMexp ial 0) 


= Fi Qexplia, Lı — aL D] 
It follows that if we choose the two fibers such that 
ak, = alo (3.5-7) 
then 
FAQ) = F0) (3.5-8) 


returning to the time domain at the output of the system 


fst) = | fed = | fi Me™ao = ft) (3.59) 
Had we included the delay factor as in (3.5-3), then instead of (3.5-9) we would 
have obtained f(t) = f(t — Lylv,, ~ Lyfv,2); Uu = dadh, is the group velocity 
in fiber i, The (squared magnitude) output envelope is thus identical to that of the 
input. The student may appreciate the power of the transfer function approach used 
above by comparing the length of our derivation with that of the original 1978 
proposal {27]. 
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Figure 3-15 Compensation of pulse spreading in fiber links by optical phase conjugation (27, 
28, 29]. 
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Figure 3-16 (a) Compensation for chromatic dispersion in a transmission line using optical 
phase conjugation. (b) The experimental setup. The enlarged portion shows the configuration 
of an optical phase conjugator. OF] and OF? are optical filters. (After Reference [28].) 


Figure 3-16 shows an experimental setup used to compensate for dispersive 
pulse spread by phase conjugation [28]. The “eye” diagrams of Figure 3-17 dem- 
onstrate in (b) the pulse broadening and in (c) its renarrowing as evidenced by the 
closing in (b) and the opening in (¢) of the “‘eye’’ to a value comparable to the initial 
pattern in (a). 


The “eye” diagram is a method used widely by the transmission and 
system engineer to depict the degradation of digital binary pulses due to 
spreading and noise. The stream of received pulses is displayed on a storage 


oscilloscope whose horizontal scan is triggered in synchronism with the bit 
rate. The storage oscilloscope thus records multiple sequences of rising, falling. 
and zero pulses adding up to an “‘eye’’ diagram. 
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Figure 3-17 (a) An “‘eye’’ diagram of the pulse train at input to hber (b) after 195-km trans- 
mission. (c) After 95-km transmission followed by optical phase conjugation and 101-km 
transmission. [28] 
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3.6 ANALOGY OF SPATIAL DIFFRACTION AND TEMPORAL DISPERSION 


In Chapter 1, we derived the Fresnel-Kirchhoff integral [see Equation (1.6-17)] 


ik 
Hay) = T ~ exp iko) {| eye -E [a -x + yo vi} dx'dy’ 


to describe the propagation of a monochromatic optical beam with a transverse 
profile «,(x,y) from an initia] plane (taken without loss of generality as z = 0) to 
plane z. This last equation is identical in form to that of Equation (3.5-4a) describing 
the temporal evolution of an optical pulse in a dispersive (8" = d*B/dw" # 0) fiber. 
This observation enables us to transfer directly many of the tools and concepts 
dealing with diffraction and refraction to the problem of temporal propagation. 

The analogy is summarized m Figure 3-18, where, for simplicity, we consider 
diffraction in two dimensions (x,z). The comparison of the above equation to (3.3- 
4a} shows that we can apply results from spatial diffraction to temporal dispersion, 
and vice versa, by using the following transformations: 


Diffraction Dispersion 
K > 0 

x > Í 

z > z 

E —] +> — B" 

k ig 

— D a a —_— 

f fi 











HK) = iken 3K") (O| F (02) = imer A?) ila} 
uir} = i Juots"exp -É yyy dy (2), ail + T m ALA mat aL le (2a) 
| miat 2, 2mB"L 28L 
‘by? 
uaix) = aye e Se T | (34) wolf) = ne e] (3a) 
HK) = BK jep = K iif) = öisen -Fa 


Figure 3-18 The equivalence between spatial and temporal propagation, 
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Before proceeding, we need to specify what we mean by a "time lens.” We 


will define a time lens as an element that multiplies an incoming optical pulse, 
2 


Ma (Hexpliaot}, by a quadratic phase factor. exp| : r . In terms of the pulse 


t 


envelope u,,(f}, the time lens yields an output envelope 
ont) = Hildi wot /2f,) (3.61) 


This is in exact analogy to the spatial factor exp[ik(x’ + y'W2f] by which a con- 
ventional lens multiplies an incident optical beam. The constant f, has the dimensions 
of time and is the focal time of the time lens. We will describe methods for realizing 
time lenses further below. 

As an example of the use of this equivalence, we consider the case of temporal 
imaging. Referring to Figure 3-18, an ‘input’ pulse envelope a distance L, to the 
left of the time lens is given by uo(#). Our task is to find the distance L, to the right 
of the lens, where the pulse regains its initial shape {this is the image plane}, and 
find the magnification of the envelope. 

Applying Equations (la), (2a), and (3a} of Figure 3-18, we can relate Malt) to 


Holt). 





(3.62) 

(D, = BIL) 

, 2 
u(t) = manea ' (3.63) 
talta) ! | (1, )ex i in a 
= — i — 

43 Vim Zie] p 2D, l (3.6-4) 

(D, = B> 2) 





a7 2 ] 2 z 
24nVDD, I!” 2\f D, D; D, D,} 2D, 2D, 


The temporal imaging condition is 


(3.66) 
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With this condition fulfilled, the integration in (3.6-5) can be carried out by using 


the relation 
j ft f D 
l ap -in( + z) [a = 2b, + D. s) (3.6-7) 


= —; Jot — 4 — -> tł pa. 
H0) N D., ap (2 2) Jal Ds (3.68) 


If we define the temporal magnification factor as 


resulting in 


D, BL 
M = = P 3.69 
D, Billy Co) 


and make use of (3.6-6), we can rewrite (3.6-8) as 


l Žž 
u(t) = —i i ei ae? (3.6-10) 


At the image plane (3), we thus recover an inverted replica uo(—/M) of the input 
pulse w(t). Note that if M < 1, the output pulse is narrower than the input pulse. 
An accompanying frequency chirp term, exp[i(wot?/2Mf,)| is present. A similar fac- 
tor exists in the case of spatial imaging Equation (2.12-6). 

A related discussion of time lenses and their application to pulse narrowing is 
given in Section 6.8. A description of a nonlinear optical technique for realizing a 
time lens is given in the boxed material in Section 6.8. The use of electrooptic phase 
modulation to achieve time lensing 1s discussed in Reference [24]. 


3.7 ATTENUATION IN SILICA FIBERS 


Probably the single most important factor responsible for the emergence of the silica 
glass optical fiber as the premium information transmission medium is the low op- 
tical propagation losses m such fibers. Figure 3-19 shows the measured losses as a 
function of wavelength of a high-quality, germania-doped single-mode fiber. The 
loss peak around 1.4 jum is due to residual OH contamination of the glass. A low 
value of loss ~0.2 dB/km obtains near A = 1.55 um. Consequently, this region of 
the spectrum is now favored for long-distance optical communication. Recent ex- 
periments have taken advantage of the small pulse spreading near the zero group 
velocity dispersion wavelength and the low losses to demonstrate high-data-rate 
transmission (data rate exceeding 400 Mb/s) over a propagation path exceeding 100 
km (20, 21] at A ~ 1,55 pm. 

For a more detailed discussion of propagation effects in optical fibers, the stu- 
dent can consult Reference [22]. 
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figure 3-19 Observed loss spectrum of a germanosilicate single-mode fiber. Estimated loss 
spectra for various intrinsic materials effects and waveguide imperfections are also shown, 
(From Reference [20].) 


Problems 


3.1 The number of confined modes that can be supported by a circular dielectric 
waveguide depends on the refractive-index profile and the wavelength. 


a. Using the cutoff value for the LP,,, mode, show that the mode subscripts (/, m} 
for a step-index fiber must satisfy the condition 


Ir, 
nT + 15 3 =v 


where V = kain? — ri)! Show that each LP, mode is fourfoid degenerate. 
b. By counting the allowed mode subscripts (i, m), show that the total number of 
confined modes that can be supported by a step-index fiber is 
| 


4 
N = — Vt = - y7 
7 2 


c. Using (3.4-25) show that for a truncated quadratic-index fiber 
N = 4V° 


Note that the total number of modes in a truncated quadratic-index fiber is one- 
half of that of a step-index fiber. 

d. Estimate the number of confined modes in a multimode step-index fiber with a 
= S50 um, a, = 1.52, n, = 1.50 at a carner wavelength of A = 1 um. 


g, 


=n 
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In a general, truncated praded-index fiber with a core radius a and a cladding 
index ns, it is Convenient to define an effective Y number such that 


Vers = 25 f in (r) = ng) dr 
and the number of confined modes is approximately given by 
N = gV e 


Show that this approximation agrees with (b) and (c) for step-index and quadratic- 
index fibers, respectively. 


. Show that, according to (e), the number of confined modes in a power-law (power 


g) graded-index fiber with an index profile is given by 


l | ka" 
N = —-——_—_— py = = 2 — 2 
M+ a + yg O ™ 
Show that this expression again agrecs with the results obtained in (b) for step- 
index fibers (g = %2) and in (c} for quadratic-index fibers (g = 2), 


3.2 The numerical aperture (NA) is a measure of the light-gathenng capability of 
a fiber. It is defined as the sine of.the maximum external angle of the entrance ray 
(measured with respect to the axis of fiber) that is tapped in the core by total internal 


reflection. 
a. Show that 

NA = 7, sin 6, = (nj ~ m)” 
b. Show that the solid acceptance angle in air is 


G, 


Q = rÉ — nf) = a(NAy 


. Show that the solid angle {in air) for a single electromagnetic radiation mode 


leaving or entering the core aperture Js 


A 


{) mode — J 
Wa 


. The total number of modes the fiber can support, couple to, and radiate into air 


1s therefore 


where 2 accounts for the two independent polarizations in air. Show that this © 
estimate agrecs with Problem 3.1. 


Find the numerical aperture of a multimode fiber with n; = 1.52 and n, = 1.50. 


3.3 A single-mode step-index fiber must have a V number less than 2.405; i.e, 


V = kyan? — ny” < 2.405 
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a. Show that the expression derived in Problem 3.1(b) (N = 4V*/a7} still applies, 
provided we realize that a single-mode fiber supports twa independently polarized 
HE,, modes (or LP», modes). 

b. With a = 5 pm, n, = 1.50, and A = | yam, find the maximum core index for a 
single-mode fiber. (Answer: n, = 3.50195.) 

c. Withn, = 1.501, a, = 1.500, and A = | um, find the maximum core radius for 
a single-mode fiber. (Answer: a = 7 pm.) 

d. Show that the confinement factor for a single-mode fiber 1s 


7 Jaha 
r, — P core = (aay + Jolha)} ) 

P V J (ha) 
where ha satisfies the mode condition (3.3-26) 


q DOA -a K (qa) 
Jha) Koga) 





e. Show that, by using the table of Bessel functions, ha = 1.647 is an approximate 
solution to the mode condition for Y = 2.405. Evaluate the confinement factor 
T, for the LP,; mode of this single-mode fiber (Answer: T, = 83%). Note that 
this is the maximum confinement factor for a single-mode fiber. Compare this 
value with the curves in Figure 3-9, 


3.4. Mode condition 


d. Derive the mode condition for step-index fibers (3.2-11). 

b. Derive the expressions for the constants B, C, D, in terms of A (3.2-12). 
c. Derive the mode condition for TE and TM modes (3,2-17). 

d. Show that E, = E, = 0 for TE modes and H, = H, = 0 for TM modes. 
e. Show that in the limit, — 1, € ni, TE and TM modes become identical. 
3 


5 


g. Derive (3.3-6) and (3.3-7). 
b. Derive (3.3-18) and (3.3-19). 
c. Derive (3.3-23). 

d. Derive (3,3-24) and (3.3-25). 


3.6 Show that in a quadratic index fiber in which n, is independent of w, the 
spreading of a Gaussian pulse of width 7 can be described by 


DLIA dn 
Ar= —|— (€ t+mt+1yP- — 
T alee (č +mt+ 1) qe Aw 
| | 
Modal Material 


dispersion dispersion 


where ¢ and m are the transverse mode indices. 
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In the analysis of dispersive spread and chirp in Section 3.4, show that the total 


frequency excursion during the pulse duration satisfies the relation 


| 149 — Wal = FWHM of FY 


independent of z, where win and wn are the frequencies at the two times when 
the pulse envelope 1s at half its maximum value. [It would be all right to take the 
propagation distance z sufficiently large so that z > (4aa)7",] 
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Optical Resonators 





INTRODUCTION 


Optical resonators, like their low-frequency, radio-frequency, and microwave coun- 
terparts, are used primarily in order to build up large field intensities with moderate 
power inputs. They consist in most cases of two, or more, curved mirrors that serve 
to “‘trap,’’ by repeated reflections and refocusing, an optical beam that thus becomes 
the mode of the resonator. A universal measure of this property is the quality factor 
Q of the resonator. Q is defined by the relation 
field energy stored by resonator 
Q=wXx erd Energy ree (4.0-1) 
power dissipated by resonator 
As an example, consider the case of a simple resonator formed by bouncing a plane 
TEM wave between two perfectly conducting planes of separation / so that the field 
inside is 
e(z, D = E sin wet sin kz (4.0-2) 


According to (1.3-22), the average electric energy stored in the resonator is 


Ae l T 
= P: 
electric z; IT |, I E (z, t) dz dt (4.0-3) 


where A is the cross-sectional area, g is the dielectric constant, and T = 2 af is the 
period. Using (4.0-2) we obtain 


Gclectne g geEV (40-4) 


12} 
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where V = tA is the resonator volume. Since the average magnetic energy stored in 
a resonator ts equal to the electric energy | 1], the total stored energy 1s 


E = teE’V (4.05) 
Thus, recognizing that in steady state the input power is equal to the dissipated 


power, and designating the power input to the resonator by P, we obtain from 
(4.0-1} 





0 = mEeE V 
4P 
The peak field is given by 
OP 
p= [ee (4.0-5) 
y we 


Mode Density in Optical Resonators 


The main challenge in the optical frequency regime is to build resonators that possess 
a very smalt number, ideally only one, high Q modes in a given spectral region. The 
reason is that for a resonator to fulfill this condition, its dimensions need to be of 
the order of the wavelength. 


Example: One-Dimensional Resonator 





We consider the simple transverse electromagnetic (TEM) two-mirror resonator with 
a field distribution as given by Equation (4.0-2). The resonant frequencies are de- 
termined by requiring that the field vanish at z = 0 and at the location z = L of the 
second reflector. This happens when 


sin kd. = MI 


m=41,2,... 


- itn 1 k 4 ` 
Using &,, = ~— n, where # is the index of refraction, we obtain w,, = minchaL) for 
C 


the resonance frequencies corresponding to a frequency separation between adjacent 
modes of Aw = aefnl. If we, arbitrarily, choose the criterion of sufficient mode 
spacing as Aw = w, we obtain L = A/2n, ie., the linear dimension needs to be 
comparable to the wavelength (in the medium). 
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Mode control in the optical regime would thus seem to require that we construct 
resonators with volume ~A°(~107'? cm’ at A = 1 jam). This is not easily achievable. 
An alternative is to build large (L > A) resonators but to use a geometry that endows 
only a small fraction of these modes with low losses (a high O). In our two-muirror 
example, any mode that does not travel normally to the mirror will *‘walk off’’ after 
a few bounces and thus will possess a low @ factor. We will show later that when 
the resonator contains an amplifying (inverted population) medium, oscillation will 
occur preferentially at high @ modes, so that the strategy of modal discrimination 
by controlling @ is sensible. We shall also find that further modal discrimination Is 
due to the fact that the atomic medium 1s capable of amplifying radiation only within 
a limited frequency region so that modes outside this region, even if possessing high 
Q, do not oscillate. 

One question asked otten 1s the following: Given a large {L ® A) optical reso- 
nator, how many of its modes will have their resonant frequencies in a given fre- 
quency interval, say, between r and y + Av? To answer this problem, consider a 
large, perfectly reflecting box resonator with sides, a,b,c along the x,y,z directions, 
Without going into modal details, it is sufficient for our purpose to take the amplitude 
field solution in the form 


E(xy,z) © sin kx sin ky sin kz (4.0-7) 


(Resonators of different shapes will differ in detail, but for large, L > A, resonators, 
the results are similar.) 


2 
R+R +k = (2 n) (4.0-8) 


For the field to vanish at the boundaries, we thus need to satisfy 


ky He = (4.080) 


rs,f any integers 
With each such mode, we may thus associate a propagation vector k = 2k, + yk, 
+ 2k,. The triplet r,s,t defines a mode. Since replacing any integer with its negative 
does not, according to Equation (4.0-7), generate an independent mode, we will 
restrict, without loss of generality, 7,s,¢ to positive integers. It is convenient to de- 
scribe the modal distribution in k space, as in Figure 4-1. Since each (positive) triplet 
rs,f generates an independent mode, we can associate with each mode an elemental 
volume in k space. 
4 3 


T T 
Fade = = 4.0-9 
oe abe V ( 


where V is the physical volume of the resonator. We recall that the length of the 
vector k satisfies Equation (4.0-8), rewritten here as 


k(r,s,f} = oTr“hr Sit) n (4.0-10) 
C 
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k 
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Figure 4-1 k space description of modes. Every positive triptet of integers rs,t defines a 
unique mode, We can thus associate a primitive volume mabe in k space with each mode. 


To find the total number of modes with k values between 0 and k, we divide 
the corresponding volume in k space by the volume per mode: 


i dar ie 
R/ 3 Py 
MOS 6m 


V 


(The factor 1/8 is due to the restriction of r,s > 0.) 
We next use (4.0-10)} to obtain the number of modes with resonant frequencies 


between 0 and r; 


The mode density, that is, the number of modes per unit r near v in a resonator 
with volume Vi=A*), is thus 


dN) _ Bm nV 


dy co 


pv) = (4.011) 


where we multiplied the final result by 2 to account for the two independent or- 
thogonally polarized modes that are associated with each r,s,t triplet. 
The number of modes that fall within the interval dy centered on r is thus 


8anvV 
mn dy 





N= (4.0-12) 
where V is the volume of the resonator. For the case of V = 1 cm’, r = 3 X 10" 
Hz and dy = 3 X 10", as an example, (4.0-12) yields N ~ 2 X 10° modes. If the 
resonator were closed, all these modes would have similar values of Q. This situation 
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is to be avoided in the case of lasers, since it will cause the atoms to emit power 
(thus causing oscillation) into a large number of modes, which may differ in their 
frequencies as well as in their spatial characteristics. 

This objection 1s overcome to a large extent by the use of open resonators, which 
consist essentially of a pair of opposing flat or curved reflectors. In such resonators 
the energy of the vast majority of the modes does not travel at right angles to the 
mirrors and will thus be lost in essentially a single traversal, These modes will 
consequently possess a very low Q. H the mirrors are curved, the few surviving 
modes will, as shown below, have their energy localized near the axis; thus the 
diffraction losses caused by the open sides can be made small compared with other 
loss mechanisms such as mirror transmission. (This point is considered in detail im 
Section 4.9. The subject of losses is also considered in Section 4.7.) 


4.1 FABRY-PEROT ETALON 


The Fabry-Perot etalon, or interferometer, named after its inventors [3], can be 
considered as the archetype of the optical resonator. It consists of a plane-parallel 
plate of thickness / and index n that is immersed in a medium of index n’.' Let a 
plane wave be incident on the etalon at an angle 6’ to the normal, as shown in Figure 
4-2(a). We can treat the problem of the transmission (and reflection) of the plane 
wave through the etalon by considering the mfinite number of partial waves produced 
by reflections at the two end surfaces. The phase delay between two partial waves— 
which is attributable to one additional round trip—is given, according to Figure 
4-2(a), by 

5 = Anni cos 0 (4.1-1) 

À 

where A is the vacuum wavelength of the incident wave and @ is the internal angle 
of incidence. If the complex amplitude of the incident wave is taken as A,, then the 
partial reflections, #,, B, and so forth, are given by 


B| = rA, B. = ft'r Ag” B, = t'r? Ae 
where r is the reflection coefficient (ratio of reflected to incident amplitude), f i$ the 
transmission coefficient for waves incident from n” toward n, and r’ and ¢’ are the 


corresponding quantities for waves traveling from # toward a’. The complex am- 
plitude of the (total) reflected wave is A, = B, + B, + Bat- oF 


A, = {rtat'r'e™(L + r eP + r eP + ~~) A, (4.1-2) 
For the transmitted wave, 
A,=H'A, A, =r eA, A, = ttre A, 


'In practice, one often uses etalons made by spacing two partially reftecting mirrors a distance | apart so 
thata = nm’ = 1. Another common form of etalon is produced by grinding two plane-parallel (or curved) 
faces on a transparent solid and then evaporating a metallic or dielectric layer (or layers} on the surfaces. 
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Figure 4-2(a) Multipe reflections model for analyzing the Fabry-Perot etalon. 


ĝ . 
where a phase factor exp | 8), which corresponds to a single traversal of the plate 
and is common to all the terms, has been left out. Adding up the A terms, we obtain 
A, = A; tt + rel? + ret? + o-o) (4.1-3) 


for the complex amplitude of the total transmitted wave. We notice that the terms 
within the parentheses in (4. 1-2) and (4.1-3) form an infinite geometric progression; 
adding them, we get 





Ay A; 


Figure 4-2(b)} Two successive reflections, A, and A;. Their path difference is given by 


cos 2? 
cos 0 





i 
L= AB + BC =! — = lf cos p 
cos Ë 


_ 2m{ĝLn _ —4anl cos 6 
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aU e* VR ala 
F Í _ Re** i ( . ) 
and 
T 
A, = = Ai 4.15 
‘1 = Re?! (4.1-5) 
where we used the fact that r’ = —r, the conservation-of-energy relation that applies 
to lossless mirrors 
r+ =] 


as well as the definitions 
R=} =p? Tag 

R and T are, respectively, the fraction of the intensity reflected and transmitted at 
each interface and will be referred to in the following discussion as the mirrors’ 
reftectance and transmittance. 

If the incident intensity (watts per square meter) is taken as A,A¥, we obtain 
from (4.1-4 the following expression for the fraction of the incident intensity that 
1$ reflected: 


I AA* AR sin?( 82) 


E m  = 4.1-4 
i AA™ (1 — RY + AR sin (8/2) (4.1-8) 
Moreover, from (4.1-5), 
+ — pml 
I, _ AA: (1 ~ &) (4.1-7) 


L AA* (1 ~ RY + AR sin? (2) 


for the transmitted fraction. Our basic model contains no loss mechanisms, so con- 
servation of energy requires that /, + J, be equal to J;, as is indeed the case. 

Let us consider the transmission characteristics of a Fabry-Perot etalon. Ac- 
cording to (4.1-7} the transmission is unity whenever 


_ 4qnicos ? | 
A 


The condition (4.1-8) for maximum transmission can be written as 


2mir m = any integer (4.1-8) 


C 
mo Onl cos 8 





m = any integer (4.1-9) 


where c = vA is the velocity of light in vacuum and v is the optical frequency. For 
a fixed | and @, (4.1-9) defines the unity transmission (resonance) frequencies of the 
etalon. These are separated by the so-called free spectral range 


an: 
"Ini cos 6 





(4.1-10) 


Ap = Mast — 
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Figure 4-3 Transmission characteristics (theoretical) of a Fabry-Perot etalon. (After Refer- 
ence [4].) 


Theoretical transmission plots of a Fabry—Perot etalon are shown in Figure 4-3. 
The maximum transmission is unity, as stated previously. The minimum transmis- 
sion, on the other hand, approaches zero as R approaches unity. 

If we allow for the existence of losses in the etalon medium, we find that the 
peak transmission is less than unity. Taking the fractional intensity loss per pass as 
(1 — A), we find that the maximum transmission drops from unity to 


l, (1 — RFA 
(4) = TD RAF (4.1-11} 


The proof of (4.1-11) is left as an exercise (Problem 4-2). 
An experimental transmission plot of a Fabry-Perot etalon is shown in Figure 


4-4, 
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Figure 4-4 Experimental transmission characteristics of a Fabry—Perot etalon at 6328 Å asa 
function of the etalon optical length with R = 0.9 and A = 0.98. The two peaks shown 
correspond to a change in the optical length Afa = A/Z (After Reference [5].) 
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4.2 FABRY-PEROT ETALONS AS OPTICAL SPECTRUM ANALYZERS 


According to (4.1-8), the maximum transmission of a Fabry—Perot etalon occurs 
when 


oni cos 8 


,» 5m (4.2-1) 


Taking, for simplicity, the case of normal incidence (8 = 0°), we obtain the following 
expression for the change dv in the resonance frequency of a given transmission 
peak due to a length variation di 


dy dl 


Av (A/2n) 





(4.2-2) 


where Av is the intermode frequency separation as given by (4.1-10). According to 
(4.2-2), we can tune the peak transmission frequency of the etalon by Av by changing 
its length by half a wavelength. This property is utilized in operating the etalon as 
a scanning interferometer. The optical signal to be analyzed passes through the etalon 
as its length is being swept. If the width of the transmission peaks 1s small compared 
to that of the spectral detail in the incident optical beam signal, the output of the 
etalon will constitute a replica of the spectral profile of the signal. In this application 
it is important that the spectral width of the signal beam be smaller than the intermode 
spacing of the etalon (c/2nf) so that the ambiguity due to simultaneous transmission 
through more than one transmission peak is avoided. For the same reason the total 
length scan ts limited to di < A/2n. Figure 4-5 demonstrates the operation of a 
scanning Fabry—Perot etalon; Figure 4-6 shows intensity versus frequency data ob- 
tained by analyzing the output of a multimode He—Ne laser oscillating near 6328 A. 
The peaks shown correspond to longitudinal laser modes, which will be discussed 
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Figure 4-5 Typical scanning Fabry-Perot interferometer experimental arrangement. 
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Figure 4-6 Intensity versus frequency analysis of the output of a He-Ne 6328 A laser obtained 
with a scanning Fabry—Perot etalon. The horizontal scale is 250 MHz per division. 


It is clear from the foregoing that when operating as a spectrum analyzer the 
etalon resojution—that is, its ability to distinguish detarls in the spectrum—is limited 
by the finite width of its transmission peaks. If we take, somewhat arbitrarily,’ the 
limiting resolution of the etalon as the separation Av,,. between the two frequencies 
at which the transmission is down to half of its peak value, from (4.1-7) we obtain 


; oo. — IMT (l ~ RY 
7 Lf _ 
i a A 2-3 
SEN ( 5 IR ( ) 


where ĉn is the value of 6 corresponding to the two half-power points—that is, the 
value of 6 at which the denominator of (4.1-7) is equal to 2(1 — R)’. If we assume 
(6,5 — 2m) < m, so that the width of the high-transmission regions in Figure 4-3 
is small compared to the separation between the peaks, we obtain 


C l- R 





Avin = -n (Sin ~ 2mm) = (2) 
or using (4.1-10} and defining the etalon finesse as 
F= TVR (4.2-5) 
l- R 
we obtain 
Avin = = = se (4.2-6) 


for the limiting resolution. The finesse F (which is used as a measure of the resolution 
of Fabry—Perot etalon) ts, according to (4.2-6), the ratio of the separation between 


“For a more complete discussion concerning the definition of resolution, see Reference [4] 
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peaks to the width of a transmission bandpass. This ratio can be réad directly from 
the transmission characteristics such as those of Figure 4-4, for which we obtain 
F = 26. 


Numerical Example: Design of a Fabry-Perot Etalon 


Consider the problem of destgning a scanning Fabry-Perot etalon to be used in 
studying the mode structure of a He-Ne laser with the followme characteristics: faser 
= 100 cm and the region of oscillation = Arpan = L5 X 10° Hz. 

The tree spectral range of the etalon (that is, its intermode spacing) must exceed 
the spectral region of interest, so from (4.1-10) we obtain 





=> 15 x 10° Hz OF rl at = 20 cm (4.2-7) 
2H oa 

The separation between longitudinal modes of the laser oscillation 1s c/2nt)..o. = 

1.5 X 10° Hz (here we assume n = 1). We choose the resolution of the etalon ta be 

a tenth of this value, so spectral details as narrow as 1.5 X 10’ Hz can be resolved. 

According to (4.2-6), this resolution can be achieved if 


1 





Avy, = <15xX10'H2 or  2nlaf =2xX 1 cm (4.24) 


ond etal 


To satisfy condition (4.2-7), we choose 2n/,.., = 20 cm; thus (4.2-8) is satisfied 


when 

F = 100 (4.2-9) 
A finesse of 100 requires, according to (4.2-5), a mirror reflectivity of approximately 
97 percent. 


AS a practical note we may add that the finesse, as defined by the first equality 
in (4.2-6), depends not only on R but also on the mirror flatness and the beam angular 
spread. These points are taken up in Problems 4-3 and 4-4. 

Another important mode of optical spectrum analysis performed with Fabry- 
Perot etalons involves the fact that a noncollimated monochromatic beam incident 
on the etalon will emerge simultaneously, according to (4.1-8), along many direc- 
tions é,° which corresponds to the various orders m. If the output is then focused by 
a lens, each such direction @ will give rise to a circle in the focal plane on the lens, 
and, therefore, each frequency component present in the beam leads to a family of 
circles. This mode of spectrum analysis is especially useful under transient conditions 
where scanning etalons cannot be employed. Further discussion of this topic is in- 
cluded in Prohlem 4-6. 


*Each direction # corresponds in three dimensions to the surface of a cone with a half-apex angle 9. 
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4.3 OPTICAL RESONATORS WITH SPHERICAL MIRRORS 


[n this section we study the properties of optical resonators formed by two opposing 
spherical mirrors, see References [6] and [7]. We will show that the field solutions 
inside the resonators are those of the propagating Gaussian beams, which were con- 
sidered 1m Chapter 2. It is, consequently, useful to start by reviewing the properties 
of these beams. 

The field distribution corresponding to the (/, m) transverse mode is given, 
according to (2.8-1), by 


f 
Enlt) = Eo — H, [v2 >) H, (v3 >) 
wz} 








wz) wz) 
x | x+y pete ke + it 4 + am] (4.3-1) 
CX — — IK —_—— — Ike i Fri we 
PL re) FRG) " 
where the spot size wiz) is 
141 3 
wz) = Wp f + (| | z = — (4.3-2) 
20 


and where tw), the minimum spot size, 1s a parameter characterizing the beam. The 
radius of curvature of the wavefront is 


+ 2 
ra= [+ (28) ] - 
Az 


and the phase factor 7 1$ as follows: 


- ÀZ 
n= tan’ í 5 (4.3) 
TON 


The sign of Riz) is taken as positive when the center of curvature is to the left of 
the wavefront, and vice versa. According to (4.3-1) and (4.3-2), the loci of the points 
at which the beam intensity (watts per square meter) is a given fraction of its intensity 
on the axis are the hyperboloids 


x? + y? = const. X wi) (4.3-5) 


[27 + Zi] (43-3) 


(i | |} — 





The hyperbolas generated by the intersection of these surfaces with planes that in- 
clude the z axis are shown in Figure 4-7. These hyperbolas are normal to the phase 
fronts and thus correspond to the local direction of energy flow. The hyperboloid x° 
+ y? = a(z) is, according to (4.3-1), the locus of the points where the exponential 
factor in the field amplitude is down to g` ' from its value on the axis. The quantity 
oz) is thus defined as the mode spot size at the plane z. 

Given a beam of the type described by (4.3-1}, we can form an optical resonator 
merely by inserting at points z, and za two reflectors with radii of curvature that 
match those of the propagating beam spherical phase fronts at these points. Since 
the surfaces are normal to the direction of energy propagation as shown in Figure 
4-7, the reflected beam retraces itself; thus, if the phase shift between the mirrors is 
some multiple of 27 radians, a self-reproducing stable field configuration results. 
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Phase fronts 





Figure 4-7 Hyperbolic curves corresponding to the local directions of propagation. The nearly 
spherical phase fronts represent possible positions for reflectors. Any two reflectors form a 
resonator with a transverse field distribution given by (4.3-E}. 


Alternatively, given two mirrors with spherical radii of curvature R, and R, and 
some distance of separation /, we can, under certain conditions to be dertved later, 
adjust the position z = 0 and the parameter w, so that the mirrors coincide with two 
spherical wavefronts of the propagating beam defined by the position of the waist 
(z = 0) and wọ. If, in addition, the mirrors can be made large enough to intercept 
the majority (99 percent, say) of the incident beam energy in the fundamental (/ = 
m = Q) transverse mode, we may expect this mode to have a larger Q than higher- 
order transverse modes, which, according to Figure 2-7, have fields extending farther 
from the axis and consequently lose a larger fraction of their energy by “spilling” 
over the mirror edges (diffraction losses). 


Optical Resonator Algebra 


As mentioned ia the preceding paragraphs, we can form an optical resonator by 
using two reflectors, one at z; and the other at za, chosen so that their radii of 
curvature are the same as those of the beam wavefronts at the two locations. The 
propagating beam mode (4.3-1) 1s then reflected back and forth between the reflectors 
without a change in the transverse profile. The requisite radii of curvature, deter- 
mined by (4.3-3), are 


2 
R =at? 
“1 
Fa 
Rotate 
£2 
from which we get 
RK, i 
=—-1t— VR, - 4 
Cr ia a 
KR, | 5 
2 = St VRT 4 (4.46) 


For a given minimum spot size w) = (Aza mn) 7, we can use (4.3-6) to find the 
positions z; and z; at which to place mirrors with curvatures R, and R, respectively, 
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In practice, we often start with given mirror curvatures R, and R and a miror 
separation £ The problem is then to find the minimum spot size wy, its location with 
respect to the reflectors, and the mirror spot sizes œ; and œ. Taking the mimor 
spacing as / = z} — 2), we can solve (4.3-6) for z, obtaining 


a = Ri T DR: ~ DR -R -Ì) 


R, R — 21) (4.3-7) 


-where za 15 to the right of z, (so that 2 = za — z; > 0) and the mirror curvature is 


taken as positive when the center of curvature is to the left of the mirror, 
The minimum spot size wo = (Az mn)!” and its position is next determined 
from (4.3-6). The mirror spot sizes are then calculated by the use of (4.3-2). 


The Symmetrical Mirror Resonator 


The special case of a resonator with symmetrically (about z = 0) placed mirrors 
merits a few comments, The planar phase front at which the minimum spot size 
occurs is, by symmetry, at z = 0. Putting R- = —R, = R in (4.3-7) gives 


_ QR- 1D 
4 


1/2 172 I4 1/4 
_ (Am) fA) (ff _! 
no(a a G) (ea) a 


which, when substituted in (4.3-2) with z = //2, yields the following expression for 
the spot size at the mirrors: 


Liz ir$ 
M 2R? 
=] |—~— 43-10 
S12 (2) Fan (410) 


A comparison with (4.3-9) shows that, for R > 1, @2 = œ and the beam spread 
inside the resonator 1s small. 

The value of R (for a given i) for which the mirror spot size is a minimum, is 
readily found from (4-3-10) to be R = }. When this condition is fulfilled we have 
what is called a symmetrical confocal resonator, since the two foci, occurming at a 
distance of R/2 from the mirrors, coincide. From (4.3-9) we obtain 


2 


(4.3-8) 


and 


172 
(Wo)cont = (=) (4.311) 


2TH 


whereas from (4.3-10) we get 
(@ 1 akoni = (wo cone V2 (4.3-12) 


so the beam spot size increases by V2 between the center and the mirrors. 
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Numerical Example: Design of a Symmetrical Resonator 





Consider the problem of designing a symmetrical resonator for A = 1074 cm with 
a mirror separation | = 2m. If we were to choose the confocal geometry with R = 
i = 2m, the minimum spot size (at the resonator center) would be, trom (4.3-i]) 
and forn = 1 


p2 
Al 
(Walen = (5) = 0.0564 cm 
2TH 


whereas, using (4.3-12), the spot size at the mirrors would have the value 
(at aeont = wyV2 = 0.0798 cm 


Assume next that a mirror spot size w; = 0.3 cm is desired. Using this value 
in (4.3-10) and assuming R > {, we get 


wz E 0.3 i 2R 124 
(Alf2an)'? 0.056 i 


R = 400} = 800 meters 


so that the assumption R > I is valid. The minimum beam spot size wo 1s found, 
through (4.3-2) and (4.3-8), to be 


wy ~ 0.9940, = 0.3 cm 


whence 


Thus, to increase the mirror spot size from its minimum (confocal) value of 0.0798 
cm to 0.3 cm, we must use exceedingly plane mirrors (R = 800 meters). This also 
shows that even small mirror curvatures (that is, large R) give rise to ‘narrow’ 
beams. 

The numerical example we have worked out applies equally well to the case in 
which a plane mirror is placed at z = 0. The beam pattern is equal to that existing 
in the corresponding half of the symmetric resonator in the example, so the spat size 
on the planar reflector is wo. 





4.4 MODE STABILITY CRITERIA 


The ability of an optical resonator to support low (diffraction) loss* modes depends 
on the mirrors’ separation / and their radii of curvature R, and R3. To illustrate this 
point, consider first the symmetric resonator with Ra = R =R. 


“By diffraction loss we refer to the fact that due to the beam spread [see (2.5-18)], a fraction of the 
Gaussian beam energy misses” the mirror and is not reflected and is thus lost. 
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Figure 4-8 Ratio of beam spot size at the mirrors of a symmetrical resonator to its confocal 


(Y/R = 1) value. 


The ratio of the mirror spot size at a given FVR to its minimum confocal (YR = 
1) value, given by the ratio of (4.3-10} to (4.3-12), is 


13 t 1/4 
ee 441 
(Wy »)cont aa — al eo) 





This ratio 1s plotted in Figure 4-8. For VR = 0 (plane-parallel mirrors) and for Y/R 
= 2 (two concentric mirrors), the spot size becomes infinite. It is clear that the 
diffraction losses from these cases are very high, since most of the beam energy 
**spills over’’ the reflector edges. Since, according to Table 2-1, the reflection of a 
Gaussian beam from a mirror with a radius of curvature R is formally equivalent to 
its transmission through a lens with a focal length f = R/2, the problem of the 
existence of stable confined optical modes in a resonator is formally the same as that 
of the existence of stable solutions for the propagation of a Gaussian beam in a 
biperiodic lens sequence, as shown in Figure 4-9. This problem was considered in 
Section 2.1 and led to the stability condition (2. 1-16), 

Hf, in (2.1-16), we replace f, by R,/2 and f, by R,/2, we obtain the stability 
condition for optical resonators 


i i 
0 = í — al _ z) =] (4.4-2) 


A convenient representation of the stability condition (4.4-2) 1s by means of the 
diagram [7] shown in Figure 4-10, From this diagram, for example, it can be seen 
that the symmetric concentric (R; = R, = #2), confocal (R, = R, = £), and the 
plane-parallel (R; = R, = %) resonators are all on the verge of instability and thus 
may become extremely lossy by small deviations of the parameters in the direction 


of instability. 


“This causes the sign convention of R, and R, lo be different from that used in the preceding sections. 
The sign of Ras the same as that of the focal length of the equivalent lens. This makes Ri ior Ra) positive 
when the center of curvature ol mirror | for 2) 4s in the direction of mirror 2 {or |), and negative otherwise. 
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Figure 4-9 (a) Asymmetric resonator (R, # R) with miror curvatures R, and Rs. (b) Bip- 
eriodic lens system (lens waveguide) equivalent to resonator shown in (a). 


Low loss : 
Symmetrical 





Figure 4-10 Stability diagram of optical resonator, Shaded (high-loss) areas are those in which 
the stability condition 0 £ (1 — #R,)(1 — #Rz) = 1 is violated and the clear dow- lass) areas 
are those in which it is fulfilled. The sign convention for R; and R, is ‘discussed i in footnote 


5, (After Reference [7].) 
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4.5 MODES IN A GENERALIZED RESONATOR—THE SELF-CONSISTENT METHOD 


Up to this point we have treated resonators consisting of (wo opposing spherical 
mirrors. We may, sometimes, wish to consider the properties of more complex res- 
onators made up of an arbitrary number of lenslike elements such as those shown 
in Table 2-1. A simple case of such a resonator may involve placing a lens between 
two spherical reflectors or constructing an off-axis three-reflector resonator. Yet 
another case 1$ that of a traveling wave resonator m which the beam propagates in 
one sense only. 

In either of these cases we need to find if low-loss (that 1s, ‘‘stable’’) modes 
exist in the complex resonator, and if so. to solve for the spot size œiz) and the 
radius of curvature A(z) everywhere. 

We apply the self-consistency condition and require that a stable eigenmode of 
the resonator is one that reproduces itself after one round trip. We choose an arbi- 
trary reference plane in the resonator, denote the steady-state complex beam param- 
eter at this plane as g,, and, using the ABCD law (2.6-6), require that 

q = Sh (4.5-1) 
Cg, + D 

where A, B, C, D are the “ray” matrix elements for one complete round inp— 
starting and ending at the chosen reference plane. 

Solving (4.5-1) for 1/g, gives 

1 (D-A)+ VID- AY + 4BC 

= = a aasar (4.5-2) 

qd, 2B 
since the individual elements in the resonator are described by unimodular matrices, 
that 1s, AD, — B,C, = | (see Table 2-1), it follows that the matrix A, E, C. D, which 
is the product of individual matrices, satisfies 


AD — BC = Í 
and (4.5-2) can, consequently, be written as 


1 D-A  W1I- [() + AV? D-A isn 
— = —— + LK LZ + —— 











+ 453 
gq wo. B 2B p “> 
where 
p- D+A 
COs > 
D+A 
@ = + feos! ( > ) (4.5-4) 








According to (2.5-11) the condition for a confined Gaussian beam is that the 
square of the beam spot size w be a finite positive number, Recalling that g is related 
to the spot size w and the radius of curvature R as 
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A 


5 
THA 





Lo., 
— -i 
g R 
we find by comparing the last expression to (4.5-3) that the condition for a confined 
beam is satished by choosing @ in (4.5-4), so that sing G < 0 provided 











DO+A 
(4.5-5) 
and the steady-state beam parameter is 
t! D-A VI-[D+A2P D-A isi 
i _| K Way i isin 4 6<0 (456) 





+ $e 
ds 28 lB 2B BI 


Equation (4.5-5} can thus be viewed as the generalization of the stability con- 
dition (4.4-2) to the case of an arbitrary resonator. When applied to a resonator 
composed of two spherical reflectors, it reduces to (4,4-2). 

The radius of curvature Æ and the spot size w at the reference plane are obtained 
from (4.5-6) by using (2.6-5) 


2B 
R= DLA 

aN (B)? 
e (à) [E = (D + AvP) een) 


The complex beam parameter q, and hence w and R, at any other plane can be 
obtained by applying the ABCD law (2.6-6) to g; 


Stability of the Resonator Modes 


The treatment just concluded dealt with the existence of steady-state (self-reproduc- 
ing) resonator modes. Having found that such modes do exist, we need to inquire 
whether the modes are stable. This can be done by perturbing the steady-state so- 
lution L/g, as given by (4.5-6) and following the evolution of the perturbation with 
propagation [$], 

We start with (2.6-6), which relates the beam parameter geu to the beam param- 
eter gin after one round trip 


Adia + E 


Got = Cy, + D 


where A, B, C, D are the ray matrix elements for one complete round trip inside the 
optical resonator. Rewriting the last expression as 


-1 _ C+ Dan. 


= 4. 
fo A Bae (4.5-8) 
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we obtain by differentiation 


doh _ D — UC + Dan MA + Bain! IB 





dg! A+ Bay’ 
D — Baou 
= ain (459) 
A+ Bain 
At steady state Gan = Gin = 9, 
dG ou D — By,’ 
oaj = enra (4.510) 
dain ging At q: 
Using (4.5-6) we obtain 
D+A 
D — Bg! = —— -isin f =g" 
2 
D+A | 
A + Bg, = > + isin # = e” 
so that 
dou 
“Hout | = 28 (4.511) 


Because confined modes require, according to (4.5-4) and (4.5-5), that 8 be real, 
it follows from (4.5-11) that a small perturbation Ag,,' of the beam parameter q` 
from the steady-state value g, ' does not decay, since the perturbation after one round 
trip (Ag...) satisfies 


Agal = Agal (4.512) 


We thus find that the theory predicts that mode perturbations in Gaussian mode 
resonators do not decay. This does not agree with experience, which shows that the 
mode characteristics of laser oscillators are highly stable, thus implying a strong 
perturbational decay, that is, |Ag,i| < Aqn |. The discrepancy is resolved if we 
include in the analysis leading to (4.5-11) the fact that the resonator mirrors are of 
finite extent. 
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Up to this point we have considered only the dependence of the spatial mode char- 
acteristics on the resonator mirrors (their radij of curvature and separation). Another 
important consideration is that of determining the resonance frequency of a given 
spatial mode. 

The frequencies are determined by the condition that the complete round-tnp 
phase delay of a resonant mode be some multiple of 27. This requirement is equiv- 
alent to that in microwave waveguide resonators where the resonator length must be 
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equal te an integral number of hali-guide wavelengths [1]. This requirement makes 
it possible for a stable standing wave pattern to establish itself along the axis with 
a transverse field distribution equal to that of the propagating mode. 

If we consider a spherical mirror resonator with mirrors at za and z,, the reso- 
nance condition for the i, m mode can be written as" 


Bimi) — Om) = GT (4.6-1) 
where q is some integer and @,,,(z), the phase shift, is given according to (2.8-2) by 


O,,(z) = kz — (E+ m + 1) tant = 
<0 


(Zo = TMamr) (4.6-2) 


The resonance condition (4.6-1) is thus 


kd-(+m+ 1) (tan! 2 ~ ant 2) = qn 


<0 Zo 


where d = z, — z, is the resonator length. It follows that 
kat TK = 


or, using k = 2avive, 


Vary y= 57 (4.6-3) 
for the intermode frequency spacing. 

Let us consider, next, the effect of varying the transverse mode indices / and m 
in a mode with a fixed g. We notice from (4.6-3) that the resonant frequencies depend 
on the sum {f + m) and not on / and m separately, so for a given q all the modes 
with the same value of / + m are degenerate (that is, they have the same resonance 
frequencies). Considering (4.6-3) at two different values of { + m gives 


kd- (+m +) an 2 tan 3 = qr 


Zü 20 
kod —(l+ m+ 1) (on #2 tan! a) = gn (4.6-4) 
a £0 


and, by subtraction, 


ik — kd = [t+ mt+ 1, -( + m+ l] (an = -= tan”! 3 (4.6-5) 


Q 20 


ĉin obtaining (4.6-1) we did not allow for the phase shift upon reflection. This correction does oct affect 
any of the results of this section, since these shifts cancel out in the subtraction of Equation (4.6-3) 
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and 


Ap = ——— Ad + m) (an <2 _ tan`? n) (4.66) 
2mnd Zo zo 

for the change Av in the resonance frequency caused by a change A(/ + m) in the 

sum {f + m). As an example, in the case of a confocal resonator (R = d) we have, 

according to {4.3-6}, z2 = ~z, = Zo, therefore, tan”! (za/zo = —tan”' (zizo = 

m4, and (4.6-6) becomes | 


l c 
Avion = ~ [AU + — 467 
Poont z FAC mi (46-7) 


Comparing (4.6-7) to (4.6-4), we find that in the confocal resonator the reso- 
nance frequencies of the transverse modes, resulting from changing / and mt, either 
coincide or fall halfway between those resulting from a change of the longitudinal 
mode index g. This situation is depicted in Figure 4-11. 

To see what happens to the transverse resonance frequencies (that is, those due 
to a variation of i and m) in a confocal resonator, we may consider the nearly planar 
resonator in which |z,| and z are small compared to zp (that is, d < {R,| and R,). 
In this case, (4.6-6) becomes 


Ay =~—— AU + m) (4.68) 
2THZ 


The mode grouping for this case 15 illustrated in Figure 4-12. 

In the general case where |z,| and z3 are comparable to zp, the approximation 
used to derive Equation (4.6-8) does not hold. In this case, it is possible to show 
using a lengthy, but straightforward, algebra that 


Z9 —] Z] _ —i d d 
—-~ tan '— = cos + 1-—Hl- = 4.69 

žo 20 | ( Al ‘| wn 
The plus (+) sign is used when both [} — (d/R}] factors are positive while the minus 
(—) sign applies when both are negative. (The other options correspond to unstable 
resonators.) We can then solve either of Equations (4.6-4} for 


tan’ 
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Figure 4-11 Position of resonance frequencies of a confocal (d = R) optical resonator as a 
function of the mode indices /, m, and g. 
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Figure 4-12 Resonant frequencies of a near-planar (R =} d) optical resonator as a function of 
the mode mdices /, m, and g. 


2 
Vaim = — gt tmt DlM 4610) 
the resonant frequency of mode g, €, m. 

The situation depicted in Figure 4-12 is highly objectionable if the resonator ts 
to be used as a scanning interferometer. The reason ts that in reconstructing the 
spectral profile of the unknown signal, an ambiguity 1s caused by the simultaneous 
transmission of more than one frequency. This ambiguity is resolved by using a 
confocal etalon whose mode spacing is as shown in Figure 4-11 and by choosing d 
to be small enough that the intermode spacing c/4nd exceeds the width of the spectral 
region that is scanned. . 


4.7 LOSSES IN OPTICAL RESONATORS 


An understanding of the mechanisms by which electromagnetic energy ts dissipated 
in optical resonators and the ability to control them are of major importance in 
understanding and operating a variety of optical devices. For historical reasons as 
well as for reasons of convenience, these losses are often characterized by a number 
of different parameters. This book uses, in different places, the concepts of loss per 
pass, photon lifetime, and quality factor Q to describe losses in resonators. Let us 
see how these quantities are related to each other. 

The decay lifetime (photon lifetime) t, of a cavity mode is defined by means of 
the equation 


dé É 

— =- 4,7-1 

dt t. \ 
where @ is the energy stored in the mode so that in a passive resonator €) = &(0) 
exp- tit) = 6(0) exp(—wt/Q). If the fractional (intensity) loss per pass is L and 
the length of the resonator is /, then the fractional loss per unit time is cL/ni; therefore 
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and, from (4.7-1}, 


nl 


ch 


{= (4. 7-2) 
for the case of a resonator with mirrors’ reflectivities R, and R, and an average 
distributed loss constant a, the average loss per pass is for small losses L = af — 
In AK s0 that 
i ni 
t, = —— a T CoS m 47-3 
cle — (L/P) In VRR- clal + (1 -7 V RR) ( 
where the approximate equality appltes when R R; = 1. 
The quality factor of the resonator is defined universally as 


0 = ae E we ATA 
P dé/di a7) 
where @ is the stored energy, w is the resonant frequency, and P = -dédit is the 

power dissipated. By comparing {4.7-4) and (4.7-1) we obtain 
Q = wt, (4.7-5) 


The Q factor is related to the full width Av,,. (at the half-power points) of the 
resonators Lorentzian response curve as (|4] and Section 3.1). 


y 
Åv = 0 = Im (4.7-6) 
so that, according to (4.7-3) 
cla — (4D In VRIR 
sy, = $e a VR AIN 


27H 
The most common loss mechanisms in optical resonators are the following. 


lL Loss resulting from nonperfect reflection. Reflection loss is unavoidable, since 
without some transmission no power output is possible. In addition, no mirror 
is ideal; and even when mirrors are made to yield the highest possible reflectiy- 
ities, some residual absorption and scattering reduce the reflectivity to somewhat 
less than 100 percent. 

2. Absorption and scattering in the laser medium. Transitions from some of the 
atomic levels, which are populated in the process of pumping, to higher-lying 
levels constitute a loss mechanism in optical resonators when they are used as 
laser oscillators. Scattering from inhomogeneities and imperfections is espe- 
cially serious in solid-state laser medta. 

3. Diffraction losses. From (4.3-1) or from Figure 2-7, we find that the energy 
of propagating-beam modes extends to considerable distances from the axis. 
When a resonator is formed by ‘‘trapping’’ a propagating beam between two 
reflectors, it is clear that for finite-dimension reflectors some of the beam energy 
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Figure 4-13 Diffraction losses for a plane-parallel and several low-order confocal resonators: 
ais the mirror radius and f is their spacing. The pairs of numbers under the arrows refer to 


the transverse-mode indices $, m. (After Reference [6].) 


wil! not be intercepted by the mirrors and will therefore be lost. For a given set 
of mirrors this loss will be greater, the higher the transverse mode indices /, m, 
since im this case the energy extends farther. This fact is used to prevent the 
oscillation of higher-order modes by inserting apertures into the laser resonator 
whose opening is large enough to allow most of the fundamental (0, 0, g) mode 
energy through, but small enough to increase substantially the losses of the 
higher-order modes. Figure 4-13 shows the diffraction losses of a number of 
low-order confocal resonators. Of special interest is the dramatic decrease of 
the diffraction losses that results from the use of spherical reflectors mstead 


of the plane-parallel ones. 


48 OPTICAL RESONATORS-—DIFFRACTION THEORY APPROACH 


The approach used in this chapter to develop the formalism of optical resonators is 
to start with the electromagnetic propagating beam modes whose properties were 
derived in Chapter 2 and then ‘‘construct’’ the resonator by placing two spherical 
reflectors whose radii of curvature are identical to those of the beam wavefronts at 
the mirrors’ positions. This approach is elegant in that it treats both beams and 
resonators with the same formalism. It also leads to closed form expressions for 
many of the important resonator quantities such as beam spot sizes, resonant fre- 


quency, and others. 
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There exists a second method of treating optical resonators that is based on the 
diffraction theory of electromagnetic waves. This approach was the one used by Fox 
and Li [11] tc prove the existence of optical modes. It also lends itself in a natural 
manner to numerical calculations of resonator properties and Is used a great deal in 
the practical design of high-power laser systems. 

According to scalar diffraction theory, the complex amplitude L/,(P.) at some 
point P, of a monochromatic electromagnetic field (frequency e27) is related to 
that on some aperture 2 by the integral [9] 


- Ikra] 


é 





VP) = - Ji UKP) cos (0, fy) Æx; dy) (4.8-1) 
F 


Fal 


where k = wr/c = 27/d iso that A = A,,,/a is the wavelength in the medium) n 1s 
the unit vector normal to >, and the other symbols are as shown in Figure 4-14, 

Equation (4.8-1) can be simplified in situations where the angle (m, r2,) is very 
small. This is true when the distance z from the plane of observation to the aperture 
plane far exceeds the transverse dimensions (x;, yı) and (x2, ¥2} of interest. Under 
these conditions we can use the approximation 


cosin, raj = 1 
and replace ra, in the denominator of (4.8-1) by z. The result is 


UP) = aj UP je"! dx, dy, (4.8-2) 


Pay 


Note that we have not replaced ra; by z in the exponent, since there it is multiplied 
by ik whose magnitude at A = 1 ym, for example, is ~10’ m ‘. Under these 
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Figure 4-14 The geometry used in Equation (4.8-1) n is the outward normal unit vector in 
the aperture plane. 
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conditions the difference between kra, and kz could be comparable to or larger than 
27. 

We can use Equation (4.8-1) to derive formally an integral equation for the 
modes of an optical resonator. This method is equivalent to the propagating beam 
method of Section 4.3. It is, however, more amenable to numerical solutions. To be 
specific, we will consider the modes of the generic resonator shown in Figure 4-15. 

In deriving the modes of the resonator by the diffraction integral method, we 
assume that the mode corresponds to a wave that bounces continuously back and 
forth between reflectors 1 and 2. It is thus analogous to a transmission of the same 
wave through an infinite bipericdic sequence of equivalent lenses (f,. = R i2) that 
are separated by L and set in opaque absorbing screens as shown in Figure 4-15(b). 
We shall seek to find whether such a structure possesses field solutions that repeat 
themselves within a complex multiplicative constant after each round trip. These 
will correspond to the eigenmodes of the equivalent resonator, 

For rz, making a small angle with the z axis we obtain 


2 2 
3 x5 t xi + 
ra = Va + y +O. - yy - aS tN ji 


IR, OR, 
madly + Cece yo) th ty 
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Figure 4-15 (a) The two spherical reflectors separated by d have radii of curvature R, and 
Ra. (b) The bipenodic sequence of lenses that is equivalent to the resonator (a). The focal 
distances of the lenses are the same as those of the corresponding reflectors, Le., fia = Riy 
2. The spacing d of the lenses is the same as that of the reflectors. 
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where the factors involving R, and R, account for the additional path differences 
due to the sphericity of the mirrors as shown in Figure 4-1 5(a). 
The diffraction integral (4.8-2) becomes 


, -ikd a ae 
U3(%2, ya) = — | UX Yı) XP -u (ea 
T 


Ad 2d 
2 ? 2 2 
tm tr» | 
ROR. ) dx, dy, (4.83) 
= {| MX Va Xo Vi), yy) de, ayy (4.8-4) 


ES) 


where the kernel h is defined implicitly by (4.8-4) as 








A(x 1 X¥ aa —fk (2 — x1) + U2 ~ yu 
21 Fap Y] Md p F 
xity ty 
7 - 4. 
IR, QR, (4.85) 


The integration in (4.8-4) is limited to the area 2, of the aperture, thus assuming 
tacitly that the field outside it is negligibly small. 

Ia the following we will simplify our notation by writing the address (x, y) of 
a point x so that Equation (4.8-4) can be written as 


UAX2) = f h(x, X)U 0n)’ (4.8-6) 
In a similar fashion we can express the field on mirror 1 due to €/2(x,) as 
(x) = [ A(X, x, )U2(x,)d7x, (4.87) 


Replacing U, by the right side of (4.8-6) and interchanging the order of integration 
leads to 


* 


LX) = l K(x, % )U dX, (4.88) 
where A(x, x), the round trip kernel | 2-1, is given by 
K(x, Xi} = Í h(x, X W Xy, x, )d°x, (4.8-9) 


A necessary condition for the field calculated by our technique to correspond 
to that of a resonator mode is that after one round trip the field on each mirror, say 
|, returns to its original value to within some multiplicative constant y. Using (4.8-7) 
we express this condition as 


U(x) = yx) 
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or, using (4.8-8) and letting Ux) — LU), 
f K(x, x, U(x, )d’x, = yU(xy (4.810) 


Such an integral equation can be shown to possess a discrete set of solutions 
(eigenfunctions}, which we will denote by Uma. The function U,,, can be shown 
[i0] to approach in the kimit of large Fresnel numbers (aj ./dA > 1) the Hermite— 
Gaussian solutions obtained in Chapter 2 by the propagating beam mode method. 
The solution yields also the associated complex eigenvalue Yan- Yma Corresponds 
physically to the factor by which the amplitude changes in one round trip. It we 


write 

Yna = [Yone t 
then dma = | — [Ynn is the loss in mode power per round trip, while @,,, is the 
phase shift per round trip. 

The oscillation frequency is determined by the requirement that the phase delay 
@inn per one round trip be some integer, say q, of 27. Since the round trip kernel K 
contains, according to (4.8-5) and (4.8-9), the phase delay factor exp{—2ikd), it 1s 
convenient to define 


Onn = Yan + 2kd 
and write the oscillation frequency condition as 
Brn + kind = qèr 


and using Emna = 27f,,,/¢, obtain 


E] ç č Üm 
Jona = F (2 es (4.8-11) 


as the oscillation frequency of mode (m, n, g). The integer q corresponds to the 
number of maxima of the standing wave interference pattem between the two re- 


flectors. 





Equivalent Resonator Systems 


Equation (4.8-3) can be rewritten as 
ie ™ ik 24 2 2. 2 
Uaa Yo) = Vd Ui(x,.¥1) EXP 4 — F [e3 + ys) + g ~ yD 
Ti 


—2xit; — 2y ya] p dxi dyi (4.812) 
d 


g2 5l- 


Riz 


A number of equivalence properties can be deduced directly from the above 
integral relation: 
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Figure 4-14 (a) Relative amplitude and phase distributions of field for finite-width strip mir- 
tors. (The initially launched wave has a uniform distribution.) The mirror height is 2a. (b) 
Relative steady-state amplitude and phase distributions of field intensity of the lowest-order 
even-symmetry mode for infinite strip mirrors. (After Reference [11]. 
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Figure 4-16 (continued) 


1. Since the subscripts 1 and 2 can be interchanged, the reflectors of a resonator 
can be interchanged without affecting the field distribution at the mirror. 

2. The diffraction loss and the intensity pattern of a mode remain invariant if both 
g, and g, are reversed in the sign. The field eigenfunctions {mn and the eigen- 
values Ym, are merely replaced by their complex conjugates. One example for 
such equivalent systems is that of a planar parallel (¢, = g, = 1) and concentric 
{g1 = g2 = —1) resonators. 


Mode Solution by Numerical Iteration 


The Kirchhoff—Fresnel integral formulation of the propagation of electromagnetic 
field between two planes, Equation (4.8-3), can be used to calculate numerically the 
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Figure 4-17 Fluctuation of field amplitude at x = 0.5¢@ as a function of number of transits. 
(The initially launched wave has a uniform distribution.) (After Reference [11].) 


mode field distribution, the losses, and the round-trip phase shift of optical resona- 
tors. This method, first employed by Fox and Li [15], has played a key role in the 
understanding of optical resonator modes and in the practical design of such reso- 
nators. 

The basic approach is intuitively simple. We assume some arbitrary (both in 
phase and amplitude} field distribution over one of the mirrors, say |, of the resonator 
of Figure 4-15(a). We will call this field distribution 1”. Using the integral relation 
(4.8-8), we can calculate the resulting field U(1) on mirror | after one round trip. 
This procedure can be repeated n times, resulting in 


U(x} = Í Kix, KOUE I dY (4.8-13) 


K being the round-trip propagation kernel as given by (4.8-9), We would expect that 
if the resonator possesses a stable fundamental mode, then after a large number of 
iterations the field U“ will converge toward a steady state where the only change 
per iteration of the field is due to the multiplicative constant, 1.¢., 


U(x) -i 
Dg 7 he 


The mode intensity loss per round trip is thus 1 — |y/*, while œ is the phase shift. 
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Figure 4-18 Power loss per transit versus N = a‘/dA for circular reflectors, (After Reference 


(11].) 


The physical intuitive basis for the convergence of this procedure to the unique 
resonator mode can be, perhaps, better appreciated by reference to Figure 4-15. The 
arbitrary initial field distribution U is incident on aperture 1 of the biperiodic lens 
sequence, This excites a large number of the propagating eigenmodes Uma of this 
structure [i.e., of the equivalent resonator of Figure 4-15(b)]. Since the diffraction 
loss per period 1 ~ [Ynn |? (loss due to energy spreading by diffraction beyond the 
finite apertures of the resonators) of the high-order modes is larger than that of the 
fundamental mode, we expect that after a sufficiently long distance corresponding 
to many bounces in the resonator, the high-order modes will have decayed to a degree 
where the remaining field distribution is predominantiy that of the lowest loss ei- 
genmode. This is analogous to spatial filtering in optical engineering. It also follows 
from this argument of spatial filtering that if the starting distribution ("(x) possesses 
odd symmetry in one plane, the resulting “‘steady-state’’ solution will correspond to 
the lowest-order odd-symmetry mode TE, o. 

In Figures 4-16 to 4-18, we reproduce some of the numerical results of Fox and 
Li and their onginal calculation which illustrate how the procedure described above 
yields the steady-state field configuration and the corresponding eigenvalues, 
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4.9 MODE COUPLING 


A basic problem of both theoretical and practical interest is how to couple efficiently 
an incident beam with a complex amplitude £,,{x,v,z) to a given mode mn of an 
optical resonator or an optical fiber, and also derive a measure of the residual. un- 
desirable, excitation of other resonator modes. The problem arises frequently when 
the resonator is used as a scanning Fabry—Perot etalon to obtain the spectrum of an 
optical beam, In this case, the transmitted (resonant) frequencies are functions of the 
resonator mode (qda, which is excited by the incident beam. An unambiguous 
spectral determination requires that just one such made, usually the fundamental, be 
excited. 

Referring to Figure (4-19), we designate the incoming incident field at the ‘‘in- 
put plane z; as £,,(x,y} and the eigen (resonant) modes of the resonator as 
E imiy), Where g is the iongttudinal mode integer while lyn are the transverse 
integers, as defined in Section 4.6. We define £;,(x.y,2,) = Eitt, y) and recall the 
basic resonator mode Equation (4.3-1). 


Ein (XY) = Elay) © H (v2 z) n,(v3 4) 


+P ety l 
exp - 2 ik OR, J (4.9-1) 





where @, = w(z = z,) and 


o= ke - A tm+ It ta 2 (4.9-2) 


<9 


The set En, (x.¥.2) of resonator modes as given by (4.3-1) constitutes a complete 
orthonormal set in which to expand an arbitrary function of x and y. They satisfy 


| | E maky) EF mydr dy = 0 


unless } = 4 and m =m 


(4.9-3) 






Input 
beam Ent) 


A 
f =r rat Vay 
Mirror Mirror ~. 
w 


Ta 
w, 


Figure 4-19 Excitation of a transverse made m,n of a resonator (or a fiber) by an incident 
monochromatic beam. 
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We can choose the norm of these functions arbitrarily. We will do so by requiring 
that when the electric field is given by 


Elof mode P) = Apm Eyal X.y.Z) 


that |d|” is equal to the total power (in watts) carried by that mode. Using Equation 
(1.3-19), the normalization condition becomes 


{feats dx dy = 27 
(4.9-4) 
n= fT 
È 


We are now ready to address the coupling problem, We take advantage of the 
completeness of the set £,,, and expand the incident field 


E iny) = 2, Bim Erm (YZ 1) 


where 2, is the position of the mirror. Multiplying both sides by £7,,,. integrating 
over the entire x,y plane at z,, and making use of Equations (4.9-3, 4) yields 


Cin = = ff EX, GY) E” m X y) dx dy (4.9-5) 


The total power in the input beam is 


| 
P_ = — y? 
n= IE..(x,y)? dx dy 


l 
= 27 {| 2 Amn tm HY) 2. atem ET mn ay) dx dy 
=D lind” 
im 
where we made use of Equations (4.9-3) and (4.9-4). 


The coupling efficiency of the incident field into a given spatial mode, say, mn 
is defined as 


_ Power coupled into mode mn _ aml 
"Ien Total incident power 5 lara? 
im! 
2 
A | EinltY)E im (x,y) dx dy 





(49-6) 





ME m Oy) dx a] 
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It follows from (4.9-6} that if the input beam at the input plane z; has the same 
spatial dependence as that of the mode to be excited, that is, when 


E nlx. y) o Enl X,Y) 


then Ni = |, and all other ,.,,- are zero, and all the incident power goes into exciting 
the single ipn mode. In practice, mode matching requires that at the input resonator 
mirror, the incident beam possesses the same transverse mode numbers m and # as 
the mode to be excited, as well as possessing the same spot size and radius of 
curvature. An additional condition is that the mode myn thus excited fulfill the lon- 
pitudinal Fabry—Perot resonance condition (4.6- 10) of the resonator. Otherwise most 
of the incident beam power will be reflected. In the situation depicted in Figure 4- 
18, where w, << w a large number of modes will be excited. It will be left as an 
exercise to show that the number of modes that are excited ‘‘substantially"’ 1s ~(w,/ 
Win) 

By “mode matching” we can avoid the excitation of higher-order modes when 
we use a spherical mirror scanning Fabry-Perot etalon, as an example, to analyze 
the spectrum of an incident fundamental Gaussian beam. The transmission peaks of 
these modes, illustrated in Figure 4-12, introduce a deleterious ambiguity as to the 
frequency transmitted at a given mirror spacing and invariably degrade the etalon 
performance. 


Problems 

4.1 Plot 7/2. vs. 6 of a Fabry-Perot etalon with Æ = 0.9. 

4.2 Show that if a Fabry-Perot etalon has a fractional intensity loss per pass of 
(1 — A), its peak transmission is given as (1 — RYAAI — RA) Z 

4.3 Starting with the definition (4.2-6) 


Pt 7” Vin 


Avi 


for the Finesse of a Fabry-Perot etalon and using semiquantitative arguments, show 
why in the case where the root-mean-square surface deviation from perfect flatness 
is approximately A/N, the finesse cannot exceed F = N/2. [Hint: Consider the spread- 
ing of the transmission peak due to a smal! number of etalons of nearly equal length 
transmitting in parallel.] 


f= 


4.4 Show that the angular spread of a beam that is incident normally on a plane- 
parallel Fabry—Perot etalon must not exceed 

— 

ona 


e = TF 


if its peak transmission is not to deviate substantially from unity. 


4.5 Complete the derivation of Equations (4.1-4), (4.1-5), (4.1-6), and (4.1-7). 
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4.6 Consider a diverging monochromatic beam that is incident on a plane-parallel 
Fabry-Perot etalon. 


a. Obtain an expression for the various angles along which the output energy is 
propagating. [Hint: These correspond to the different values of # in (4.1-8) that 
result from changing m.| 

b. Let the output beam in (a) be incident on a lens with a focal length f. Show that 
the energy distribution in the focal plane consists of a sertes of circles, each 
corresponding to a different value of m. Obtain an expression for the radii of the 
circles. 

©. Consider the effect in (6) of having simultaneously two frequencies r, and r: 
present in the input beam. Derive an expression for the separation of the respec- 
tive circles in the focal plane. Show that the smallest separation v, — r that can 
be resolved by this technique is given by (Av). ~ c/nlF. 


4.7 Calculate the fraction of the power of a fundamental (7 = m = 0) Gaussian 
beam that passes through an aperture with a radius equal to the beam spot size. 


4.8 Show that in the case of a conventional two-reflector resonator the stability 
condition [Equation (4,5-5)] reduces to Equation (4.4-2). 


4.9 Consider a spherical mirror with a radius of curvature Æ whose reflectivity 
varies ás 
p(r) = po exp (-r*/a’) 


where r is the radial distance from the center. 
Show that the (A, B, C, D) matrix of this mirror is given by 


A B l Q 
2 à 
C D OR | mg? l 


4.10 Given an optical resonator 


(<-———— I = 30 cm ——>) 
R,=-20cm R,=1]5em 


a. Calculate the position of the waist of the mode at A = 1 um. 
b. Calculate the diameter of the waist. 


4.1) Consider a Fabry-Perot etalon with a front mirror with intensity reflectivity 
R; and perfectly reflecting back mirror (R, = 1). 

a. Show that |E/E,? = 1 at all frequencies. (The notation is that of Sec. 4.1) 

b. Derive an approximate analytic expression for the phase delay (phase of E,/E;) 
Dd SNES R, = 0.6). The above 


etalon is named after its inventor the ““Gires-Tournois’’ etalon. 





vs. ô near the zero crossing points. (Clue: 
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4.12 Show by simple arguments that in the situation depicted in Fig. 4-18 the 
number of Hermite-Gaussian resonator modes which are excited substantially (say 
within an order of magnitude of the maximal value) by a fundamental (incident) 
Gaussian beam is ~(w;/wn) . Ignore longitudinal resonance and consider only trans- 
verse (x,y) modes. Clue: Consider the integral in the numerator of expression (4.9-6) 
fOr Mp, Reason why the main contribution to the mtegral comes from a circle of 
radius win or w,/€ (€,m are the Hermite polynomial integers) whichever is smaller. 


4.13 Obtain an expression for the coupling efficiency of an incident Gaussian fun- 
damental beam into an optical resonator whose mirrors have a radius of curvature 
R and a spot radius at the mirrors of æ. The incident beam has a radius R, and spot 
size radius w, at the mirror. 
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5.0 INTRODUCTION 


In this chapter we consider what happens to an electromagnetic wave propagatiig 
in an atomic medium. We are chiefly cancerned with the possibility of growth (or 
attenuation) of the radiation resulting from its interaction with atoms. We also con- 
sider the changes in the velocity of propagation of light due to such interaction. The 
concepts derived in this chapter will be used in the next one im treating the laser 
oscillator. 


5,1 SPONTANEOUS TRANSITIONS BETWEEN ATOMIC LEVELS— 
HOMOGENEOUS AND INHOMOGENEOUS BROADENING 





One of the basic results of the theory of quantum mechanics is that each physical 
system can be found, upon measurement, in only one of a predetermined set of 
energy states—the so-called eigenstates of the system. With each of these states we 
associate an energy that corresponds to the total energy of the system when occu- 
pying the state. Some of the simpler systems, which are treated in any basic text on 
quantum mechanics, include the free electron, the hydrogen atom, and the harmonic 
oscillator. Examples of more complicated systems include the hydrogen molecule 
and the semiconducting crystal, With each state, the state 7 of the hydrogen atom 
say, we associate an eigenfunction [l] 


glet) = u rje E (5.1-1) 


where lu (r)? dx dy dz gives the probability of finding the electron, once it is known 
to be in the state i, within the volume element dx dy dz, which is centered on the 
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point r. E, is the state energy described above and # = A/27 where A = 6.626 x 
107% joule-second is Planck’s constant. 

One of the main tasks of quantum mechanics is the determination of the eigen- 
functions u,{r} and the corresponding energies E; of various physical systems. In 
this book, however, we will accept the existence of these states, their energy levels, 
as well as a number of other related results whose justification is provided by the 
experimentally proved formalism of guantum mechanics. Some of these results are 
discussed in the following. 


The Concept of Spontaneous Emission 


[n Figure 5-1 we show a system of energy levels that are associated with a given 
physical system—an atom, say. Let us concentrate on two of these levels—1 and 
2, for example. If the atom is known to be in state 2 at t = 0, there is a finite 
probability per unit time that it will undergo a transition to state 1, emitting in the 
process a photon of energy Av = E, — E. This process, occurring as it does without 
the inducement of a radiation field, is referred to as spentanecus emission. 
Another, equivalent, way of thinking about spontaneous transitions, which cor- 
responds more closely to experimental situations, is the following: Consider a large 
number N of identical atoms that are known to be in state 2 at t = 0. The average 
number of these atoms undergomg spontaneous transition to state 1 per unit time is 


dN, N 


a 
di (f pont) 21 





(5. 1-2) 


where A», is the spontaneous transition rate and (fouwor = An! is called the spon- 
taneous lifetime associated with the transition 2 —> 1. It follows from quantum 
mechanical considerations that spontaneous transitions take place from a given state 
only to states lying lower in energy, so no spontaneous transitions take place from 
l to 2. The rate A,, can be calculated using the eigenfunctions of states 2 and 1. In 


Energy 





Ey 


0 Oo F=- 
Figure 5-1 Some of the energy levels of an atomic system. Level 0, the ground state, 1s the 
lowest energy state. Levels | and 2 represent two excited states. 
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this book we accept the existence of spontaneous emission A, and regard A), as a 
parameter characterizing the transition 2 — 1 of the given physical system.’ 


Lineshape Function—Homogeneous and Inhomogeneous Broadening 


If one performs a spectral analysis of the radiation emitted by spontaneous 2 — 1 
transitions, one finds that the radiation is not strictly monochromatic (that is, of one 
frequency) but occupies a finite frequency bandwidth. The function describing the 
distribution of emitted intensity versus the frequency v is referred to as the lineshape 
function g(r) (of the transition 2 — 1) and its arbitrary scale factor is usually chosen 
so that the function is normalized according to 


l pdr = 3 (5.1-3) 


We can consequently view g(v) dv as the a priori probability that a given sponta- 
neous emission from level 2 to level 1 will result in a photon whose frequency is 
between rand y + dy, 

Another method of determining g(v} is to apply an electromagnetic field to the 
sample containing the atoms and then plot the amount of energy absorbed by 1 —> 
2 transitions as a function of the frequency. This function, when normalized accord- 
ing to (5.1-3), is again g(r). 

The fact that both the emission and the absorption are described by the same 
lineshape function g(r) can be verified experimentally, and follows from basic quan- 
tum mechanical considerations. The proof is beyond the scope of this book, but we 
can perhaps make a plausibility argument using the following example. Consider a 
paralle] REC circuit that is excited into oscillation by connecting it to a signal source 
of frequency vo = 1/2°\V/LC. The excitation is then discontinued and the transient 
decay of the oscillation is observed. It is a straightforward problem to show that the 
intensity spectrum of the decaying oscillation, which is analogous to spontaneous 
emission since the total energy is decreasing, is the same as a plot of the absorption 
power vs. frequency of the same circuit, this last process being equivalent to induced 
absorption in the atomic system. 

It will be left as an exercise to show that in the case of the ALC circuit the 
spectrum characterizing the decay or absorption is proportional to 


"The quantum mechanical derivation gives [1] 


2 3 
A = Zea (xia + yiz + zio 
Jj — 


7 Shere 
for a class of transitions known as electric dipole transitions. The parameter ¢ is the dielectric constant 
at w and 


— +% 4 
ži = fa Hi (rja(rd'r 
apa 


where x, y, and z are the coordinates of the electron. n is the index of refraction. 
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(p — vy) + (f20Y¥ 


where Q = 2av,CR is the quality factor of the circuit. 

The formal equivalence between an atomic transition and an oscillator goes even 
further than this RLC circuit example indicates. Later in this chapter we will use it 
extensively to describe the interaction between an atomic system and an electro- 
magnetic field. 


f(y) = (5.14) 


Homogeneous and Inhomogeneous Broadening (2) 


One of the possible causes for the frequency spread of spontaneous emission is the 
finite lifetime 7 of the emitting state. If we consider the emission from the excited 
State as that corresponding to a damped oscillator and choose the decay time of the 
oscillator as 7, we can take the radiated field as 


e(t) = Eye" cos wot 


— Eo [gent irh + g "eo iorzW] (5.1 5) 
2 
where o/2 = 1’ is the field decay rate (the intensity decay rate is q). The Fourier 
transform of eft} is 


E(w) = f elte ™ dt 


Fo} 
2 z — w +i?) (nto =| (5.14) 


where the lower limit of integration 1$ taken as ¢ = Q (instead of t = —%) to 
correspond with the start of our observation period, The spectral density of the 
spontaneous emission is proportional to [E(w)|*. If we limit our attention to the 
vicinity of the resonant frequency w = wy, we obtain 


E(w)? m l 


(o— on) + (ony ern 


which is of the same form as (5.1-4). 

Curves with the functional dependence of (5.1-7} are called Lorentzian. They 
occur often in physics and engineering, since, as shown, they characterize the re- 
sponse of damped resonant systems. 

The separation Av between the two frequencies at which the Lorentzian is down 
to half its peak value is referred to as the linewidth and is given by 


Ave — = — (5.1-8) 


In the case of atomic transitions between an upper level (u) and a lower level 
(D, the coherent interaction of an atom in either state (u or l) with the field can be 
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interrupted by the finite lifetime of the state (7,, 7,} or by an elastic collision that 
erases any phase memory (T. Ta). We thus generalize (5.1-8) to read 


l, — _ _ 
Av = we + Ti + Tou + Ta) 


Rewriting (5.1-7) in terms of Av and, at the same time, normalizing it according to 
(5.1-3), we obtain the normalized Lorentzian lineshape function 


Ap 

Drie ~ vy" + (Aw2)"] 

The type of broadening (that ts, the finite width of the emitted spectrum) de- 
scribed above is called homogeneous broadening. It is characterized by the fact that 
the spread of the response over a band ~Av is characteristic of each atom in the 
sample, The function g(r) thus describes the response of any of the atoms, which 
are indistinguishable. 

As mentioned above. homogeneous broadening is due most often to the finite 
interaction lifetime of the emitting or absorbing atoms, Some of the most common 
mechanisms are: 


g) = (5.1-9) 


L The spontaneous lifetime of the excited state. 

2. Collision of an atom embedded in a crystal with a phonon. This may involve 
the emission or absorption of acoustic energy. Such a collision does not termi- 
nate the lifetime of the atom in its absorbing or emitting state. It does, however, 
interrupt the relative phase between the atomic oscillation (see Section 5.4) and 
that of the field, thus causing a broadening of the response according to (5.1-6) 
where 7 now represents the mean uninterrupted interaction time. 

3. Pressure broadening of atoms in a gas. At sufficiently high atomic densities, the 
collisions between atoms become frequent enough that lifetime termination and 
phase interruption as in the preceding mechanism dominate the broadening 
mechanism. 


There are, however, many physical situations in which the individual atoms are 
distingutshable, each having a slightly different transition frequency va. If one ob- 
serves, in this case, the spectrum of the spontaneous emission, its spectral distribution 
will reflect the spread in the individual transition frequencies and not the broadening 
due to the finite lifetime of the excited state. Two typical situations give rise to this 
type of broadening, referred to as inhomogeneous broadening. 

First of all, the energy levels, hence the transition frequencies, of ions present 
as impurities in a host crystal depend on the immediate crystalline surroundings. 
The ever present random strain, as well as other types of crystal imperfections, cause 
the crystal surroundings to vary from one ion to the next, thus effecting a spread in 
the transition frequencies. 

Second, the transition frequency v of a gascous atom (or molecule) is Doppler- 
shifted due to the finite velocity of the atom according to 


v= ntn (5.1-10) 
C 
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where v, is the component of the velocity along the direction connecting the observer 
with the moving atom, ¢ is the velocity of light in the medium, and rg is the frequency 
corresponding to a stationary atom. The Maxwell velocity distnbution function of a 
gas with atomic mass M that is at equilibrium at temperature T is [3] 


M we M 
= {—— — = (p? + yh + o? J- 
f(t,, Yy Bz) (; 4 exp | 7 wi + Uy | (5.1-11) 


k = 1,38 x 10°“ J/K is the Boltzmann constant, and f(v,, v,, v,) dv, dv, dv, is 
thus the fraction of all the atoms whose x component of velocity is contained in the 
interval v, tov, + dv, while, simultaneously, their y and z components lie between 
u, and v, + dv,,v, and v, + dv, respectively, Alternatively, we may view f(v,, Vy, 
v.) du, du, dv, as the a priori probability that the velocity vector v of any given 
atom terminates within the differential volume dv, du, dv, centered on v in velocity 
space so that 


I fW,. Vy U,) dv, dv, du, = | (5. 1-12) 

According to (5.1-10) the probability g(x) dv that the transition frequency is 
between v and y + dr is equal to the probability that v, will be found between t, 
= {p — Pakc/ro) and (r + dr — voc/vo) imespective of the values of v, and v, 
(since if v, = (v — vo)(c/vg), the Doppler-shifted frequency will be equal to r 
regardless of v, and v,]. This probability is thus obtained by substituting v, = (» — 
polci vo in f(v,, Vy, V, dv, du, du, and then integrating over all values of v, and v,. 


. The result is 


3r 
M "p : 
g(r) dr = (Z) l i p MIUT He, +u" ) dv, dv, 


X gr i vor (£) dy (5.1-13) 
Vo 
Using the definite integral 
a fz 
| p MEAD! dy = 2T 
=m T M 
we obtain, from (35.1-13), 
1/1 
go) = = (2) g MIETI A a= voy (5.1-14) 
0 


for the normalized Deppler-broadened lineshape, The functional dependence of g(7) 
in (5.1-14) is referred to as Gaussian. The width of g(v) in this case is taken as the 
frequency separation between the points where g(r) is down to half its peak value. 
It is obtained from (5.1-14) as 

——— 


OT 
Avy = 2% Vie In 2 (5,1-15) 
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295°K 


Emission intensity 
{arbitraiy scale} 


9.6 94 94 03 92 G] 90x10 
Frequency, em"! 


104 1.06 1.08 110 
Wavelength, micrometers 
Figure 5-2 Emission spectrum of Nd’*; CaWO, in the vicinity of the 1.06-ym laser transition. 
The main peak corresponds to the laser transition. (After Reference [4].) 


where the subscript D stands for Doppler. We can reexpress g(v) in terms of Avp, 
obtaining 


= 2(In 2)'* 
g0) = T? Ap, 


In Figure 5-2 we show, as an example of a lineshape function, the spontaneous 
emission spectrum of Nd°* when present as an impurity ion in a CaWO, lattice. 
The spectrum consists of a number of transitions, which are partially overlapping. 


g ilnexe — Pyřårp"] (5. l-1 ó) 


Numerical Example: The Doppler Linewidth of Ne 





Consider the 6328 A transition in Ne, which is used in the popular He--Ne lasers. 
Using the atomic mass 20 for neon in (5.1-15) and taking T = 300°K, we obtain 


Avy = 1.5 X 10° Hz 


for the Doppler linewidth. The 10.6 jum transition in the CO, laser has, according 
to (5.1-15), a linewidth Avy = 6 X 10’ Hz. 





5.2 INDUCED TRANSITIONS 


In the presence of an electromagnetic field of frequency » ~ (E — £,)/A, an atom 
whose energy levels are shown in Figure 5-1 can undergo a transition from state I 
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to 2, absorbing in the process a quantum of excitation (photon) with energy Ay from 
the field. If the atom happens to occupy state 2 at the moment when itis first subjected 
to the electromagnetic field, it will make a downward transition to state 1, emitting 
a photon of energy Av. 

What distinguishes the process of induced transition from the spontaneous one 
described in the last section is the fact that the induced rate for 2 > 1 and 1 —> 2 
transitions 1s equal, whereas the spontaneous 1 — 2 (that is, the one in which the 
atomic energy increases) transition rate is zero. Another fundamental difference— 
one that, again, follows from quantum mechanical considerations—is that the in- 
duced rate is propertional to the intensity of the electromagnetic field, whereas the 
spontaneous rate is independent of it. The relationship between the induced transition 
rate and the (inducing) field intensity is of fundamental importance in treating the 
interaction of atomic systems with electromagnetic fields. Its derivation follows. 

Consider first the interaction of an assembly of identical atoms with a radiation 
field whose energy density is distributed uniformly in frequency in the vicinity of 
the transition frequency. Let the energy density per unit frequency be p(n). We 
assume that the induced transition rates per atom from 2 —> | and 1 —> 2 are both 
proportional to p(v) and take them as 


(Wop induced = Ba p(¥) 

CW aJinduced = Bap P) (5.2-1) 
where &,, and B,, are constants to be determined. The total downward (2 — 1) 
transition rate is the sum of the induced and spontaneous contributions 

Wi = By p(y) + Az {5.2-2) 
The spontaneous rate A;, was discussed in Section 5.1. The total upward (1 — 2) 
transition rate is 

12 = (Wisdinducea = B ppl) (9.23) 


Our first task is to obtain an expression for B, and B,,. Since the magnitude of the 
coefficients B+; and Fz depends on the atoms and not on the radiation field, we 
consider, without loss of generality, the case where the atoms are in thermal equi- 
librium with a blackbody (thermal) radiation field at temperature T. In this case the 
radiation density is given by [5] 

j= amn hr l 


av) = ——_ a 
ch T] 


(5.2-4) 


Since at thermal equilibrium the average populations of levels 2 and 1 are constant 
with time, it follows that the number of 2 —> 1 transitions in a given time interval 
is equal to the number of 1 — 2 transitions; that is, 


NW, = Ni Wi (5.2-5) 


where N, and N, are the population densities of levels 1 and 2, respectively. Using 
(5.2-2) and (5.2-3) in (5.2-5), we obtain 
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Aa[Bapir) + An] = Nib iple) 


and, substituting for pí») from (5.2-4), 


Sanh Ranchi" 
N3 |2» (ett -— 1) ta = Ny [Ba (ent _ | (5.2%) 


Since the atoms are in thermal equilibrium, the ratio N/N, ìs given by the 
Boltzmann factor [5] as 


Ne = ge hk? (5.2-7) 
N 
Equating (N/N i) as given by (5.2-6} to (5.2-7) gives 
3 
Raw hy _ Ax (5.2-8) 


ee — 1) Bye" — By 
The last equality can be satished only when 
Bis = Ba, (5.2-9) 
and simultaneously 


Ax B Rm Rh p” 


5,2-10 
Ba c 


The last two equations were first given by Einstein [6]. We can, using (5.2-10), 
rewrite the induced transition rate (5.2-1) as 


3 


: A» ič ; C 
Ban hri pon 


m= Smi hr pty) = 
where, because of (5,2-9) the distinction between 2 — 1 and 1 > 2 induced transition 
rates is superfluous, 

Equation (5.2-11) gives the transition rate per atom due to a field with a uniform 
(white) spectrum with energy density per unit frequency p(y}. In quantum electronics 
our main concer is in the transition rates that are induced by a monochromatic (that 
is, single-frequency) field of frequency v. Let us denote this transition rate as W, (r). 
We have established in Section 5.1 that the strength of interaction is proportional to 
the lineshape function g(r), so Wr) œ g(r). Furthermore, we would expect W;( r) 
to go over into W; as given by (5.2-11) if the spectral width of the radiation field 1s 
gradually increased from zero to a point at which it becomes large compared to the 
transition linewidth. These two requirements are satisfied if we take W,( +} as 





pty) (5.211) 


cp 
Wi = ————_ 9.212 
m BTA AY Espo a 
where p, is the energy density (joules per cubic meter) of the electromagnetic field 
inducing the transitions. To show that W,(7} as given by (3.2-12) indeed goes over 
smoothly into (5.2-11) as the spectrum of the field broadens, we may consider the 
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broad spectrum field as made up of a large number of closely spaced monochromatic 
components at v, with random phases, and then by adding the individual transition 
rates obtained from (5,2-12), 


i 


t Pu 
W' = > Wird = — ~ } al 5.2-13 
à, i 0 BTW AL oon 2 vi a ` f ) 
where g,, 18 the energy density of the field component oscillating at »,. We can 
replace the summation of (5.2-13) by an integral if we replace p,, by pir) dv where 
pír) is the energy density per unit frequency; thus, (5.2-13) becomes 
c {  p(yjg(ndy 
(= —_—— §.2-14 
Barn ht pom i" (9:414) 
In situations where p{¥) is sufficiently broad compared with g{»), and thus the vari- 
ation of p(v\¥/2" over the region of interest [where g(r) is appreciable) can be ne- 
glected, we can pull p(vVy' outside the integral sign, obtaining 


4 
€ 


f 


a Ban hI E oom po 


where we used the normalization condition 


l giv) dy = | 


This agrees with (3.2-11). 
Returning to our central result, Equation (5.2-12), we can rewrite it in terms of 
the intensity 7, = ep,/n (watts per square meter) of the optical wave as 


Ar cl, W = ME, 
Saehy È BATH NY ont 





Wy) = go) (5.2-15) 
where c is the velocity of propagation of light in vacuum, A is the vacuum wave- 
length, and tipon = lAn. 


5.3 ABSORPTION AND AMPLIFICATION 


Consider the case of a monochromatic plane wave of frequency r and intensity f, 
propagating through an atomic medium with N, atoms per unit volume in level 2 
and N, in level 1, According to (5.2-15} there will occur N W, induced transitions 
per unit time per unit volume from level 2 to level | and N, W, transitions from I to 
2. The net power generated within a umt volume is thus 


P 
Volume 





= (N3 — N Why 


This radiation is added coherently (that is, with a definite phase relationship) to 
that of the traveling wave so that it is equal, in the absence of any dissipation 
mechanisms, to the increase in the intensity per unit length, or, using (5.2-15), 
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a = (Ny — N) tee , (641) 
The solution of (5.3-1) is 
RD = Oje” (5.3-2) 
where 
ç? 
y) = (N: — Nj) Santon oO (5.3-3) 


that is, the intensity grows exponentially when the population is inverted (N; > N|) 
of is attenuated when Na < N. The first case corresponds to laser-type amplification, 
whereas the second case is the one encountered in atomic systems at thermal equi- 
librium. The two situations are depicted in Figure 5-3. We recall that at thermal 
equilibrium 


a m g HAT (5.34) 


so that systems at thermal equilibrium are always absorbing. The inversion condition 
Na > N can still be represented by (5.3-4), provided we take T as negative. As a 
matter of fact, the condition N, > N, is often referred to as one of ‘‘negative 
temperature’’—the “‘temperature’’ in this case serving as an indicator of the popu- 
lation ratio, in accordance with (5.3-4). 

The absorption, or amplification, of electromagnetic radiation by an atomic 
transition can be described not only by means of the exponential gain constant yir) 


Amplifying medium (45> N} 
Input wave è e $ e i O 


Output wave 









(a) 
Absorbing medium (M&A) 


[nput wave 
P Output wave 





(b) 
Legend: 
@ Atom in upper O Atom in lower 
State 2 State | 


Figure 5-3 Amplification of a traveling electromagnetic wave in (a) an inverted population 
(N, > N), and (b} attenuation in an absorbing (Na < Ni) medium, 
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but also, alternatively, in terms of the imaginary part of the electric susceptibility 
x-(¥) of the propagation medium. According to (1.2-19} the density of absorbed 
power is 


Power weny" My 





= El? 5.3-5 

Volume 2 | O29) 
where, since we are concerned here only with electric susceptibilities, we replace 
y{v} by the symbol yir). This last result must agree with a derivation using the 
concept of the induced transition rate W {r} according to which 





Power 





= (N, — N-W | 
Volume (Ni AW vhr (5.3-6) 
Equating (5.3-5) to (5.3-6), substituting (5.2-15) for W, {v}, and using the relation J, 
= {c/melEV/2 [see (1.3-26)], we obtain 


(Ni — NA“ 


537 
lomna E” (337) 


y" v) — 


where n° = e/e, and A is the wavelength in vacuum. In the case of a Lorentzian 
lineshape function {r}, we use (5.1-9) to rewrite the last result as 


(Ni - NA? 


— 53-8 
Bm nipon 1 + [40% — n (Av)? (938) 


xX") = 


This is a key result and it will be used on numerous occasions. 





Numerical Example: The Exponential Gain Constant in a Ruby Laser 





Let us estimate the exponential gain constant at line center of a ruby (ALO, doped 
with Cr’* ions) crystal having the following characteristics: 


Na — N =5X 10cm" 


i 
År = = 2 x 10'' Hz at 300" K 
Elvo) 





— 4 
toon = 3 X 10 ` second 


y= 4.326 x 10" Hz 


Č 
~ Gn ruby) = 1.69 x 10° cm/seg 
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Using these values in (5.3-3) gives 


yn = 5 X 107 cm 


Thus, the intensity of a wave with a frequency corresponding to the center of the 
transition is amplified by approximately 5 percent per cm in its passage through a 
ruby red with the foregoing characteristics. 





5.4 DERIVATION OF y'{v) 


In Section 5.3, we derived an expression for the imaginary part ~ y(r) of the optical 
susceptibility yir) = y'a) — iyt). To complete the picture, we also need an 
expression for y'(v). A first principles quantum mechanical derivation would lead 
to an expression for the complex y(v), thus yielding both y'(v) and y"(v}. Since such 
a derivation prerequires concepts not covered in this book, we will employ instead 
a powerful analytical tool— the Kramers—Kroing relations [12] —te obtain y'(r) 
from y(r). These relations were derived initially in the context of the interaction of 
light and matter, They apply, however, to the response function of any time-invariant 
linear passive system and relate the real and imaginary part of its frequency response 
function. One condition that must be obeyed by a dissipative system is that if shocked 
by an impulse e(t) = A(t), its response p(t) will decay with time. This requires (the 
proof will be assigned as a problem) that its response function, which is the Fourier 
transform of the impulse response, yir) possess no poles in the lower half v plane. 
(If we had adopted a convention for harmonic time dependence exp({—imt) instead 
of exp(iws), then yir} could possess no poles in the upper half plane). In this case, 
a simple contour integration over the lower half r plane of the function yi r)(r — 


p") leads to 
] m N j 
ym = Lpf a r) dy’ 
gn joe ploy 
yo=-tp{ My (5.44) 
T -a F — P 


where P stands for the Cauchy principal value of the integral that follows. The 
derivation of these very important relations ts given in Appendix A. The great prac- 
tical importance of the KX relations is due to the fact that in practice one uses them 
most often to obtain y'{~) from the measured spectral dependence of the (exponen- 
tial) absorption coefficient a{v), which is proportional to y"). We will now apply 
the first of Equations (5.4-4) to derive y'O) from y“. We start with (5.3-8) in 
which, to simplify notation, we replace Av —— 2/7. 


o (VN, — NDA T ! 
XY = — r 


ar ar rd 54-5 
yea pf} LÓT AE ont I +r- Beer ( j 
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Substituting (5.4-5) in the first of the KX relation Equation (5,4-4) gives 


Ni ~ NA° j dv’ 
y'o) — Ma NAT | I 
IOT N pon = [1 + (r = vro — v) 
2 
i 
, . ) dy 
_ (Ni = N2)A'T | 
LOT RI pon 


E c ~ (n + BIG - [r vii) le — p) 
T T 
(5.4-6) 


To evaluate (5.4-6), we integrate over the contour shown in Figure 5-4. The two 
poles of y'r) at vy $ l/t) are shown. By applying Cauchy’s residue theorem, 
we obtain 


F-E R 
four- f toa + f, poaa | joa 
+ | fv’)dv! = —2ri (residue) (5.4-7) 


where f(v') is the integrand of (5.4-6). The negative sign in front of the residue is 
due to the clockwise sense of the integration. We take the limit of R — œ, € — 0. 
In this limit, the integral over ca is o(R~*} — 0. The sum of the first two terms on 
the right side of (5.4-7) is, by definition, the principal value of the integral. The 
integral over c; yields 


f porde’ = milf" = dyas 


We can thus rewrite (5.4-7) as 





Figure 5-4 The contour c in the complex frequency (v') plane used to derive x(x). The 
semicircle ¢ has a radius £. 


DERIVATION OF y'() 173 


2 





l 
= T 
p f dy' = 
v — |ti- -]i| e — mani] O 
Z 2 
1 I 
T T 
— yi -F 
l l | l 
r— irati- y= |r- i- -H -|l r7 ri- 
T T 
(5.4-8) 


The first term on the right side of (5.4-8) is the result of integrating over c,. (For 
details see an identical integration in Appendix A.) The second term is —2 7 (residue 
at v’ = ra — H7). Adding the two terms on the right side of (5.4-8), using the result 
in (5.4-6), and returning to our initial notation Av = 2/7 leads, after some straight- 


forward algebra, to 


(NI za NAC atv a VAr 


PORNS a a eee 5 4-9 
x RT nt spol 1 + [Hr — Vy) (Ady) i 


which is the sought result. 
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where @(v) is the Fourier integral transform of the electric field e(r). Since e(r) 
and p(?) are real, it follows that 2(—v) = 2*(v) and that 


x(—v) = x*(¥) (5.4-13) 


Our derived expression (5.4-10) does not satisfy condition (5.4-13). The 
reason is that in deriving y”(v) in (5.4-5), we assumed v = vo, thus restricting 
its validity to positive frequencies near the resonance +vp. We can take ad- 
Soe pidge tebe practice our resonances are very narrow, i.e., Yo/Av 

>>> [typically (vp/Av) ~ 10* — 10°] and simply extend y(v) to negative fre- 
quenceis in a manner that satisfies Equation (5.4-13). The result is 


ne Ny — No) | (Av/2) ee (Avi2) 
eave Bi Ntgponv | v= (—vo+ tAv/2) v- (vo + iAv/2) (5.414) 


Awo) yi 
_ M -Ne Ay (5.415) 
BT Niponi | f: (Vo + ¥ 
L+- (hyp 





i She nek ee TOT TE A 
sik ot e's shins anA eines, raag a squiremen 
that transients of p(f) decay rather than grow with time. A con be clad 
6.412). A plot of x'(v) and y"(v) is shown in Figure 5-5. 








5.5 THE SIGNIFICANCE OF y(r) 


According to (1.2-3) the electric displacement vector is defined by 


D = e E+ P+ Poonstion = EE + ey 


where the complex notation is used and the polarization is separated into a resonant 


component Pyano due to the specific atomic transition and a nonresonant com- 
ponent P that accounts for all the other contributions to the polarization. We can 
rewrite the last equation as 


D = I + a wje = e'(a\E (5.5-1) 
E 
so that the complex dielectric constant becomes 
i 7 En 
E(t) = ef + o (5.5-2) 
We have thus accounted for the effect of the atomic transition by modifying € ac- 
cording to (5.5-2). Having derived x(w), using detailed atomic information, we can 


ignore its physical ortgin and proceed to treat the wave propagation in the medium 
with £" given by (5.5-2), using Maxwell’s equations. 
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v- Hy, in units 


of Av 





Figure §-5 A plot of the real (y’) and (negative) imaginary (") paris of the electronic sus- 
ceptibility. 


As an example of this point of view we consider the propagation of a plane 
electromagnetic wave in a medium with a dielectric constant e’(w). According to 
(1.3-17). the wave has the form of 


e(z, Ñ = Re [Ee“"*”) (5.53) 
where, using (1.3-13) and (5.5-2) and assuming (e9/e)|x| < 1, we obtain 
k = WV pe" safi Ey 
2g 
where k = wW pe. 


Expressing ylw) in terms of its real and imaginary components as in (5.4-9) 
leads to 


xiu kw) 
e= afa a |- AO (5.5) 


where n = (e/&,}}? is the index of refraction in the medium? far away from reso- 
nance. Substituting (5.5-4) back into (5.5-3), we find that the atomic transition results 


in a wave propagating according to 
el z, t) = Re | Fett ikt Akr g2] (5.55) 


The result of the atomic polarization is thus to change the phase delay per unit length 
from k to k + Ak, where 


k i 
Ak = Ex to) (5.56) 
an 


*Sunce the velocity of light is ¢ = (ue) '”, n is the ratio of the velocity of light in vacuum to that in the 
medium at frequencies sufficiently removed from resonance that the effect of the specific atomic transition 


can be ignored. 
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as well as to cause the amplitude to vary exponentially with distance according to 
g'z where 
k if 
yw) = -2e (5.5-7) 


n 


It is quite instructive to rederive (5.5-7) using a different approach, According 
to (1.2-13), lhe average power absorbed per unit volume from an electromagnetic 
field with an x component only ts 

Power B dp Át) 


= edt) E = iRe [EliwP)* 558 
Volume Et) di aRe (Eliot) *] (9.9%) 





where £ and P are the complex electric field and polarization in the x direction, 
respectively, and horizontal bars denote time-averaging. Using (1.2-16) and (1.2-18) 
in (5.5-8), we obtain 


Power Æp 


2 
Volume 2 (5-59) 








y"lE 


The absorption of energy at a rate given by (5.5-9) must lead to a variation of the 
wave intensity /, according to 


Kz) = e” (5.5-10) 
where 
di 
ya) = 2 7. (5.511) 
i 


Conservation of energy thus requires that 


2 


di DEn 
7. = —(power absorbed per unit volume) = — > XE 








Using the last result in (55-11), as well as relation (1.3-26), 


4 


= 


CE 
I= IE 


2n 








where c/a = wk is the velocity of Dght m the medium, gives 


k i 
yw) = — xw 


li 


in agreement with (5.5-7). 


5.6 GAIN SATURATION IN HOMOGENEOUS LASER MEDIA 


In Section 5.3 we derived an expression (5.3-3) for the exponential gain constant 
due to a population inversion. It is given by 
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yy} = (Wa ~ Ny) tS atv) (5.6-1) 
where N, and N, are the population densities of the two atomic levels involved in 
the induced transition. There is nothing in (5,6-1) to indicate what causes the inver- 
sion (Nz — Ni) and this quantity can be considered as a parameter of the system. 
In practice the inversion is caused by a ‘‘pumping’’ agent, hereafter referred to as 
the pump, that can take various forms such as the electric current in injection lasers, 
the flashlamp light in pulsed ruby lasers, or the energetic electrons in plasma-dis- 
charge gas lasers. 

Consider next the situation prevailing at some point inside a laser medium in 
the presence of an optical wave. The pump establishes a population inversion, which 
in the absence of any optical field has a value AN”. The presence of the optical field 
induces 2 —> I and I — 2 transitions. Since N- > N, and the induced rates for 
2— | and i — 2 transitions are equal, it follows that more atoms are induced to 
undergo a transition from level 2 to level 1 than in the opposite direction and that, 
consequently, the new equilibrium population inversion is smaller than AN”. 

The reduction in the population inversion and hence of the gain constant brought 
about by the presence of an electromagnetic field is called gain saturation. Its un- 
derstanding is of fundamental importance in quantum electronics. As an example, 
which wil! be treated in the next chapter, we may point out that gain saturation 1s 
the mechanism that reduces the gain inside laser oscillators to a point where it just 
balances the losses so that steady oscillation can result. 

In Figure 5-6 we show the ground state 0 as well as the two laser levels 2 and 
1 of a four-level laser system. The density of atoms pumped per unit time into level 
2 is taken as Ra, and that pumped into 1 is |. Pumping into 1 is, of course, unde- 
sirable since it leads to a reduction of the inversion. In many practical situations it 
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laser 
leve] : 
I Laser 
Lower To transition 
spont 
laser p Wii) 
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l 
Pump fag f 
transitions 
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Ground state 
Figure §-6 Energy levels and transition rates of a four-level laser system. (The fourth level, 
which is involved in the original excitation by the pump, is not shown and the pumping 1s 
shown as proceeding directly into levels 1 and 2.) The total lifetime of tevel 2 is 1, where 
bits = pone + lh. | 
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cannot be avoided. The actual ‘‘decay”’ lifetime of atoms in level 2 at the absence 
of any radiation field is taken as 7s. This decay rate has a contribution tom that is 
due to spontaneous (photon emitting) 2 — | transitions as well as to additional 
nonradiative relaxation from 2 to I. The lifetime of atoms in level 1 is ¢,. The induced 
rate for 2 — 1 and 1 — 2 transitions due to a radiation field at frequency vis denoted 
by W.(-} and, according to (5.2-15), is given by 


Wir) = 28 _ 


= - 5.6-2 
TITA opon ( 


where g(v) is the normalized lineshape of the transition and /,, ts the intensity (watts 


per square meter) of the optical field. 
The equations describing the populations of levels 2 and 1 in the combined 


presence of a radiation field at v and a pump are: 





dN Na 

—= = R, — ~*~ (Ny — NWO) (5.6-3) 
dt fs 

dN N, N 

a! = R, -= + Z + (N = NOW.) (5.64) 
dt f fpont 


N, and N, are the population densities (n~ °) of levels 2 and 1 respectively. R, and 
R, are the pumping rates (m7 * — s~?) into these levels. N-/t, 1s the change per unit 
time in the population of 2 due to decay out of level 2 to all levels. This includes 
spontaneous transitions to | but zot induced transitions. The rate for the latter is 
NW.(v) so that the net change in X, due to induced transitions is given by the last 
term of (5.6-3), At steady state the populations are constant with nume, so putting 
didt = 0 in the two preceding equations, we can solve for N, Na, and obtain” 


R-t- ™ iR} + OR HE 


= —-ef“ (5.65) 
l +l + (1 tl War) 


N; ~~ 
where = tyton Hf the optical field is absent, W,(v) = 0, and the inversion density 
is given by 

AN? = Rot. — (Ri + GR), (5.66) 
we can use (5.6-6) to rewrite (5,6-5) as 
AN® 
N, — N, = aooo (5.67) 
1 + i pon Wr} 


where the parameter @ ts defined by 


sajra- oil 


“Levels 1 and 2 are assumed to be high enough (in energy} that the role of thermal processes in populating 
them can be neglected. 


ee l 
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We note that in efficient Jaser systems f, = fponte SO Ô = I, and that 7, € tz, so ġ 
= 1. Substituting (5.6-2) for W,(v), the last equation becomes 


AN” AN? 





N, - N, = ———— r E 5,648 
i 1 +lgA giyime hei, 1 + EEL) 668) 
where F.G, the saturation intensity, is given by 
Ran hy Sanh Brn hr 
LO) = anhe mn hy 8an hrår 6.69) 


PAROA (Elton ABO) (Uripo A? 
and corresponds to the intensity level (watts per square meter) that causes the in- 


version to drop to one half of its nonsaturated value (AN°). By using (5.6-8) in the 
gain expression (5.6-1), we obtain our final result 


y= — at | Gy 
ROS EFO Barn pon) 2 


= iY) (5.6-10) 
1 + AA) 
which shows the dependence of the gain constant on the optical intensity. 

In closing we recall that (5.6-10) applies to a homogeneous laser system. This 
is due to the fact that in the rate equations (5.6-3) and (5.6-4) we considered all the 
atoms as equivalent and, consequently, experiencing the same transition rates. This 
assumption is no longer valid in inhomogeneous laser systems. This case is treated 
in the next section. 


5.7 GAIN SATURATION IN INHOMOGENEOUS LASER MEDIA 


In Section 5.6 we considered the reduction in optical gain—that is, saturation—due 
to the optical field in a homogeneous laser medium. In this section we treat the 
problem of gain saturation in homogeneous systems. 

According to the discussion of Section 5.1, in an inhomogeneous atomic system 
the individual atoms are distinguishable, with each atom having a unique transition 
frequency (E, — E Xh. We can thus imagine the inhomogeneous medium as made 
up of classes of atoms each designated by a continuous variable £* Furthermore, we 
define a function p(£) so that the a priori probability that an atom has its £ parameter 
between £ and £ + df is p(é) dé. It follows that 


| page (57-1) 


since any atom has a unit probability of having its é value between —% and %, 


‘The variable £ can, as an example, correspond to the center frequency of the lineshape function e+) 
of atoms in group £ 


180 


INTERACTION OF RADIATION AND ATOMIC SYSTEMS 


The atoms within a given class é are considered as homogeneously broadened, 
having a lineshape function ¢*(v} that is normalized so that 


i gv) dy = | (5.7-2) 


In Section 5.1 we defined the transition lineshape g(r) by taking g(r) dr to 
represent the a priori probability that a spontaneous emission will result in a photon 
whose frequency is between rand y + dy. Using this definition we obtain 


a(v) dp = T. p(2)g*(¥) | dv (5.7-3) 


which is a statement of the fact that the probability of emitting a photon of frequency 
between r and r + dy is equal to the probability 2») dp of this occurrence, given 
that the atom belongs to class é, summed up over all the classes. 

Next we proceed to find the contribution to the inversion that is due to a single 
class & The rate equations are 


dN’ N3 
= = Rp - = — [NÉ — NAW) 
2 
JNE NE Né 
= = R pð -H + —- + [NE - NAW) (5.7-4) 
Í ti spon 


and are similar to (5.6-3) and (5.6-4), except that NË and N¥ refer to the upper and 
lower level densities of atoms in class ¢ only. The pumping rate (atoms/m”-sec) into 
levels 2 and | is taken to be proportional to the probability of finding an atom in 
class é and is given by R.p(é) and 2 p(), respectively. The total pumping rate tnto 
level 2 is, as in Section 5.6, R» since 


T Rep dé = R, i P(E) dE = R, 
where we made use of (5.7-1). The induced transition rate WF(») is given, according 
to (5.2-15), by 
2 


Wi) = gl, (5.7-5) 


BTA AI pon 


which is of a form identical to (5.6-2) except that 2*(v) refers to the lineshape func- 
tion of atoms in class £ The steady-state d/dt = 0 solution of (5.7-4) yields 


__AN pl) - (5.7%) 
1+ Pipon; (r) 


where AN” and ¢ have the same significance as in Section 5.6. The total power 
emitted by induced transitions per unit volume by atoms in class $ is thus 


NÍ — NE = 
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N'n( hp 


a 
LW + Orpon 


= (NÉ — NihvW(y) = (5.7-7) 


where the spontaneous lifetime is assumed the same for all the groups €. 
Summing (5.7-7) over all the classes; we obtain an expression for the total power 


at ¥ per unit volume emitted by the atoms 
AN°hy [” d 
P(v) _ ANthy | p$) dé (5,78) 
Vi tgo 17e WEO gon) + $ 
which, by the use of (5.7-5), can be rewritten as 
P AN’”hv [~ d 
PO) _ AN hy | —_Pe) ae __ (5.7-9) 
V fpont 17” Brn hA g Oo) + $ 


The stimulated emission of power causes the intensity of the traveling optical wave 
to increase with distance z according to J, = 7,0) exp [y(+)z], where 


difdz _ PWV ar 


yir) = T, 
ANA pvò)dr 
— Ppd l 
| Barn hon ice - [gO + OMB OF") 


where we replaced p(é) dé by ve) dve. This is our basic result. 

As a first check on (5.7-10}, we shail consider the case in which J, € 8an7*hv 
PA gU) and therefore the effects of saturation can be ignored. Using (5.7-3) in (5.7- 
10), we obtain 


_ ANY 
y0) = Bn ipon g) 
which is the same as (5.3-3). This shows that in the absence of saturation the ex- 
pressions for the gain of a homogeneous and an inhomogeneous atomic system are 
identical. 

Our main interest in this treatment is in deriving the saturated gain constant for 
an inhomogeneously broadened atomic transition. [f we assume that in each class £ 
all the atoms are identical (homogeneous broadening), we can use (5.1-9) for the 
lineshape function g*(7), and therefore, 


Ar 


£ ae - 
a) Qmf(Av2y + (r — va] (711) 


where Av is called the homegencous linewidth of the inhomogeneous line. Atoms 
with transition frequencies that are clustered within Av from each other can be 
considered as indistinguishable. The term ‘homogeneous packet’ is often used to 
describe them. Using (5.7-11) in (5.7-£0) leads to 
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O ANNA [* pivadr 
Tên tgan 1” (V — va? + (AMD? + (PA LAN 6r n hr) 


In the extreme inhomogeneous cases, the width of p(v,) is by definition very much 
larger than the remainder of the integrand in (5.7-12) and thus it is essentially a 
constant over the region in which the integrand is appreciable. In this case we can 
pull p( Ve) =v = ply} outside the integral sign in (5,7-12), obtaining 


_ AN On Ap 
LÓT R tepom 


” adv 
x | nn ; 
= (p — p + (An2y + pV Arlora hv (5.7-13) 


y(r) pir) 


Using the definite integral 





to evaluate (5.7-13), we oblain 


ne 2 
— AN A ply) l (5.7-14) 


ay = Bnn hoon V1 + A 1/4 aenthe Av 
I 
= Yol r} V1+ Ll. 


where f, = 4ar°n*av Avfdd? is the saturation intensity. A comparison of (5.7-15) 
with (5.6-10) shows that, because of the square root, the saturation—that is, decrease 
in gain—sets in more slowly as the intensity 7, is increased in the case of inhomo- 


geneous broadening. 


(5.7-15) 


Problems 


5,1 Consider a parallel REC circuit that is connected to a signal generator so that 
the voltage across it is 


u(t) = Va cos lmit 
Att = 0 the circuit is disconnected from the signal generator. 


a. What is the voltage v(t) for ¢ > 0? 
b. Find the Fourier transform V(w) of u(r). Show that in the high-@ case (where Q 


= 2avoRC) and for frequencies r = vy = V2arV LC, 


l 
PO E aa + Or 


c. Obtain the expression for the amount of average power P(r) absorbed by the 
RLC circuit from a signal generator with an output current 


if) = fy cos fmm 
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Show that the expression for P(r) is proportional to that of VO)? obtained in 
(b). 
5.2 Calculate the maximum absorption coefficient for the R, transition in pink ruby 


with a Cr’* concentration of 2 X 10! cm7*. Assume that fon, ~ 3 X 1077 second 
and Av = 11 cm~’. Compare the result to the absorption data of Figure 7-4. 


5.3 Show that if y(r) possesses a pole in the upper half plane, a step excitation 
e(t} would lead to a response p(t) that grows exponentially in time. Hint: Use the 
Fourier integral relation 


p(t) = | _, Pwexp(2an) dy 


PY) = Eqx{ vey) 
5.4 Show that for p(t) to be a real function 


aae) = XY) (1) 
or equivalently 
XY) = xC) 
Wee (2) 
XH) = ye) 


5.5 The equation of motion of a one-dimensional electron oscillator due to an 
electric field e(7) is 

dx 4 , k (P e tr 

— tgar t-t = -- 

dt” dt m m 
where x(t) is the excursion from the equilibrium position. g, k, and m are, respec- 
tively, the damping constant, the restoring (‘‘spring constant” ) coefficient, and elec- 
tron mass. The charge is —e. 

If e) = RelE exp(i2arvr)] and x(t) = Re[x(exp(i2a1)| 


a. Solve for the complex medium polarization, Pœ) = —Nex(v), where N is the 
density (m~ °} of electrons. 
b. Obtain an expression for the complex susceptibility y(r) defined by e9x{v) = 
POWER) 
The result should be 
Ne*/meq 
Xv) Any, — v7) + Dave 


where vg = l/2a'V kim. 
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Oscillation and Its 
Control in the 


Continuous and 
Pulsed Regimes 











INTRODUCTION 


In Chapter 5 we found that an atomic medium with an inverted population (N; > 
N) is capable of amplifying an electromagnetic wave if the latter's frequency falls 
within the transition lineshape. Consider next the case in which the laser medium is 
placed inside an optical resonator. As the electromagnetic wave bounces back and 
forth between the two reflectors, it passes through the laser medium and 1s amplified. 
If the amplification exceeds the losses caused by imperfect reflection in the mirrors 
and scattering in the laser medium, the field energy stored in the resonator will 
increase with time. This causes the amplification constant to decrease as a result of 
gain saturation (see (5.6-10) and the discussion surrounding it.) The oscillation level 
will keep increasing until the saturated gain per pass just equals the losses. At this 
point the net gain per pass is unity and no further increase in the radiation intensity 
is possible—that is, steady-state oscillation obtains. 

In this chapter we will derive the start-oscillation inversion needed to sustain 
laser oscillation, beginning with the theory of the Fabry-Perot etalon. We will also 
obtain an expression for the oscillation frequency of the laser oscillator and show 
how it is affected by the dispersion of the atomic medium. We will conclude by 
considering the problem of optimum output coupling and laser pulses. 


6.1 FABRY-PEROT LASER 


A two-mirror laser oscillator is basically a Fabry-Perot etalon, as studied in detail 
in Chapter 4, in which the space between the two mirrors contains an amplifying 
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medium with an inverted atomic population, We can account for the inverted pop- 
ulation by using (5.5-4). Taking the propagation constant of the medium as 
xo) X@) a 


i- (6.1-1) 


k(wo) =k+k 
(w) In 2n° ? 


where k — ia/2 is the propagation constant of the medium at frequencies well re- 
moved from that of the laser transition, y(w) = y'(w) — iy'(w) is the complex 
dielectric susceptibility due to the laser transition and is given by (5.3-8) and (5.4-9). 
Since a accounts for the distributed passive losses of the medium, ' the intensity loss 
factor per pass is exp (— al). 

Figure 6-] shows a plane wave of (complex) amplitude £; that 1s incident on 
the left mirror of a Fabry-Perot etalon containing a laser medium. The ratio of 
transmitted to incident fields at the left mirror is taken as ¢,; and that at the right 
mirror as t». The ratios of reflected to incident fields inside the laser medium at the 
left and right boundaries are r; and rz, respectively. 

The propagation factor corresponding to a single transit is exp (—ik'!) where 
k’ is given by (6.1-1} and / is the length of the etalon. 

Adding the partial waves at the output to get the total outgoing wave E, we 
obtain 


E, = thE F + rye P+ rine Rt t] 


which is a geometric progression with a sum 


pee! 
E =E, — Z 
1 - rre T 


E z E i a 6. ”) 
i [ - rarae tet Ab gtr a ; 


where we used (5.3-3), (6.1-1), and the relation k’ = k + Ak + ity — @)/2 with 





X (w) 
Ak= k 
2n? 
"w 
y= =k aa (6.1-3) 
i? 
= (N, — N;) Ban oY) (6.1-4) 
i spont 


‘in addition to and in the presence of the gain attributable to the inverted laser transibon, the medium 
may possess a residual attenuation due to a variety of mechanisms, such as scattenng at imperfections, 
absorption by excited atomic levels, and others. The attenuation resulting from all of these mechanisms 
is lumped into the distributed loss constant a. 
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Figure 6-1 Model used to analyze a laser oscillator. A laser medium (that is, one with an 
inverted atomic population) with a complex propagation constant &'(«w) is placed between two 
reflecting mirrors. 


If the atomic transition is inverted (Na > N), then y > 0 and the denominator 
of (6.1-2) can become very small. The transmitted wave E, can thus become larger 
than the incident wave £;. The Fabry-Perot etalon (with the laser medium) in this 
case acts as an amplifier with a power gain j£,/E,|*, We recall that in the case of the 
passive Fabry—Perot etalon {that is, one containing no laser medium), whose trans- 
mission is given by (4.1-7), |Æ] = [E and thus no power gain is possible, In the 
case considered here, however, the inverted population constitutes an energy source, 
so the transmitted wave can exceed the incident one. 

If the denominator of (6.1-2) becomes zero, which happens when 





pirog ETAREN ftw) alt = ] (6.1-5) 


then the ratio E,/E; becomes infinite. This corresponds to a finite transmitted wave 
E, with a zero incident wave (£, = 0)—that is, to oscillation. Physically, condition 
(6.1-5) represents the case in which a wave making a complete round tmp inside the 
resonator returns to the starting plane with the same amplitude and, except for some 
integral multiple of 27, with the same phase. Separating the oscillation condition 
(6.1-5) into the amplitude and phase requirements gives 


ryrje oral = ] (6.1-4) 
for the threshold gain constant +,(@) and 
2[k + åka = 20m m= 1,2,3,... (6.1-7) 


for the phase condition. The amplitude condition (6.1-6) can be written as 
l 
y¥(@) = a — fi In rira (6.1-8) 
which, using (6.1-4), becomes 


2 
N, = (Na ~ Nid = ——_F* (« —-In nra) (6.1-9) 
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This is the population inversion density at threshold.’ It is often stated in a different 


4 
form.’ 


Numerical Example: Population Inversion 





To get an order of magnitude estimate of the critical population inversion (N; — 
N D, we use data typical of a 6328 A He-Ne laser (which is discussed in Section 
7.5). The appropriate constants are 


6.328 xX 10-7 cem 


a 
I 


f spont = 1077 SEC 





(The last figure is the Doppler-broadened width of the laser transition.) 
The cavity decay time ¢, is calculated from (6.1-10) assuming a = 0 and R, = 
R, = 0.98. Since R) = R, = 1, we can use the approximation ~In x = 1 — x, x = 


1, to write 
= ET = 2 X 107" second 
Using the foregoing data in {6.1-11), we obtain 
N, = 10° em™ 


“Ht was derived originally by Schawlow and Townes in their classic paper on the feasibility of lasers: see 
Reference [1]. 

Consider the case in which the mirror losses and the distributed losses are al] small, and therefore = 
I, 73 = | and exp (—at) = 1. A wave starting with a unit intensity will retum after one round trip with 
an intensity R R, exp (—2a/), where A, = ri and R, = r3 are the mirtors” reflectivities. The fractional 
intensity loss per round trip 13 thus ] — R, exp (—2ed). Since this loss occurs in a time Zine, it 
corresponds to an exponential decay time constant ¢, (of the intensity) given by 


1 l o Rike e 


b Jin 
Therefore, ihe energy € stored in the passive resonator decays as d€/dt = —Sst, Since R Rae fats |, 
we can use the relation } x  —In x, x = 1, to write lft, as 
| | 
~.f E — Ip rn] (6.1-16) 
ron Í 


and the threshold condition {6.1-9} becomes 
ETA bccn 


41-1] 
cat) ( ) 


N, = (A ~ No), = 


where N = Na - Ni and the subscnpt t signifies threshold. 
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Figure 6-2 consists of a plot (a) of the transmission factor |E,/F|’ and (b) and 
reflection factor |E,/E,|* of a Fabry-Perot etalon as a function of the phase delay per 
round trip. Each curve is for a different value of the distributed gain constant y. We 
note that when e” > 1; i.e., when the net gain per pass exceeds unity, the transmis- 
sion exceeds unity and the etalon functions as an amplifier. 

it is especially interesting to note the narrowing of the peaks as the oscillation 
condition e” = 1/R = 0.97" is approached. The spectral distribution of the output 
of a laser oscillator can be viewed as made up of one of these peaks with the effective 
input being that of the spontaneous emission. This point of view is explored further 
in Section 10.6. 


6.2 OSCILLATION FREQUENCY 


The phase part of the start oscillation condition as given by (6.1-7} is satisfied at an 
infinite set of frequencies, which correspond to the different values of the integer m. 
If, in addition, the gatn condition (6.1-6) is satisfied at one or more of these fre- 
quencies, the laser will oscillate at this frequency. 

To solve for the oscillation frequency we use (6.1-3) to rewrite (6.1-7) as 





x) 
ki f + 52 = Mr (6.2-1} 
Introducmng 
me 
= — 6.2-2 


so that it corresponds to the mth resonance frequency of the passive [V. — N, = 0] 
resonator and, using relations, 


! — Z(H T V} ii 
x'w) Ap x? 
k i 
yo) = a 
M 
we obtain from (6.2-1) 
[az] 
fi ( Ap 2| Von (6.2-3) 


where vg 15 the center frequency of the atomic lineshape function. Let us assume 
that the laser length is adjusted so that one of its resonance frequencies r, is very 
near vo. We anticipate that the oscillation frequency r will also be close to r, and 
take advantage of the fact that when v = ro, the gain constant y(r) is a slowly 
varying function of v»; see Figure 5-5 for y"(v), which is proportional to y(¥). We 
can consequently replace yir) in (6.2-3) by (Pah and (ro ~ by (Fo — Pal 
obtaining 
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Figure 6-2 (a) The transmission |E,/E,|’ versus phase shift per round trip @ = 2(k — mm) of 
a Fabry-Perot etalon filled with an atomic medium. The different curves correspond to dif- 
ferent values of gain (or loss) of the medium. Curve Cie” = 1) corresponds to transparency. 


(b} The reflection [EZE]? of a Fabry-Perot etalon, 
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¥Mnde 
Jan Av 


P= Vm — (Vn — Vo) (6.2-4) 
as the solution for the oscillation frequency r. 

We can recast (6,2-4) in a slightly different, and easier to use, form by starting 
with the gain threshold condition (6.1-6). Taking, for simplicity ri = r2 = VR and 
assuming that R ~ 1 and œ = 0, we can write (6.1-8) as’ 


1-R 
ya) = Era 
We also take advantage of the relation 
c(l — R) 
Avip = — 
"We 21H 


which relates the passive resonator linewidth Av, to R (this relation follows from 

(4.7-7) for a = 0 and R = 1) and write (6.2-4) as 

Avin 
Av 


A study of (6.2-5) shows that if the passive cavity resonance v,, coincides with the 
atomic line center—that is, vy, = ¥y—oscillation takes place at v = vo. If tm F Vo, 
oscillation takes place near v,, but is shifted slightly toward vo. This phenomenon 
is referred to as frequency pulling and is demonstrated by Figure 6-3. 





(6.2-5) 


VE Vey — (Em — Yo) 


‘This result can be obtained by putting R = 1 — A, where 4 = 1. Equation (6. 1-6} becomes lty = 
I+ AS y= A= {i - RL 








a 
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Figure 4-3 A graphical illustration of the laser frequency condition [Equation (6.2-1}] show- 
ing how the atomic dispersion y’(v) “‘pulls’’ the laser oscillation frequency, », from the 
passive resonator value, Ve, toward that of the atomic resonance at rp. 
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6.3 THREE- AND FOUR-LEVEL LASERS 


Lasers are commonly classified into the so-called ‘three-level’ or ‘‘four-level’’ 
lasers. An idealized model of a four-level laser is shown in Figure 6-4. The feature 
characterizing this laser is that the separation £, of the terminal laser level from the 
ground state is large enough that at the temperature T at which the laser is operated, 
E, > KT. This guarantees that the thermal equilibrium population of level 1 can be 
neglected. If, in addition, the lifetime ¢, of atoms in level 1 is short compared to ty, 
we can neglect V, compared to N- and the threshold condition (6.1-11) is satisfied 
when 


N, = N, (63-1) 


Therefore, laser oscillation begins when the upper laser level acquires, by pumping, 
a population density equal to the threshold value N, 

A three-level laser is one in which the lower laser level is either the ground state 
or a level whose separation E, from the ground state is small compared to kT, so 
that at thermal equilibrium a substantial fraction of the total population occupies this 
level. An idealized three-level laser system is shown in Figure 6-5. 

Ata pumping level that is strong cnough to create a population VN, = N, = No/ 
2 in the upper laser level,” the optical gain y is zero, since y œ% N, ~ N, = 0. To 
satisty the oscillation condition the pumping rate has to be further increased until 


Na N, 
N- = — + — 
7 9 2 
and 
No ON, 
N = — — — 6.22 


*Here we assume that because of the very fast transition rale e out of level 3, the population of this 
level is negligible and W, + N: = Np, where Ny is the density of the active atoms, 


v, Very last 
id we iransiion 
(rate = ty) 
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Figure 6-4 Energy-leve) diagram of an idealized four-level laser. 
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Figure 6-5 Energy-level diagram of an idealized three-level laser. 


so Na — Ni = Ne Since in most laser systems No > N,, we find by companng 
(6.3-1) to (6.3-2) that the pump rate at threshold in a three-level laser must exceed 
that of a four-level laser—all other factors being equal—by 


(N 2) 3-level a No 


(N 2 Yate yel 2N l 


In the numerical example given in the next chapter we will find that in the case 
of the ruby laser this factor is ~ 100, 

The need to maintain about N,/2 atoms in the upper level of a three-level laser 
calls for a minimum expenditure of power of 


Nae 


or, (6.33) 


(P s)t-tevel = 


and of 
NAvV 


2 





(Paice = (6.34) 
in a four-level laser. V is the volume. The last two expressions are derived by mul- 
tiplying the decay rate (atoms per second) from the upper level at threshold, which 
is NoV/2t, and N,V/t, in the two cases, by the energy Av per transition. If the decay 
rate per atom t;' (seconds ‘) from the upper level is due to spontaneous emission 
only, we can replace ża bY tapon: Fs 18 then equal to the power emitted through 
fluorescence by atoms within the (mode) volume F at threshold. We will refer to it 
as the critical fluorescence power. In the case of the four-level laser we use (6.1-11) 
for N, and obtain 


NAvV _ Bm hArv t spont 
ty AL fy 





(6.35) 


(Pe etever = 


where Av = 1/g(vo) is the width of the laser transition lineshape. 
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Numerical Example: Critical Fluorescence Power of an Nd** : Glass Laser 





The critical fluorescence power of an Nd?" : glass laser is calculated using the fol- 
lowing data: 


i= 10cm 
V = 10 cmt 
A = 1.06 X 10-° meter 


R = (mirror reflectivity) = 0.95 
1.5 


i 


it 


nl 
i. = ——— = 10°" second 
(1 — Rye 


Av = 3 X 10" Hz 


i 


The Nd** : glass is a four-level laser system (see Figure 7-11), since level 1 is about 
2,000 cm~! above the ground state so that at room temperature E; = 1OkT. We can 
thus use (6.3-5), obtaining N, = 8.5 X 10'° cm”? and 


P, = 150 watts 


6&4 POWER IN LASER OSCILLATORS 


In Section 6.1 we derived an expression for the threshold population inversion N, at 
which the laser gain becomes equal to the losses. We would expect that as the 
pumping intensity is increased beyond the point at which N, — N, = N, the laser 
will break into oscillation and emit power. In this section we obtain the expression 
relating the laser power output to the pumping intensity. We also treat the problem 
of optimum coupling—that is, of the mirror transmission that results in the maximum 


power output. 


Rate Equations 


Consider an ideal four-level laser such as the one shown in Figure 6-4. We take E, 
= kT so that the thermal population of the lower laser level 1 can be neglected. We 
assume that the critical inversion density N, 1s very smal] compared to the ground- 
state population, so during oscillation the latter is hardly affected. We can conse- 
quently characterize the pumping intensity by R; and R,, the density of atoms 
pumped per second into levels 2 and J, respectively. Process R,, which populates 
the lower level 1, causes a reduction of the gain and is thus detrimental to the laser 
operation. In many laser systems, such as discharge gas lasers, considerable pumping 
into the lower laser level is unavoidable, and therefore a realistic analysis of such 
systems must take R, into consideration. 
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The rate equations that describe the populations of levels 1 and 2 become 


iN, 


di = — N05, ~~ WANS -= N,) + R, (6.4-1) 


dN, 


F = -N iwo + Mwa + WAN, — N) + R, (6.4-2) 


«,, 1s the decay rate per atom from level i to j; thus the density of atoms per second 
undergoing decay from i to j is N,a,,. If the decay rate is due entirely to spontaneous 
transitions, then w; 1s equal to the Einstein A,; coefficient introduced in Section 3.1. 
W, is the probability per unit time that an atom in level 2 will undergo an induced 
(stimulated) transition to level | (or vice versa). W, given by (5.2-15), is proportional 
to the energy density of the radiation field inside the cavity. 

Implied in the foregoing rate equations is the fact that we are dealing with a 
homogeneously broadened system. In an inhomogeneously broadened atomic tran- 
sition, atoms with different transition frequencies (E — E, Xh experience different 
induced transition rates and a single parameter W, is not sufficient to characterize 
them. 

In a steady-state situation we have N, = N, = 0. In this case we can solve 
(6.4-1) and (6.4-2) for N, and N, obtaining 


Rail — (ag /@ gl + R/R] 


N P N 1 7 

A necessary condition for population inversion in our model is thus wa < tho 
which is equivalent to requiring that the lifetime of the upper laser level w,,' exceed 
that of the lower one. The effectiveness of the pumping is, according to (6.4-3), 
reduced by the finite pumping rate R, and lifetime wo of level 1 to an effective 


value 
R 
R= Rs -2a fi e2) (6.4-4) 
iin R, 


so (6.4-3) can be written as 


Na- N = ——— 6.45 
=a (645) 
Below the oscillation threshold the induced transition rate W; is zero (since the 
oscillation energy density is zero) and N, — N is, according to (6.4-5), proportional 
to the pumping rate R. This state of affairs continues until È = N.@5,, at which point 
N, — N, aches the threshold value [see (6.1-11)}] 


3 3 
_ Sin V tepon _ San Vt spon V (6.46) 


hg ( Vy) ct, 


This is the point at which the gain at vo due to the inversion is large enough to make 
up exactly tor the cavity losses (the criterion that was used to derive N.) Further 
increase of N, — NV, with pumping is impossible in a steady-state situation, since it 
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would result in a rate of induced (energy) emission that exceeds the losses so that 
the field energy stored in the resonator will increase with time in violation of the 
Steady-state assumption, 

This argument suggests that, under steady-state conditions, Na — N must re- 
main equal to N, regardless of the amount by which the threshold pumping rate is 
exceeded. An examination of (6.4-5) shows that this is possible, provided W, is 
allowed to increase once R exceeds its threshold value w, A, sọ that the equality 


R 


= 6.4-7 
W, + ay ( ) 


18 satisfied. Since, according to (5.2-15), W, is proportional to the energy density in 
the resonator, (6.4-7) relates the electromagnetic energy stored in the resonator to 
the pumping rate R. To derive this relationship we first solve (6.4-7) for W,, obtaining 


W, = 5 — æl R = Nido, (6.4-8) 


The total power generated by stimulated emission is 





P, = (N,V)WAY (6.49) 
where V is the volume of the oscillating mode. Using (6.4-8) in (6.4-9) gives 
P, R 
m N21 (E = i) R = Nay, (6.4-10) 


This expression may be recast in a slightly different form, which we will find useful 
later on, We use expression (6.4-6) for N, and, recalling that in our idealized model 
W = tpos Obtain 


Pe Rk p 
= Nia (Z 1) R> (6.411) 


where 


o Bror ban’ Av 
"gvo e 


According to (4.0-12), p corresponds to the density (meters~*) of radiation modes 
whose resonance frequencies fal! within the atomic transition linewidth Av—thar is, 
the density of radiation modes that are capable of interacting with the transition. 

Retuming to the expression for the power output of a laser oscillator (6.4-11), 
we find that the term R/(p/t,) is the factor by which the pumping rate R exceeds its 
threshold value p/f.. In addition, in an ideal laser system, wn = tIon, SO WE can 
identify N,w,,4vV with the power P, going into spontaneous emission at threshold, 
which is defined by (6.3-5). We can consequently rewrite (6.4-11) as 


(6.4-12) 


R 
P_= P. ( - 1) (6,4-13) 


i 
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Figure 6-6 Plot of output power versus electric power input to a xenon lamp in a CW 
CaF,:U'* laser. Mirror transmittance at 2.61 am is 0.2 percent, T = 77 K. (After Reference 
(2].) 


The main attraction of (6.4-13) is in the fact that, in addition to providing an 
extremely simple expression for the power emitted by the laser atoms, it shows that 
for each increment of pumping, measured relative to the threshold value, the power 
increases by P,. An experimental plot showing the linear relation predicted by (6.4- 
13) is shown in Figure 6-6. 

In the numerical example of Section 6.3, which was based on an Nd?* : glass 
laser, we obtained P, = 150 watts. We may expect on this basis that the power from 
this laser for, say (R/R,) = 2 (that is, twice above threshold) will be of the order of 
150 watts. 


6.5 OPTIMUM OUTPUT COUPLING IN LASER OSCILLATORS 


The total loss encountered by the oscillating laser mode can conveniently be attrib- 
uted to two different sources: {a} the inevitable residual loss due to absorption and 
scattering in the laser material and in the mirrors, as well as diffraction losses in the 
finite diameter reflectors; (b) the (useful} loss due to coupling of output power 
through the partially transmissive reflector. It is obvious that loss (a) should be made 
as small as possible since it raises the oscillation threshold without contributing to 
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the output power. The problem of the coupling loss (b), however, is more subtle. At 
zero coupling (that is, both mirrors have zero transmission) the threshold will be at 
its minimum value and the power P, emitted by the atoms will be maximum. But 
since none of this power is available as output, this is not a useful state of affairs. 
If, on the other hand, we keep increasing the coupling loss, the increasing threshold 
pumping will at some point exceed the actual pumping level. When this happens, 
oscillation will cease and the power output will again be zero. Between these two 
extremes there exists an optimum value of coupling (that is, miror transmission) at 
which the power output is a maximum, 
The expression for the population inversion was shown in (6,4-5) to have the 
form 
Riad, 


N- N, = 


1 + Wiw, (6.51) 


Since the exponential gain constant y(r) ts, according to (5.3-3), proportional to N, 
— N,, we can use (6.5-1) to write it as 


Yo 
= —_— 6.52 
Y T+ Wo, 6.52) 
where Yo is the unsaturated (W; = 0) gain constant {that is, the gain exercised by a 
very weak field, so that W, = w,). We can use (6.4-9) to express W, in (6.5-2) in 
terms of the total emitted power P, and then, in the resulting expression, replace 
N, VA rw by P,. The result is 


Ya 

= ——— 6.53 

YT + PJP, (6.9) 

where P,, the saturation power, is given by (6.3-4). The oscillation condition (6.1- 

6) can be written as 

el — Ly = ] (6.554) 

where L = 1 — rira exp (ai) is the fraction of the intensity lost per pass. In the 
case of small losses (L < 1), (6.5-4) can be written as 

yi =e (6.5-5) 

According to the discussion in the introduction to this chapter, once the oscillation 

threshold is exceeded, the actual gain y exercised by the laser oscillation is clamped 


at the threshold value y, regardless of the pumping. We can thus replace Y by Y, in 
(6.5-3) and, solving for P,, obtain 


_ So _ 
P, = P, ( 7 (6.56) 


where 29 = Yol (that is, the unsaturated gain per pass in nepers}. P., we recall, 15 
the total power given off by the atoms due to stimulated emission. The total loss per 
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pass L can be expressed as the sum of the residual (unavoidable) loss £; and the 
useful mirror transmission” T, so 


L=L,+T (6.57) 


The fraction of the total power P, that is coupled out of the laser as useful output 1s 
thus TAT + L). Therefore, using (6.5-6) we can write the (useful) power output as 


fo T 
= — ó. 
P, = P, ( 1 ToL ( 5-8) 


Replacing F, in (6.5-8) by the nght side of (6.3-5), and recalling from (4.7-2) that 
for small losses 








,o -=-” (6.5-9) 
(+T Le 


Equation (6.5-8} becomes 


BTR RVA vA Zo 2o 
= ————_ T | — - |] = | AT | — - 1 6.5-10 
P Allinga) z +T É =“ 


where A = VA is the cross-sectional area of the mode (assumed constant) and /, 1s 
the saturation intensity as given in (3.6-9). Maximizing Fy with respect to 7 by setting 
dP, f/aT = 0 yields 


Ta = -L + Vego (6511) 


as the condition for the mirror transmission that yields the maximum power output. 
The expression for the power output at optimum coupling is obtained by sub- 
stituting (6.5-11) for T m (6.5-10). The result, using (5.6-9), is 


San*hvAva (Ve, - VL = LA(Ve, _ VLY 


l Fahm = (t (tolfepon) A” 
= §(Veo - VL (65-12) 


where the parameter $ = FA is defined by (6.5-12} and ts independent of the exci- 
tation level (pumping) or losses. 

Theoretical plots of (6.5-10) with L; as a parameter are shown in Figure 6-7. 
Also shown are experimental data points obtained in a He-Ne 6328-A laser, Note 
that the value of gq is given by the intercept of the L, = 0 curve and is equal to 12 
percent. The existence of an optimum coupling resulting in a maximum power output 
for each L; is evident. 

It is instructive to consider what happens to the energy @ stored in the laser 
resonator as the coupling T is varied. A little thinking will convince us that € is 


For the sake of simplicity we can imagine one mirror as being perfectly reflecting, whereas the second 
{OULDUL nurror has a transmittance T. 
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Figure ó-7 Useful power output (P) versus mirror transmission T for various values of in- 
temal loss Z, in an He-Ne 6328 A laser. (After Laures, Phys, Lett. 10:61, 1964.) 
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Figure 6-8 Power output P, and stored energy € plotted against mirror transmission T. 
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pruportional to P,/T.’ A plot of P, (taken from Figure 6-7) and € « P,/T as a function 
of the coupling T is shown in Figure 6-8. As we may expect, € is a monotonically 
decreasing function of T. 


6.6 MULTIMODE LASER OSCILLATION AND MODE LOCKING 


In this section we contemplate the effect of homogeneous or inhomogeneous broad- 
ening (in the sense described in Section 5.1) on the laser oscillation. 

We start by reminding ourselves of some basic results pertinent to this discus- 
sion: 


1, The actual gain constant prevailing inside a laser oscillator ar the oscillation 
frequency v is clamped, at steady state, at a value that ts equal to the losses 


j 
ya 7m rts (6. 1-8) 


where / is the length of the gain medium as well as the distance between the 
mirrors which are taken here to be the same. 

2. The gain constant of a distributed laser medium is given, according to (5.3-3), 

” = Wa- N) i av 

yir) { 2 1 Bart igon E 

3. The optical resonator can support oscillations, provided sufficient gain is present 
to overcome losses, at frequencies” v, separated according to (4.6-3) by 


Pott Pg = Onl 

Now consider what happens to the gain constant y(v) inside a laser oscillator 
as the pumping is increased from some value below threshold. Operationally, we 
can imagine an extremely weak wave of frequency ¥ launched into the laser medium 
and then measuring the gain constant y(r) as ‘‘seen’’ by this signal as r is vaned. 

We treat first the case of a homogeneous laser. Below threshold the inversion 
N, — N, is proportional to the pumping rate and y(v), which is given by (5.3-3), is 
proportional to g(r). This situation is illustrated by curve A in Figure 6-9(a). The 
spectrum (4.6-3) of the passive resonances is shown in Figure 6-9(b). As the pumping 
rate is increased, the point is reached at which the gain per pass at the center reso- 
nance frequency ¥ is equal to the average loss per pass. This is shown in curve B. 
At this point, oscillation at ro starts. An increase in the pumping cannot increase the 
inversion since this will cause y(v,) to increase beyond its clamped value as given 
by Equation (6.1-8). Since the spectral lineshape function g{») describes the response 


"The internal one-way power P, incident on the mirrors is related, by definition, to #, by A, = P,T. The 
total energy € is proportional to F,- 


"The high-order transverse modes discussed in Section 4.5 are ignored here. 
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Figure 6-9 {a} Single-pass pain curves for a homogeneous atamic system (A—below thresh- 
old: B—at threshold; C—well above threshold). (b) Mode spectrum of optical resonator. {c) 
Oscillation spectrum (only one mode oscillates). (d) Single-pass gain curves for an mhomo- 
geneous atomic system (A—below threshold; 8—at threshold; C--well above threshold). (e) 
Mode spectrum of optical resonator. {f} Oscillation spectrum for pumping level C., showing 
three oscillating modes. 


of each individual atom, all the atoms being identical, it follows that the gain profile 
y(r) above threshold as in curve C is identical to that at threshold curve B” The 
gain at other frequencies—such as v_,, Ph P-n Pa and so forth—remains below 
the threshold value so that the ideat homogeneously broadened laser can oscillate 
only at a single frequency. | 

In the extreme inhomogeneous case, the individual atoms can be considered as 
being all different from one another and as acting independently. The lineshape 
function g(r) reflects the distribution of the transition frequencies of the individual 
atoms. The gain profile y() below threshold is proportional to 2(¥), and its behavior 
is similar to that of the homogeneous case. Once threshold is reached as in curve 8, 
the gain at vp remains clamped at the threshold value. There is no reason, however, 
why the gain at other frequencies should not increase with further pumping. This 
gain is due to atoms that do not communicate with those contributing to the gain at 
vo. Further: pumping will thus lead to oscillation at additional longitudinal-mode 
frequencies as shown in curve C. Since the gain at each oscillating frequency 1s 
clamped, the gain profile curve acquires depressions at the oscillation frequencies. 
This phenomenon is referred to as “hole burning’ [7]. 


"Further increase in pumping. and the resulting increase in optical intensity, will eventually cause a 
broadening of yir) due to the shoriemng of ihe lifetime by induced emission. 
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Figure 6-10 (a) Inhomogeneously broadened Doppler gain curve of the 6328 A Ne transition 
and position of allowed longitudinal-mode frequencies. (b) Intensity versus frequency profile 
of an oscillating He-Ne laser. Six modes have sufficient gain to oscillate (After Reference 


(8].) 


A plot of the output frequency spectrum showing the multimode oscillation of 
a He-Ne 0.6328-4m laser is shown in Figure 6-10. 


Mode Locking 


We have argued above that in an inhomogeneously broadened laser, oscillation can 
take place at a number of frequencies, which are separated by (assuming n = 1) 


TC 
i, — ma] = 


li 
= 


Now consider the total optical electric field resulting from such multimode oscillation 
at some arbitrary point, say next to one of the mirrors, in the optical resonator. It 
can be taken, using complex notation, as 


gelt) = » E, g Teut rutin] (6.61) 


where the summation is extended over the oscillating modes and wy 1s chosen, 
arbitrarily, as a reference frequency. @, is the phase of the nth mode. One property 
of (6.6-1) is that e(t) is periodic in T = 2a/w = 2i/c, which is the round-trip transit 
time inside the resonator 


er +T) = ` E, exp í io + w: + 22) + || 


= 2, En exp {il(w + nwt + l} exp | |2» 5 + a) 
r (6.62) 
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Since wyw 1s an integer (wg = marcii), 


Note that the periodic property of e(t) depends on the fact that the phases @, are 
fixed. In typical lasers the phases œ, are likely to vary randomly with ume. This 
causes the intensity of the laser output to fluctuate randomly'® and greatly reduces 
its usefulness for many applications where temporal coherence 15 important. 

Two ways in which the laser can be made coherent are: First, make it possible 
for the laser to oscillate at a single frequency only so that mode interference 1s 
eliminated. This can be achteved in a variety of ways. including shortening the 
resonator length /, thus increasing the mode spacing (w = aeli} to a point where 
only one mode has sufficient gain to oscillate. The second approach 1s to force the 
modes’ phases œ, to maintain their relative values. This ts the so-called “mode 
locking” technique proposed and demonstrated in the early history of the laser [9, 
10, 11]. This mode locking causes the oscillation iniensity to consist of a periodic 
train with a period of T = 2e = 27/w. 

One of the most useful forms of mode locking results when the phases d, are 
made equal to zero. To simplify the analysis of this case, assume that there are V 
oscillating modes with equal amplitudes. Taking £, = | and @, = Om (6.6-1) gives 


en 
at) = D ehta (6.63) 
(~ -- [2 
sin (Newi/2) 
= gl 6.64 
E sin (wt?) (9-64) 


The average laser power output is proportional to e(ne*(r) and is given by”! 


sin? (Neat /?) 
Cc —_——___. 


6.65 
sin” (wi/?) ( ) 


Pir} 


Some of the analytic properties of P(r} are immediately apparent: 


l. The power is emitted in a form of a train of pulses with a period T = 27/w = 
2ife, ie., the round-trip delay time. 

2. The peak power, P(sT) (for s = 1, 2. 3,.-..) is equal to N times the average 
power, where N is the number of modes locked together. 

3. The peak field amplitude is equal to N times the amplitude of a single mode. 

4, The individual pulse width, defined as the time from the peak to the first zero 
is Tt, = T/N. The number of oscillating modes can be estimated by N = 
Aw/w—that is, the ratio of the transition lineshape width Aw to the frequency 





Mt should be noted that this fluctuation lakes place because of random interference between modes end 
not because of mtensity fluctuations of individual modes. 


''The averaging ts performed over a time that is dong compared with the optical period 2 m/w, but shon 
compared with the modulation period 2 aw. 
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spacing w between modes. Using this relation, as well as T = 2min T = T/ 
N, we obtain 


~ — =o ó.6ő 

OT Aw Ap (669) 

Thus the length of the mode-locked pulses is approximately the inverse of the 
gain linewidth. 


A theoretical plot of P(t) as given by (6.6-5) for the case of five modes (N = 
5) is shown in Figure 6-11. The ordinate may also be considered as being propor- 
tional to the instantaneous field amplitude. 

The foregoing discussion was limited to the consideration of mode locking as 
a function of time. It is clear, however, that since the solution of Maxwell’s equations 
in the cavity involves traveling waves (a standing wave can be considered as the 
sum of two waves traveling in opposite directions), mode locking causes the oscil- 
lation energy of the laser to be condensed into a packet that travels back and forth 
between the mirrors with the velocity of light c. The pulsation period F = 2e 
corresponds simply to the time interval between two successive arrivals of the pulse 
at the mirror. The spatial length of the pulse L, must correspond to its time duration 
multiplied by its velocity c. Using Tọ = T/N we obtain 

Ly ~ om = = eT (6.67) 

We can verify the last result by taking the basic resonator mode as a standing 

wave sin „z sin w,f; the total optical field is then 


D sin e + nj 


e(z, f) = 


| sin in + n) = ] (6.68) 
as -iN 1y] i 

where, using (4.6-3), œ, = (m + nmel), k, = @,/c, and m is the integer (equal 
to the number of half wavelengths m = (I/M/2)) corresponding to the central mode. 
We can rewrite (6.6-8) as 


LA 


wInlensity 
rh ar) 


g 
-0.2-0.1 0 01 02 03 04 0506 07 08 09 1.0 
rT 
Figure 6-11 Theoretical plot of optical field amplitude V Pir) œ lsin (Newri2¥ sin (we/2)| 


resulting from phase locking of five (NV = 5) equal-amplitude modes separated from each 
other by a frequency interval w = 27T. 
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z= + N 





Figure 6-12 Traveling pulse of energy resulting from the mode locking of X laser modes; 
based on Equation (6.6-9). 


l T 
e(z, D=: ` co fo +c io en 
L n=—iN-1y2 i 


— cos [on +n) F (z + e|} (6.69) 


which can be shown to have the spatial and temporal properties described previously. 
Figure 6-12 shows a spatial plot of (6.6-9) at time t. 


Methods of Mode Locking 


In the preceding discussion we considered the consequences of fixing the phases of 
the longitudinal modes of a laser—mode locking. Mode locking can be achieved by 
modulating the losses (or gain) of the laser at a radian frequency w = ac/l, which 
is equal to the intermode frequency spacing. The theoretical proof of mode locking 
by loss modulation (References |2, 9, and 10} is rather formal, but a good plausi- 
bility argument can be made as follows: As a form of loss modulation consider a 
thin shutter inserted inside the laser resonator. Let the shutter be closed (high optical 
loss) most of the time except for brief periodic openings for a duration Of Tope, CVETY 
T = 2e seconds. This situation is illustrated by Figure 6-13. A single laser mode 


Shutter Shutter open 
closed / \ 





Figure 6-13 Periodic losses introduced by a shutter to induce mode locking. The presence of 
these losses favors the choice of mode phases that results in a pulse passing through the 
shutter during open intervals—that is, mode locking. 
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will not oscillate in this case because of the high losses (we assume that Tupen 18 too 
short to allow the oscillation to build up during each opening). The same applies to 
multimode oscillation with arbitrary phases. There is one exception, however. If the 
phases were ‘‘locked’’ as in (6.6-3), the energy distribution inside the resonator 
would correspond to that shown in Figure 6-12 and would consist of a narrow 
(Lo = H/N) traveling pulse. If this pulse should arrive at the shutter’s position when 
it is open and if the pulse (temporal) length +, is short compared to the opening time 
Topen: the mode-locked pulse will be ‘‘unaware’’ of the shutter's existence and, 
consequently, will not be attenuated by it. We may thus reach the conclusion that 
loss modulation causes mode locking through some kind of survival of the fittest”? 
mechanism. In reality the periodic shutter chops off any intensity tails acquired by 
the mode-locked pulses due to a ‘‘wandering’’ of the phases from their ideal (@, = 
0) values. This has the effect of continuously restoring the phases. 

An experimental setup used to mode-lock a He-Ne laser is shown in Figure 
6-14; the periodic loss [11] is introduced by Bragg diffraction (see Sections 12.2 
and 12.3) of a portion of the laser intensity from a standing acoustic wave. The 
standing-wave nature of the acoustic oscillation causes the strain to have a form 


Sz, t) = So cos wf cos kyz (6.610) 


where the acoustic velocity is v, = waka Since the change in the index of refraction 
is to first order, proportional to the strain S(z, t}, we can interpret (6.6-10) as a phase 
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Figure 6-14 Experimental setup for laser mode locking by acoustic (Bragg) loss modulation. 
The loss is due to Bragg diffraction of the main laser beam by a standing acoustic wave. Parts 
A, B, C, and D of the experimental setup are designed to display the fundamental component 
of the intensity modulation, the power spectrum of the intensity modulation, the power spec- 
tum of the optical field e(r), and the optical intensity, respectively. (After Reference [12].) 
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diffraction grating {see Sections 12.2, 3) with a spatial period 2 a/k,,, which is equal 
to the acoustic wavelength. The diffraction loss of the incident laser beam due to 
the grating reaches its peak twice in each acoustic penod when $(z. t) has its max- 
imum and minimum values. The less modulation frequency ws thus 2@,, and mode 
locking occurs when 2, = «, where mw is the (radian) frequency separation between 
two longitudinal jaser modes. 

Figure 6-15 shows the pulses resulting from mode locking a Rhodamime 6G dye 
laser. 

Mode locking occurs spontaneously in some lasers if the optical path contains 
a saturabie absorber (an absorber whose opacity decreases with increasing optical 
intensity). This method is uscd to induce mode locking in the high-power pulsed 
solid-state lasers [13, L5] and tn continuous dye lasers. This ts due to the fact that 
such a dye will absorb less power from a mode-tocked train of pulses than from a 
random phase osciliation of many modes |2], since the first form of oscillation leads 
to the highest possible peak intensities, for a given average powcr from the taser, 
and is consequently attenuated less severely. From arguments identical with those 
advanced in connection with the periodic shutter (see discussion following [6.6 9]), 
it follows that the presence of a saturable absorber in the laser cavity will **foree™’ 
the laser, by a “survival of the fittest” mechanism, to lock its modes’ phases as in 
(6.6-9). 

Some of the shortest mode-locked pulses to date were obtained from dye lasers 
employing Rhodamine 6G as the gain medium. The mode locking is caused by 
synchronous gain modulation that is due to the fact that the pumping (blue-green) 
argon gas laser 1s itself mode-locked. The pump pulses are synchronized exactly to 
the pulse repetition rate of the dye laser. (This requires that both lasers have precisely 





€—~33 ns) 


Figure 6-15 Power output as a function of time of a mode-locked dye laser, using Rhodamine 
6G. The oscillation is at A = 0.61 um. The pulse width is detector limited (After Reference 


[}2i.) 
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the same optical length.) When this is done, the dye laser gain medium will be 
pumped once in each round-trip period so that the pumping pulse and the mode- 
locked pulse overlap spatially and temporally in the dye cell. 

Additional sharpening of the mode-locked pulses can result from the inclusion 
of a saturable (dye) absorber in the resonator. 

A sketch of a synchronously mode-locked dye laser configuration is shown in 
Figure 6-16. 

Additional amplification of the output pulses of the dye laser by a sequence of 
three to four dye laser amplifier cells (consisting of Rhodamine 6G pumped by the 
pulsed second harmonic of Q-switched Nd°* : YAG lasers) has yielded subpicose- 
cond pulses with peak power exceeding 10° watts. 

The shortest pulses obtained to date are ~30 X 107" s [28]. These pulses have 
been narrowed down further to ~6 X 10 '° s by the use of nonlinear optical tech- 
niques that are described in Section 6.8. 

Ultrashort mode-locked pulses are now used in an ever-widening circle of ap- 
plications involving the measurement and study of short-lived molecular and elec- 
tronic phenomena. The use of ultrashort optical pulses has led to an improvement 
of the temporal resolution of such experiments by more than three orders of mag- 
nitude. For a description of many of these applications as well as of the many 
methods used to measure the pulse duration, the student should consult References 
[31-33]. 

Mode locking in semiconductor lasers is of particular interest owing to the very 
large gain bandwidth in these media. These lasers offer potential operation m the 
10-20 femtosecond range although present results are far of this goal [43, 44]. Of 
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Figure 6-16 Synchronously mode-locked dye laser configuration. (After Reference [2].) 
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Table 4-1 Some Laser Systems, Their Gain Linewidth Av, and the Length of 


Their Pulses in the Mode-Locked Operations 
a a  —______ 


Ay, (Ap! Observed Pulse Duration 

Laser Medium Hz Seconds To, seconds 
He-Ne -1.5 x 10° 6.66 x 1g I ~6 x 190°" 
(0.6328 um) 
CW 
Nd:YAG ~1.2 x 16" 8.34 x 197)! -76x 10 " 
{1.06 um) 
CW 
Ruby 6x 1P” L66 x 107" ~12x 10"! 
(0.6934 ym) 
pulsed 
Nd**:glass 3x 10° 3,33 x 107 ~3x 19" 
pulsed 
Rhodamine 6G rol J0" 3x 197" 
{dye laser}(0.6 um} 
Diode lasers 107 9 4 x 107 


special interest is the possibility of controlling the gain and loss by means of multiple 
electrodes [36]. 

Table 6-Ł lists some of the lasers commonly used in mode locking, along with 
the achievable pulse durations. 


Theory of Mode Locking (9, 10} 


We have argued above that the introduction of a time-periodic loss, or gain, into a 
laser oscillator will cause phase locking between the otherwise independent, longi- 
tudinal modes of the resonator. A necessary condition is that the frequency of this 
modulation be equal to a multiple integer of the intermode frequency separation (free 
spectral range) of the resonator. This follows from the gating argument leading to 
Figure 6-14 or, equivalently, from the requirement that optical sidebands at wa + 
w,,, which arise from loss modulation of optical mode wg, coincide in frequency 
with those of modes iey. 

The theoretical treatment of this problem consists of solving Maxwell's equa- 
tions for oscillation of an optical resonator with gain (due to inversion) and a time- 
periodic loss. The loss and gain will be accounted for by using a time-dependent 
conductivity, a(t), in the equations 


VX H = oE + iweE (6.6-11) 
VX E= —iwpH (6.6-12) 
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By taking the curl of (6.6-12}, using VXV XE=VWV EÐ- VE,V-E=0, 
and replacing Y x H by the right side of (6.6-11}, we obtain 


WE + oe — E9 E=0 (6.613) 


for any of the Cartesian components of the resonator field E. 

We first obtain the resonant mode solution of (6.6-13) with ott) = 0. The 
simplest such solution is that of modes in a plane, two (infinite) mirror, resonator of 
length €. These modes are given by (6.6-8), A linear combination of these modes is 


Ez, f} = ` ay sin (2 z) sin (ae | (6.6-14) 


Since c” = (pe) |, each term in (6.6-14) satisfies Equation (6.6-12) with g = 0, 
and so does the total field £(z, z) for any arbitrary choice of the mode amplitudes 


Gy. 


If we now turn on the periodic loss modulation e(t), the field solution (6.6-14) 

no longer satisfies the oscillator wave equation (6.6-13}. However, we can still use 
, . , TT 

the complete and orthonormal basis function set sin 7 z f to expand Etz, t) at any 


instant ¢ in the segment 0 < z < f. 


EG, Ù = X a(t) sin (we j sin (2 | (6.615) 


4 


- , , TE ; ; . , 
Here we view a,(f} sin (ae j merely as the Fourier series expansion coefficient 


of the field at instant £, Le., 
F(z, t) = >, b,{t) sin (2) 
, é 
b(t) = a,(#) sin (a: r) (6.6-16) 


The major and fundamental difference is that in comparison to free oscillation, 
(6.6-14), the coefficients a, (r) are no longer arbitrary and are related to each other. 
They must be obtained by solving (6.6-13). 

In the case of mode locking, we represent the periodic loss modulation by taking 


a(t) = Co + oil) COS Wel (6.617) 


We use (6.6-17) in (6.6-13), in which the field £ is taken in the form of (6.6-15). A 
detailed derivation is presented, for example, in References [10, 37]. The key result 
is that when the modulation frequency w, is equal to the intermode frequency sep- 


aration, w,, = ry , we obtain a solution wherein all the modes have the same phase, 
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Le., d; = Go, dy any constant. This corresponds to the ultra-short pulse form of mode 
locking discussed at the beginning of this section. 


6.7 MODE LOCKING IN HOMOGENEOUSLY BROADENED LASER SYSTEMS 





The analysis of mode locking in inhomogeneous laser systems in Section 6.6 as- 
sumed that the role of internal modulation was that of locking together the phases 
of modes that, in the absence of modulation, oscillate with random phases. In the 
case of homogeneous broadening, only one mode can normally oscillate. Experi- 
ments, however, reveal that mode locking leads to short pulses in a manner quite 
similar to that described in Section 6.6 and therefore must involve multimode os- 
cillation, One way to reconcile the two points of view and the experiments is to 
realize that in the presence of internal modulation, power 1s transierred continuously 
from the high gain mode to those of lower gain (that is, those which would not 
normally oscillate). This power can be viewed simply as that of the sidebands at {wg 
+ neo) of the mode at wg created by a modulation at w. Armed with this understand- 
ing we see that the physical phenomenon is not only one of mode locking but one 
of mode generation. The net result, however, is that of a large number of oscillating 
modes with equal frequency spacing and fixed phases, as in the inhomogeneous 
case, leading to ultrashort pulses. 

The analytical solution to this case [24, 25, 26] follows an approach used ong- 
inally to analyze short pulses in traveling wave microwave oscillators [40}. 

Referring to Figure 6-17, we consider an optical resonator with mirror reflec- 
tivites A, and R, that contains, in addition to the gain medium, a periodically mod- 
ulated loss cell. The method of solution is to follow one pulse through a complete 
round trip through the resonator and to require that the pulse reproduce itself. The 
temporal pulse shape at each stage is assumed to be Gaussian. 

Before proceeding, we need to characterize the effect of the gain medium and 
the loss cell on a traveling Gaussian pulse. 






Luss cell 


Laser medium 
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Figure 6-17 The experimental arrangement assumed in the theoretical analysis of mode lock- 
ing tn homogeneously broadened lasers. 
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TRANSFER FUNCTION OF THE GAIN MEDIUM 


Assume that an optical pulse with a field £,,(f} is incident on an amplifying optical 
medium of length i Taking the Fourier transform of F,,(t) as Eit). the amplifier 
can be characterized by a transfer function g) where 


Edw) = Ealag lo) (6.7-1) 


is the Fourier transform of the ourput field. Equatton (6.7-1) is a linear relationship 
and applies only in the limit of negligible saturation. 
Using (6.1-1), (5.3-8), and (5.4-9) we have 


1, OL, 
giw) = exp {a f tap X - ty | 


ao bag [E BNET: 
p m) BAP thon [1 + Ko- o 


mat 
= exp {it F = [L ~ iw — Ta — (@ ao T] 


where k = wnie and f is the length of the amplifying medium and we define T, = 
(m Av) '. The approximation is good for (a — wofa < 1. We recall that AN < 0 
for gain. Since the pulse is making two passes through the cell, we take 


E wud) 


= {e(w)}? = exp{ —i2k/ + ¥ mast | Kw a wota 7 (@ 7 D TiN 
Enl) 


The imaginary terms in the exponent correspond to a time delay (due to the finite 
group velocity of the pulse) of 
Zl 
Ta =— + L¥maxt 2 
c 


We are considering here only the effect on the pulse shape so that, ignoring the 
imaginary term,'? we obtain 


[g(o)*] = graette] (6.7-2) 


TRANSFER FUNCTION OF THE LOSS CELL 


Here we need to express the effect of the loss cell on the pulse in the time domain. 
Assume that the single pass amplitude transmission factor T(t) of the koss cell 
is given by 


E ant) — EOE = E „expl 28; SI (7AV axial a) 


' The finite propagation delay affects the round-trip pulse propagation time that must be equal to the 
penod of the loss modulation, 


2\4 
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where Av,,i., the longitudinal mode spacing, is given by 
AV axial = < 

dl, 

where /, is the effective optical length of the resonator. The transmission peaks are 

thus separated by 2/./c sec so that a mode-locked pulse can pass through the cell on 

successive trips with minimum loss. Since the pulses pass through the cell centered 


on the point of maximum transmission, we approximate the expression for E mli) 
by 


Eq) = E,()TO) = E,(Oexp[-267(TAv at) (6.7-3) 


We can view the form of (6.7-3) as the prescribed transmission function of the 
cell. The form, however, is suggested by physical considerations. In the case of an 
electrooptic shutter with a retardation (see Section 9.3) C(t) = [sin @,,t, the trans- 
mission factor is T(t} = cos*(T(t)/2). Near the transmission peaks T6) < 1 and 7(#) 
18 given by 

Ti) = expla nom?) = exp(—287( TANT 
where w,, = TAP aa and I, = 2V26,. 

We now retum to the main analysis. The starting pulse f,(f) in Figure 6-17 is 
taken as 


ft) = Ae ekwors Bey (6.7-4) 
corresponding to a ‘‘chirped’’ frequency 
wlt) = wo + 2B yt (6.7-5) 


Its Fourier transform is 


oo 


Fila) = 5 | poa 


i 
Ajo l pee - aa) (6.74) 
g 2 ¥ (a, — ip) mae Aæ, ~ iB) l 


A double pass through the amplifier and one mirror reflection (r,) are accounted for 
by multiplying Flw) by the transfer factor [glo r; 


Fa) = Folgi ri 
SDA gy loo l ~ en tt r)} 
Te yaa — BP EO OP Laan = ip)” 
(6.7-7) 


where go = Yma and [g(w)]’ is given by (6.7-2). Transforming back to the time 
domain 
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fat) = f Fiw ur dey 


_ ryAe* WT ad a _ in: a 
on == [ew (2i — t) /4Q} (6.78) 


-— l 2 
2 = 4{a, — iB,) + Bol (67-9) 








where 


A reflection from mirror 2 and a passage through the loss cell lead according to 
(6.7-3) to 


F: 
fiH = nfe 26rm Avena) 


a 
_ ia „Åe“ o l geu pT (28H maw agian)? +A (6.7-10) 


2 (a, — ipg 


For self-consistency we require that f(r) be a replica of f (t). We thus equate the 
exponent of (6.7-10) to that of (6.7-4) 


i 
a“, = 26¢(4 Aves)” + Re (4) 


40 
B, = —Im L (6.710) 
l 40 ' 
Using (6.7-9), the second equation of (6.7-11} gives 


B, = ee -a 
' + 4goT2a,) + (4¢0T 3B) 


so that a self-consistent solution requires that 
B, = 0 
that is, no chirp. With 8, = Ô the first of (6.7-11), becomes 


ey 


28}(mAv,,.3)° + —————- = av 
i ) (I + 4eoT3a;) 


i (6.7-12) 


that, assuming 
4goTia, < ] (6.7-13) 


results in 


286 T: 
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Figure 6-18 A schematic drawing of the mode-locking experiment in a high pressure CO, 
laser. (After Reference [39].} 


The pulse width at the half intensity points is from (6.7-4) 
Tp = (2 In 2a 1? 


so that the self-consistent pulse has a width 


ing eA f 1 \" 
_@h 2go) fdl 
Se) Go) om 


where Av = (nT) '. The condition (6.7-13) can now be interpreted as requiring 
that 7, > 2V/goT>, which is true in most cases. 

An experimental setup demonstrating mode locking in a pressure broadened 
CO, laser is sketched in Figure 6-18. The inverse square root dependence of 7, on 
Av is displayed by the data of Figure 6-19, while the dependence on the modulation 
parameter 6, is shown in Figure 6-20. 
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Av — Gain linewidth (MHz} 
Figure 6-19 The dependence of the pulse width on the gain linewidth, Av, that is controlled 
by varying the pressure (Av = 8 X [0* at 150 torr). (After Reference [391.) 
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Modulation parameter (5,7) 
Figure 6-20 The mode-locked pulse width as a function of the modulation parameter, êf. 
(After Reference [34].} 


MODE LOCKING BY PHASE MODULATION 


Mode locking can be induced by internal phase, rather than Joss, modulation. This 
is usually done by using an electrooptic crystal mside the resonator oriented in the 
basic manner of Figure 9-7 such that the passing wave undergoes a phase delay 
proportional to the instantaneous electric field across the crystal. The frequency of 
the modulating signal is equal, as in the loss modulation case, to the inverse of the 
round-trip group delay time, that is, to the longitudinal intermode frequency sepa- 
ration. 

We employ an analysis similar to that of the homogeneous case except that the 
transfer function through the modulation cell is taken, mstead of (6.7-3), as 


Ealt) = E(D exp(—i26, cos 27Av,,ia t) (6.7-15) 


For pulses passing near the extrema of the phase excursion, we can approximate the 
last equation as 


Ealt) = E(t) exp(Fi26, + BAT Abin ta) (6.7-16) 
An analysis identical to that leading to (6.7-14) yields 
(21n2y fA f po V 
Ta = E) — (6.?-17) 
T by AD anal Av 
In this case self-consistency leads to a chirped pulse with 
is. 
B= ta= ETAD ag Av | 47-18 
A Zg, (6.7-18) 
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The upper and lower signs in (6. 7-16) and (6.7-18) correspond to two possible pulse 
solutions, one passing through the cell near the maximum of the phase excursion 
and the other near its minimun. 

We note that (6.7-17) is similar to the loss modulation result (6.7-14) except 
that &, appears instead of 8;. The difference can be traced into a difference between 
(6.7-3) and (6.7-15), The choice of notation in both cases is such that 6corresponds 
to the retardation (phase delay per pass) induced hy the electrooptic crystal. 


6.8 PULSE LENGTH MEASUREMENT AND NARROWING OF CHIRPED PULSES 


The problem of measuring the duration of mode-locked ultrashort pulses is of great 
practical and theoretical interest. Since the fastest conventional optical detectors 
possess response times of ~2 X 1077" s, it is impossible to use these optical detectors 
to measure directly the short (7 < [07 '' s} mode-locked pulses. A number of tech- 
niques invented for this purpose all take advantage of some nonlinear process to 
obtain a spatial autocorrelation trace of the optical intensity pulse, The measurement 
of a pulse of a duration, say, of To = 107" s is thus replaced with measuring the 
spatial extent of an autocorrelation trace of length er, = 0.3 mm, which ts a relatively 
simple task. 

In what follows we will describe one such method, the one most widely used, 
that is based on the phenomenon of optical second harmonic generation. The process 
of second harmonic generation is developed in detail in Chapter 8. It will suffice for 
the purpose of the present discussion to state that when an optical pulse 


e = Refé e] (6.81) 


is incident on a nonlinear optical crystal it generates an output optical pulse e(r} at 
twice the frequency with 


elt = Rebane x Reitin] (6.82) 


A sketch of a second harmonic system for measuring the pulse length ts shown 
in Figure 6-21. The laser emits a continuous stream of mode-locked pulses. Each 
individual pulse (Ne ™ is divided by a beam splitter into twa equal intensity pulses. 
One of these pulses is advanced {or delayed) by 7 seconds relative to the other. The 
two pulses recombine again in a nonlinear optical crystal. The second harmonic (2w) 
pulse generated by the crystal is incident on a *‘slow’’ detector whose output current 
is integrated over a time long compared to the optical pulse duration. 

The total optical field incident on the nonlinear crystal is the sum of the direct 
and retarded fields 


eat) = Re{[6,() + Ee — ne le} 
= Refine ”'] 
é(t) = E + Ea- pe (6.8-3) 
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Figure 4-21 The second harmonic generation autocorrelation setup for measuring the width 
of mode-locked ultrashort pulses. 
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According to (6.8-2), the second harmonic field radiated by the crystal has a complex 
amplitude that ts proportional to the square of the complex amplitude @(7) of the 
incident fundamental field. 


BAN © [E+ Se - Ney 
= EN) + EIU — eM" + TEYE =- e"*" (6.84) 


The second harmonic field, ¢.( = Re[%,(f) exp (i2w#)] is incident next on the 
optical detector (photomultiplier, diode, etc.) whose output current ig (see Section 
11.1} is proportional to the incident intensity. Using (6.8-4) we can obtain 


it) & CANER = ENERO + Ee- ete -— DP 
+ 4€ WETCU — DETE- + sr) (6.85) 


where s(7) 1s composed of terms with cos wr and cos 2m7 dependence. Since these 
terms fluctuate with a delay period Ar ~ 107'° s, a small unintentional or deliberate 
integration (smearing) over the delay 7 averages them out to near zero. The term 
s(t) is consequently left out. 

Since the temporal (f) variation of the first three terms in (6.8-5) is on the scale 
of picoseconds (or less), the much slower optical detector inevitably integrates the 
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current i,(f), with the result that the actual output from the optical detector is a 
function of the delay (7) only 


IAT) & (P(t) + (Pir — 1) + AOE = 1) (6.84) 
where the angle brackets signify time-averaging and the intensity I(t) is defined’? as 


Kt) = €,(¥6%(1). By dividing both sides of (6.8-6) by (/°(1)) and recognizing that 
(P(t) = Ute — 1), the normalized detector output becomes 


L(t) = b + 2GO(r) (6.8-7) 
where G'?7), the second-order autocorrelation function of the intensity pulse, 1s 
defined by 
(KONE = 2) 

(P) 
In the case of a well-behaved ultrashort coherent light pulse of duration Tp, we 
have 


G7) = (6.8-8) 


(0) = 3 i AT © To) = | 


since GOXO) = 1 and GPT > To) = 0. 

A plot of i,{7) versus + will consist of a peak of (normalized) height of 3 atop 
a background of unity height. The central peak will have a width ~ Tọ. 

It is important in practice to be able to distinguish between the case just dis- 
cussed and that of incoherent light (such as light due to a laser oscillating in a large 
number of independent modes). In this case we have i,(0) = 3 (since even incoherent 
light is correlated with itself at zero delay). For r > 0, or more precisely for 7 longer 
than the coherence time of the light, we have 

aa He - 2) ay’ 

COO = Bay > Po) (6.89) 
since Kr) and Kt — 7) are completely uncorrelated. For truly incoherent light of the 
type we are considering here, the time-averaging indicated in (6.8-9) can be re- 
placed by ensemble averaging so that 


(Pu) = i aE di (6.8-10) 
where p(/) is the intensity distribution function so that p(/)d/ is the probability that 
a measurement of / will result in a value between / and / + di. For incoherent light'* 


l 
(7) = — ath 
ew 


3A proportionality constant involved in this definition is left out since it cancels out in the subsequent 
division of Equation (6.8-9). 

“This follows directly from the fact that the optical field distribution p(e) for the field of an mcoherent 
beam function js Gaussian. 
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Figure 6-22 The second harmonic (averaged) integrated intensity due to two optical pulses 
as a function of time delay between them for the case (left) of an incoherent source and (nght) 
coherent mode-locked optical pulses. 


which when used in (6.8-10) gives 
(PQ) = KIY 
and, returning to (6.8-7), 


KOY _ > 
D) 


A plot of i,(7) versus rin the case of incoherent light should thus consist of a 
very narrow peak of height 3 on a background of height 2. The general features of 
the coherent mode-locked pulses and the incoherent light 1s depicted in Figure 6-22. 

The determination of the original pulse width from the width of the second 
harmonic correlation trace is somewhat ambiguous. We can show by performing the 
integration indicated by (6.8-8) that the width (at half-maximum) to of G(7) and 
To of Kt are related as in the case of the ‘‘popular’’ waveforms tabulated in the left 
column of Table 6-2. 

We conclude this section by showing in Figure 6-23 the autocorrelation trace 
of one of the shortest optical pulses (To ~ 30 X 107" s) produced to date. It is 
interesting to note that within such a pulse the light rises and falls a mere 15(!} times. 


L(7 > O)«x 14+2 


Table 4-2 Some Simple Pulse Widths 





KÀ tof To 
1{0 = ¢ = fg), zero otherwise i 
4 la 2° 
Exp |- n r ' v2 
Tå 
1.762 
2 | —— 1.55 
sech í z ) 
{In 2x o 
-= t] @=0 
exp ( m ) G = 0) 3 


<e 


222 


THEORY OF LASER OSCILLATION AND ITS CONTROL IN THE CONTINUOUS AND PULSED REGIMES 


30 femtosecond pulse 


Intensity (arbitrary units) 





—O.2 -0j 0 0.1 0.2 
Time (ps) 


Figure 6-23 The autocorrelation trace of a mode-locked dye laser (A ~ 6100 A) pulse. 


With just one order of magnitude improvement we should thus be able to isolate a 
single optical cycle. There may, however, be some compelling reasons (and the 
student is encouraged to think of some) why this development may not take place 
anytime soon. 


Pulse Narrowing by Chipping and Compression 


Mode locking of a laser oscillator was shown in Section 6.6 to lead to a mode of 
oscillation consisting of a continuous train of ultra-short pulses. The width of each 





pulse is 7, ~ where (Aw),,,, is the spectral width over which the gain is 


Aw),ain 
capable of sustaining oscillation. It is, however, possible to further reduce the pulse 
width beyond the limit (Aw) by employing nonlinear optical techniques. To lend 
some plausibility to the new ideas that we will soon introduce, we remind ourselves 
of the exact formal analogy that exists between the diffractive propagation of an 
optical beam in free homogeneous space and that of an optical pulse propagation in 
a dispersive channel (fiber). This analogy was discussed in Section 3.6. 

The propagation of an optical pulse, f(t) exp(iwot}, through a length Z of a 
dispersive fiber was found in Equation (3.5-4) to be described by 

FQ) = A(O) "E E in (6.8-11) 
where f,(Q2} and f,(Q) are the Fourier transforms of the input and output pulse 
envelopes f,(z) and f,(t), respectively, and 8” = a" Bido. 

The propagation of a confined optical beam with a transverse profile u(x) was 
found in Section 1.6 to obey 


2 
#o(K) = (K) aoli E (6.8-12) 
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The exact formal analogy of (6.8-11) and (6.8-12) suggests that it should be possible 
to construct a temporal analog of the well-familiar spatial optical demagnification 
by a lens as illustrated in Figure 6-24. Such a system can be used to narrow optical 
pulses. All that is needed is a time lens, a device that multiplies an incoming optical 
field by exp(iat”), which is the exact analog of the factor exp(ikx7/2f) by which the 
spatial lens multiplies an incoming beam. 

Our temporal pulse narrower is illustrated in Figure 6-24(a). The input pulse 
envelope, before narrowing, is taken as a Gaussian 


fi) = ext IT) (6.813) 


with a (FWHM) intensity width Ar = V2¢n2z7,. Passage through the ume lens 
multiplies f(t) by a phase factor, exp(iAt‘/75) 


fat = exp[—-(1 — iA)(t/7,)"] {6.8-14) 
The total field at plane 2 ts 
2 
F(t) = faltjexpliwg) = expl- itir y] exp | os + af) | (6,8-15) 
Tp 
if we write E(t) = exp [—(t/s,)° + i(r)], the instantaneous frequency is w(t) = 


ddldt 


) 


Al 
wt) = = oe + 4(+ = o + A (6.8-16) 
T 
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ib) Lens 
P) i . r 1 
Figure 6-24 The equivalence between temporal focusing (pulse narrowing) in (a) and spatial 


focusing by a conventional lens in (b). Notice that a chirped optical pulse corresponds to a 
Gaussian spatial beam with a curve wavefront. 
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corresponding to a linear “chirp.” The pulse width, however, is unaffected by the 
lens. The lens, however, modifies the spectrum of the pulse. To find the spectrum 
we take the Fourier transtorm of falt) 


3 , 
F -J P _ Tt iA 2 
fO) par TA) on WI +A) (Qr) | (6.8-17) 


The effect of the chirp is thus to increase the spectral width (FWHM) by the factor 


V1+ Az. 


Time Lenses 


The fact that the time lens has increased the spectral width while preserv- 
ing the total pulse energy implies redistribution of power among the spectral 
components. This, by definition, cannot be accomplished by a limear passive 
device. We will, indeed, find that our practical candidates for time lenses all 
employ nonlinear techniques. One such method employs self-phase modula- 
tion in a medium with a large Kerr coefficient, 1.e., a medium where the index 
of refraction depends on the light intensity, 2 = A» + nal (Kerr effect). F = 
intensity (watts/m’), na a constant of the material, Consider, for example, a 
Gaussian intensity pulse, 


1 = Ip exp(—2at”) 


entering a nonlinear medium characterized by 12 so that the index of refraction 
iS A = Aa + m KD 


En = Eo exp(-at’) 


I, = Ig exp(—2at’) 


it} 
The pulse will emerge at z = L with a phase delay factor, eo) z [ro + 


zo: 


If we expand the Gaussian pulse as X) = fal — Jar +...) and keep 
only the first two terms, we find that the delay factor becomes 


E „a = Eq, X delay factor 


Jwana 
= fy expl- at") eo — of J 
j 


and has, according to (6.8-15), the requisite chirp to serve as a time lens. We 
left out an inconsequential fixed phase and group delay. An exact treatment 
of this topic will be given in Chapter 17. 
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The pulse f,(t) is thus no longer transform-limited since its ime-bandwadth product 


2n2 
AvAr = ELE (1 + AD = 0.44131 + AQ! (6.8-19) 
TW 


exceeds the minimum value for a Gaussian pulse by (1 + A*)'?. This excess band- 


width should make it possible, in principle, to reduce the pulse width, employing 
passive means, by the factor (1 + A*)'", which will result, again, in a compressed 
transform-limited pulse. 

In the spatial example of Figure 6-24{a), the narrowing of the spatially 
‘‘chirped’’ pulse is accomplished by propagating it through the appropriate distance 
Ł in space. The temporal equivalent is to propagate the chirped pulse through a 
dispersive device with transfer characteristics of the form of (6.8-11). This results 
in 


fM = hoel ~i £ Le] 


a aot 2 fr 
-|T apf mr of _ Ate _ _ PL) 
fnll - iA) SI al + AY) (z +A Df P| C820) 


where L is the length of the dispersive channel. If the condition 





Hi Ar; 
BL = “3 + A3 (6.821) 


is satisfied, the output is given by 


Z 2 
r — al _ (On) A B-22 


which corresponds in the time domain to 
Fi 
fat) = FFO) = VI FiA a-a + A?) 2) (6.8-23) 
F 


The width of the output is thus compressed to 


O ÀT 
(A Teomp _ VIHA 


For A > 1, the compression ratio is ~A. This compression ratio is thus exactly the 
factor by which the spectral width is increased by the chirping. A simple integration 
shows that 


(6.924) 


I. FOF dt = | _ | felt) dt = | _ | AO? at (6.8-24) 


so that the pulse energy is conserved. 
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The Grating Pair Compressor 


ln the above example, a fiber with group velocity dispersion (8" # 0) was employed 
in order to compress the chirped pulse. The essential feature of the fiber was its 
transfer function, given by Equation (6.8-20) as 


Transfer function of fiber (length L} = o -2 Le | 

Any other device with a transfer function of the form exp(ib!)*), where b is some 
real constant, can thus serve as compressor provided b can be adjusted in magnitude 
as well as sign. A commonly used pulse-narrowtng configuration is the dual grating 
telescope compressor [41, 42, 43] illustrating in Figure (6-25). It is based on the fact 
that different Fourier components (12) of the incident optical beam are diffracted by 
the gratings along different directions, thus following paths of different length be- 
tween the input and output, accumulating in the process a differential phase BN. 

Figure 6-26 shows intensity profiles, obtained by second harmonic autocorre- 
lation, of a chirped and a compressed pulse in the experiment depicted by Figure 
6-25. The input pulse is compressed from an initial width of 5.2 ps to 0.32 ps. This 
corresponds, according to (6.8-24), to a compression ratio A ~ 16. The Arf Å Thamp 
product is ~0.45, close to the theoretical limit of 0.44, which indicates that the pulse 
is as narrow as allowed by its spectral content, i.e., it is transform-limited. 

A semiconductor laser excited by current pulses or pulsating due to mode lock- 
ing is naturally chirped. This is due to carrier density, hence, index of refraction 
transients in the active region. This makes the output pulses of such lasers natural 
candidates for compression. Chirping in semiconductor laser is treated in Chapter 
15. 









eee eee ees 


Figure 6-25 A dual-grating telescope pulse compressor (after Reference [43]). 
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Second harmonic intensity, normalized 





-20 -15 -i0 -5 0 4 10 15 20 
Time delay, ps 
Figure 6-26 Intensity autocorrelation of uncompressed and compressed pulses. The com- 
pression ratio is ~A = 16. (After Reference [43]). 


6.9 GIANT PULSE (6-swifched) LASERS (19) 


The technique “*Q-switching’’ ts used to obtain intense and short bursts of oscillation 
from lasers; see References [16-18], The quality factor Q of the optical resonator is 
degraded (lowered) by some means during the pumping so that the gain (that is, 
inversion N, ~ N) can build up to a very high value without oscillation. (The 
spoiling of the Q raises the threshold inversion to a value higher than that obtained 
by pumping.) When the inversion reaches its peak, the © is restored abruptly to its 
(ordinary) high value. The gain (per pass) in the laser medium is now well above 
threshold. This causes an extremely rapid buildup of the oscillation and a simulta- 
neous exhaustion of the inversion by stimulated 2 — | transitions. This process 
converts most of the energy that was stored by atoms pumped into the upper laser 
level into photons, which are now inside the optical resonator. These proceed to 
bounce back and forth between the reflectors with a fraction (1 — R) ‘‘escaping”’ 
from the resonator each time. This causes a decay of the pulse with a characteristic 
time constant (the ‘*photon lifetime”) given in (4.7-3) as 


= ni 
AiR) 


Both experiment and theory indicate that the total evolution of a giant laser 
pulse as described above is typically completed in ~2 X 107" second. We will 
consequently neglect the effect of population relaxation and pumping that take place 
during the pulse. We will also assume that the switching of the Q from the low to 
the high valuc is accomplished instantaneously. 

The laser is characterized by the following variables: œ; the total number of 
photons in the optical resonator, n = (Nə — N DF; the total inversion: and t., the 
decay time constant for photons in the passive resonator. The exponential gain con- 
stant y is proportional to 2. The radiation intensity / thus grows with distance as H2) 
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= j exp (yz) and difdz = yi. An observer traveling with the wave velocity will see 


it grow at a rate 
a dide fe) 
d dzd | Nn 


and thus the temporal exponential growth constant is y(c/n). If the laser rod ts of 
length L while the resonator length is F, then only a fraction L/F of the photons is 
undergoing amplification at any one time and the average growth constant is 


ye( Lin’). We can thus write 
dd _ yb l 
a í ni n Om") 


where —qit. is the decrease in the number of resonator photons per unit time due 
to incidental resonator losses and to the output coupling. Defining a dimensionless 
time by 7 = t/t, we obtain, upor multiplying (6.9-1} by t., 


db _ Y Yolal? 
aleve | s2 | 


where y, = (nd/eLt.) is the minimum value of the gain constant at which oscillation 
(that is, dødt = 0) can be sustained. Since, according to (5.3-3} y 1s proportional 
to the inversion n, the last equation can also be written as 


@ 4 |z - j (6.9-2) 


where n, = N,V is the total inversion at threshold as given by (6.1-9). 

The term @(n/n,) in (6.9-2) gives the number of photons generated by induced 
emission per unit of normalized time. Since each generated photon results from a 
single transition, it corresponds to a decrease of An = —2 in the total inversion. We 
can thus write directly 





a = -26" (6.93) 


The coupled pair of equations, (6.9-2) and (6.9-3), describes the evolution of @ 
and x, It can be solved easily by numerical techniques. Before we proceed to give 
the results of such calculation, we will consider some of the consequences that can 


be deduced analytically. 
Dividing (6.9-2) by (6.9-3) results in 
ao mi 
di 2n 2 


and, by mtegration, 
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Assuming that ¢,, the initial number of photons in the cavity, is negligible, we obtain 


i 
=> [n In- {n - J (6.9-4) 
for the relation between the number of photons @ and the inversion a at any moment. 
At t ® 1 the photon density @ will be zero so that setting @ = 0 in (6,9-4) results 
in the following expression for the final inversion 7 r 


A = exp jen] (6.9-5) 
This equation is of the form (x/a) = exp (x — a), where x = ngn, and a = nJn,, so 
that it can be solved graphically (or numerically) for z/n; as a function of n/n,.'° 
The result is shown in Figure 6-27. We notice that the fraction of the energy origi- 
nally stored in the inversion that is converted into laser oscillation energy is (71, — 
n,Wn, and that it tends fo unity as nynt, increases. 


'SThis can be done by assuming a value of a and finding the corresponding x at which the plots of xa 


and exp (x - a} intersect, 


T 


Initial inversion/threshold inversion, ntp 





Lo 09 0.8 0.7 0.6 05 4 
Energy utilization factor (r,- nein, 


0 01 G.2 03 0.4 0.5 0.6 
Fraction of inversion remaining Hy} Py 
Figure 6-27 Energy utilization factor (a, ~ a,j, and inversion remaining after the giam 
pulse. (After Reference [19}.) 
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The instantaneous power output of the laser is given by P = dhy/r., or, using 
(6.9-4), by 


Ay Hi | 
P = — |nan lne- {n-n) (6.9-6) 
Zt F 


i i 


Of spectal interest to us is the peak power output, Setting ¢P/dn = O we find that 
maximum power occurs when n = n,. Putting n = n, in (6.9-6) gives 
hy i, 
P, = — f In 7 — {n - J (6.9-7) 


Ë 2t. 


for the peak power. If the initial inversion is well in excess of the (high-Q) threshold 
value (that is, 2; 2 n,), we obtain from (6.9-7) 


RAY 


7 (6.9-8) 


Podna, = 
Since the power P at any moment is related to the number of photons œ by P = 
phet it follows from (6,9-8) that the maximum number of stored photons inside 
the resonator is n/2. This can be explained by the fact that if n; > n,, the buildup of 
the pulse to its peak value occurs in a time short compared to t. sọ that at the peak 
of the pulse, when x = n, most of the photons that were generated by stimulated 
emission are still present in the resonator. Moreover, since a, = n, the number of 
these photons (n, — ,}/2 is very nearly ny2, 
A typical numerical solution of {6.9-2} and (6.9-3) is given in Figure 6-28. 
To initiate the pulse we need, according to (6.9-2) and (6.9-3), to have &, + 0. 
Otherwise the solution js trivial (6 = 0, a = n). The appropriate value of œ; ts 


Population inversion # 


Inversion 
Photon density 





p 
Time 


Figure 6-28 Inversion and photon density during a giant pulse. (After Reference [19].) 
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usually estimated on the basis of the number of spontaneously emitted photons within 
the acceptance solid angle of the laser mode at 7 = 0. We also notice, as discussed 
above, that the photon density, hence the power, reaches a peak when n = n,. The 
energy stored in the cavity (% ) at this point is maximum, so stimulated transitions 
from the upper to the lower laser levels continue to reduce the inversion to a final 
value fy < My. 

Numerical solutions of (6.9-2) and (6.9-3) corresponding to different imiial in- 
versions n/n, are shown in Figure 6-29. We notice that for n, > n, the rise ume 
becomes short compared to ¢. but the fall time approaches a value nearly equal to 


r 
= 
op 


Normalized photon number 2 
Normalized photon number 2¢ 
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n 
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Figure 6-29 Photon number vs. time in central region of giant pulse. Time is measured in 
units of photon lifetime. {After Reference [19].) 


232 


THEORY OF LASER OSCILLATION AND ITS CONTROL IN THE CONTINUGUS AND PULSED REGIMES 


Power 


A | N 


Time 
Figure 6-30 An oscilloscope trace of the intensity of a giant pulse. Time scale is 20 ns per 


division, 


t.. The reason is that the process of stimulated emission is essentially over at the 
peak of the pulse (7 = 0) and the observed output is due to the free decay of the 
photons in the resonator. 

In Figure 6-30 we show an actual oscilloscope trace of a giant pulse. Giant laser 
pulses are used extensively in applications that require high peak powers and short 
duration. These applications include experiments in nonlinear optics, ranging, ma- 
terial machining and drilling, initiation of chemical reactions, and plasma diagnos- 
tics. 





Numerical Example: Giant Pulse Ruby Laser 
er 
Consider the case of pink ruby with a chromium ion density of N = 1.58 x 10” 


cem~*, Its absorption coefficient is taken from Figure 7-4, where it corresponds to 
that of the A, line at 6943 A, and is œ = 0.2 em”! (at 300 K). Other assumed 


charactenstics are: 


i = length of ruby rod = 10 cm 


: — Fi 
A = cross-sectional area of mode = | cm 


li 


(1 — R) = fractional intensity loss per pass = 20 percent 


A= 178 
Since, according to (5.3-3), the exponential loss coefficient 1s proportional to 
Ni — No, we have 
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N,-N 
a(em”!) = 0.2- a (6.9-9) 


58 x 10" 
Thus, at room temperature, where N, < N, when N, — N, = 1.58 X 10°? em™*, 
and (6.9-9) yields a = 0.2cm | as observed. The expression for the gain coefficient 
follows directly from (6.9-9): 

(om ') = 0.2 S = 9.2 ——E (6.9-10 
y 158 x 10% ` 1.58 x 10° V 7 

where n is the total inversion and V = AL is the crystal volume in cm*, 
Threshold 1s achieved when the net gain per pass is unity, This happens when 


| 
eeR=1 o y= -7 In R (6.9-11) 


where the subscript ¢ indicates the threshold condition. 
Using (6.9-10) in the threshold condition (6.9-11) plus the appropriate data from 
above gives 


n = 1.8 x 10" (6.9-12) 
Assuming that the initial inversion is n, = 5n, = 9 X 10'°, we find from (6.9-8) 
that the peak power is approximately 


AP 
P, = 5 = 5,1 X 10? watts (6.9-13) 


i 





L 


where £ = nffe(1 — R) = 2.5 x 107" s, 
The total pulse energy is 


h 
~ L ~ 13 joules 


while the pulse duration (see Figure 6-29) = 34, = 7.5 X 107’ s. 





Methods of @-Switching 
Some of the schemes used in G-switching are: 


]. Mounting one of the two end reflectors on a rotating shaft so that the optical 
losses are extremely high except for the brief interval in each rotation cycle in 
which the mirrors are nearly parallel. 

2. The inclusion of a saturable absorber (bleachable dye) in the optical resonator, 
see References [13-13]. The absorber whose opacity decreases (saturates) with 
increasing optical intensity prevents rapid mversion depletion due to buildup of 
oscillation by presenting a high toss to the early stages of oscillation during 
which the slowly increasing intensity is not high enough to saturate the absorp- 
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tion. As the intensity increases the loss decreases, and the effect is similar, but 
not as abrupt, as that of a sudden increase of Q. 








3. The use of an electrooptic crystal (or liquid Kerr cell) as a voitage-controlled 
gate inside the optical resonator. It provides a more precise contro] over the 
losses (Q) than schemes E and 2. Its operation is illustrated by Figure 6-31 and 
is discussed in some detail in the following, The control of the phase delay in 

x 
y 
y (last axis) * 
Polanzer Electrooptic x! 
crystal (slow axis} 
Laser y 
crystal 
L] : 
F 
Beam traveling 
to the right 
Beam traveling 
to the left 
ae 
For beam traveling to right: For beam traveling to left: 
At point d. At point f 
E, = E COS ut =- E cos (wf + ki + 5) 
vI The optical field ıs linearity Circul 
polarized with its electric solarined 
Ẹ,= E oss uy | Held vector parallel to x E, =- E o (wt + kD 
3 4 
At point f, Ai point d, 
E,= E 695 (wrtki+ T) E, =- E cos {cur + aki + w) Linearly 
J Circularly VEJ polanzed 
polarized along y 
E,= © costwt+k) - E=- = coset + 2k) 
VEN V2 


Figure 6-31 Electrooptic crystal used as voltage-controlled gate in (/-switching a laser. 
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the electrooptic crystal by the applied voltage is discussed in detail in Chapter 
9, 


During the pumping of the laser by the light from a flashlamp, a voltage is 
apphed to the electrooptic crystal of such magnitude as to introduce a 7/2 relative 
phase shift (retardation) between the two mutually orthogonal components {x° and 
y’) that make up the linearly polarized (x) laser field. On exiting from the electrooptic 
crystal at point f, the ight traveling to the right is circularly polarized. After reftec- 
tion from the right mirror, the light passes once more through the crystal. The ad- 
ditional retardation of 7/2 adds to the earlier one to give a total retardation of 7, 
thus causing the emerging beam at d to be linearly polarized along y and conse- 
quently to be blocked by the polarizer. 

[t follows that with the voltage on, the losses are high, so oscillation is prevented. 
The Q-switching is timed to coincide with the point at which the inversion reaches 
its peak and is achieved by a removal of the voltage applied to the electrooptic 
crystal. This reduces the retardation to zero so that state of polarization of the wave 
passing through the crystal is unaffected and the Q regains its high value associated 
with the ordinary losses of the system. 


6.10 HOLE-BURNING AND THE LAMB DIP IN DOPPLER-BROADENED GAS LASERS 


In this section we concem ourselves with some of the consequences of Doppler 
broadening in low-pressure gas lasers. 

Consider an atom with a transition frequency vy = (E- ~ E Yh where 2 and | 
refer to the upper and lower laser levels, respectively, Let the component of the 
velocity of the atom parallel to the wave propagation direction be v. This component, 
thus, has the value 


mK 
y = “—— (6.101) 


where the electromagnetic wave is described by 
E = Reem (6.10-2) 


An atom moving with a constant velocity y, so that r = vf + ro, will experience a 
field 


E — Eem hry + vey] 
alin 


— FelZ aArT Yk) - kro] (6.10-3) 


and will thus *‘see’’ a Doppler-shifted frequency 
Vy =v- — =v-5r (6.10) 


where in the second equality we took n = | so that k = 2av/e and used (6.10-1). 
The condition for the maximum strength of interaction (that is, emission or 
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absorption) between the moving atom and the wave is that the apparent (Doppler) 
frequency vp “seen” by the atom be equal to the atomic resonant frequency ro 
D 
Vo a Pv (4. 10-5) 
c 
or reversing the argument, a wave of frequency r moving through an ensemble of 
atoms will ‘‘seek out’’ and interact most strongly with those atoms whose velocity 


component v satisfies 





= Uy ( + z) (6.106) 


where the approximation is valid for v = c. 

Now consider a gas laser oscillating at a single frequency r where, for the sake 
of definiteness, we take r > vo. The standing wave electromagnetic field at v inside 
the laser resonator consists of two waves traveling in opposite directions. Consider, 
first, the wave traveling in the positive x direction (the resonator axis is taken parallel 
to the axis), Since » > vy the wave interacts, according to Equation (6.10-6) with 
atoms having v > Q, that is, atoms with 


C 

U, = + ma — Py} (6.107) 

The wave traveling m the opposite direction {—x) must also interact with atoms 
moving in the same direction so that the Doppler shifted frequency is reduced from 


vto vo. These are atoms with 


v, = -= (v ~ vo) (6.1048) 


e| = = (r-n) 


Inversion density 


a Mol iaT 





c 
lef = — (erm) 
P 


Figure 4-32 The distribution of inverted atoms as a function of v,. The dashed curve that is 
proportional to exp (—Mv2/2kT) corresponds to the Cisé of zero field intensity. The solid 
curve corresponds to a standing wave field at vy = volt — v,/c) or one at v = roil + vde). 
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We conclude that due to the standing wave nature of the field inside a conventional 
two-mirror laser oscillator, a given frequency of oscillation interacts with two ve- 
locity classes of atoms. 

Consider, next, a four-level gas laser oscillating at a frequency r > ro At 
negligibly low levels of oscillation and at low gas pressure, the velocity distribution 
function of atoms in the upper laser level is given, according to (5.1-11), by 


flv.) o g Meir (6.109) 


where f(v,) du, is proportional to the number of atoms (in the upper laser levet) with 
x component of velocity between v, and v, + du, As the oscillation level is in- 
creased, say by reducing the laser losses, we expect the number of atoms in the upper 
laser level, with x velocities near v, = (civie — vo), to decrease from their equi- 
librium value as given by (6.10-9). This is due to the fact that these atoms undergo 
stimulated downward transitions from level 2 to 1, thus reducing the number of 
atoms in level 2. The velocity distribution function under conditions of oscillation 
consequently has two depresstons as shown schematically in Figure 6-32. 

If the oscillation frequency v is equal to va, only a single “‘hole’’ exists in the 
velocity distribution function of the inverted atoms. This ‘“hole’’ is centered on v, 
— Ü. We may, thus, expect the power output of a laser oscillating at » — vo to be 


Tu ATA AT T 
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Frequency Hz} 


Figure 6-83 The power output as a function of the frequency of a single-mode 1.15 um He— 
Ne laser using the “Ne isotope. (After Reference [21].} 
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less than that of a laser in which v is tuned slightly to one side or the other of ro 
(this tuning can be achieved by moving one of the laser mirrors). This power dip 
first predicted by Lamb [20] is indeed observed in gas lasers [21]. An expenmental 
plot of the power versus frequency in a He-Ne 1.15-um laser 1s shown in Figure 
6-26. The phenomenon ts referred to as the ‘‘Lamb dip’’ and is used in frequency 
stabilization schemes of gas lasers [22]. 


Problems 


6.1 Show that the effect of frequency pulling by the atomic medium is to reduce 
the intermode frequency separation from c/2/ to 


cf, X 

al ITÀ P 
where the symbols are defined in Section 6.2. Calculate the reduction for the case 
of a laser with Avy = 10° Hz, y = 4 x 1077 meter™!, and ? = 100 cm. 
6.2 Derive Equation (6.4-3). 
6.3 Derive the optimum coupling condition (Equation 6,5-11). 





6.4 Calculate the critical fluorescence power P, of the He-Ne laser operating at 
6328 A. Assume V = 2 cm’, L = 1 percent per pass, / = 30cm, and Ay = 1.5 x 
10° Hz, 


6.5 Calculate the critical inversion density N, of the He-Ne laser described in 
Problem 6.4. 


6.6 Derive an expression for the finesse of a Fabry—Perot etalon containing an 
inverted population medium. Assume that rj = r3 ~ 1 and that the inversion is 
insufficient to result in oscillation. Compare the finesse to that of a passive Fabry- 
Perot etalon. 


6.7 Derive an expression for the maximum gain—bandwidth product of a Fabry- 
Perot regenerative amplifier, i.e., with an amplifying medium. Define the bandwidth 
as the frequency region in which the intensity gain (E,E (EEF) exceeds half its 
peak value. Assume that ro = P. 


6.8 


a. Derive Equation (6.6-4). 
b. Show that if in (6.6-3) the phases are taken as ġ, = nd, where @1s some constant, 
instead of œ, = 0, the result is merely one of delaying the pulses by — g/w. 


69 


a. Describe qualitatively what one may expect to see in parts A, B, C, and D of the 
mode-locking experiment sketched in Figure 6-14. (The reader may find it useful 
to read first the section on photomultipliers in Chapter 11.) 
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b. What is the effect of mode locking on the intensity of the beat signal (at œ = 
acit) displayed by the RF spectrum analyzer in 8? Assume N equal amplitude 
modes spaced by w whose phases before mode locking are random. (Answer: 
Mode locking increases the beat signa] power by N.) 

c. Show that a standing wave at vo + dv, is the center frequency of the Doppler- 
broadened lineshape function) in a gas laser will bum the same two holes in the 
velocity distribution function (see Figure 6-32) as a field at vy — 6. 

d. Can two traveling waves, one at vg + 6 the other at vo — 6, interact with the 
same class of atoms? If the answer is yes, under what conditions? 


6.10 Design a frequency stabilization scheme for gas lasers based on the Lamb dip 
(see Figure 6-33). [Hfint: You may invent a new scheme, but, failing that, consider 
what happens to the phase of the modulation in the power output when the cavity 
length is modulated sinusoidally near the bottom of the Lamb dip. Can you derive 
an error correction signal from this phase that will control the cavity length? 


6.11 Verify the relations of Table 6-2. 


6.12 A helium-neon laser (A = 0.63 jm) operating in the fundamental transverse 
mode has mirrors separated by / = 30 cm. The Doppler width is Ay, = 1.5 GHz, 
and the effective refractive index is n = 1. The output mirror is flat, and the other 
mirror 3s spherical with a radius of curvature 16 m. 


a. What is the frequency difference between longitudinal modes in the resonator? 

b. Show that the resonator is stable. 

C. What would the Doppler width become if the temperature of the laser medium 
were doubled? 

d. What is the spot size at the flat mirror? 

e. If the output is taken from the flat mirror, what is the spot size 16 km away? 

f. Given that the internal cavity loss is L; = 107‘, the small signal gain coefficient 
is yp = 10°* cm™' and the reflection coefficient of the spherical mirror is 1.0, 
what is the reflection coefficient (2) of the output mirror that will give the max- 
imum output power? 

g. A thin lens of focal length f is placed against the output mirror. Find the radius 
of curvature of the Gaussian beam at a distance d = f from the lens. 
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INTRODUCTION 


The pumping of the atoms into the upper laser level is accomplished in a variety of 
ways, depending on the type of laser. In this chapter we will review some of the 
more common laser systems and in the process describe their pumping mechanisms. 
The laser systems described include: ruby, Nd** : YAG, Nd?*: glass, He-Ne, CO,, 
Ar’, excimer, and organic-dye lasers. The semconductor current-pumped laser, be- 
cause of its unique technological importance, receives special billing in Chapters 15 
and 16. 


.| PUMPING AND LASER EFFICIENCY 


Figure 7-j shows the pumping—oscillation cycle of some (hypothetical) represen- 
tative laser. The pumping agent elevates the atoms into some excited state 3 from 
which they relax into the upper laser level 2. The stimulated laser transition takes 
place between levels 2 and 1 and results in the emission of a photon of frequency 
Vo), 

It is evident from this figure that the minimum energy input per output photon 
iS Avs, SO the power efficiency of the laser cannot exceed 

F31 


= 2 (7.1-1) 


Fyi 


Tatomie 


to which quantity we will refer as the ‘‘atomic quantum efficiency.” The overall 
laser efficiency depends on the fraction of the total pump power that is effective in 
transferring atoms into level 3 and on the pumping quantum efficiency defined as 
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Figure 7-1 Pumping—oseillation cycle of a typical laser. 


the fraction of the atoms that once in 3, make a transition to 2, The product of the 
last two factors, which constitutes an upper limit on the efficiency of optically 
pumped lasers, ranges from about | percent for solid-state lasers such as Nd°* : YAG, 
to about 30 percent im the CO, laser, and to near unity in the GaAs junction laser. 
We shall discuss these factors when we get down to some specific laser systems. 
We may note, however, that according to (7.1-1}, in an efficient laser system v2, 
and #3, must be of the same order of magnitude, so the laser transition should involve 
low-lying levels. 


7.2 RUBY LASER 


The first material in which laser action was demonstrated [1] and still one of the 
most useful laser materials is ruby, whose output is at A, = 0.6943 ym. The active 
laser particles are Cr°* ions present as impurities in Al,O, crystal. Typical Cr°* 
concentrations are ~0.05 percent by weight. The pertinent energy level diagram is 
shown in Figure 7-2. 
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Figure 7-2 Energy levels pertinent to the operation of a ruby laser. (After Reference [2j.) 


SOME SPECIFIC LASER SYSTEMS 


The pumping of ruby is usually performed by subjecting it to the light of intense 
flashlamps (quite similar to the types used in flash photography). A portion of this 
light that correspords in frequency to the two absorption bands *F, and *F, is ab- 
sorbed, thereby causing Cr?“ ions to be transferred into these levels, The ions pro- 
ceed to decay, within an average time of œ; = 5 X 107° seconds (2), into the upper 
—laser level 7E. The level 7E is composed of two separate levels 24 and E separated 
by 29 cm™!.! The lower of these two, E, is the upper laser level. The lower laser 
level is the ground state, and thus, according to the discussion of Section 6.3, ruby 
is a three-level laser. The lifetime of atoms in the upper laser level E is t, ~ 3 X 
107° second. Each decay results in the (spontaneous) emission of a photon, so 
to = faon 

An absorption spectrum of a typical ruby with two orientations of the optical 
field relative to the c (optic) axis is shown in Figure 7-3. The two main peaks 
correspond to absorption into the useful *F, and *F, bands, which are responsible 
for the characteristic (mby) color. 

The ordinate 1s labeled in terms of the absorption coefficient and in terms of the 
transition cross section o, which may be defined as the absorption coefficient per 
unit inversion per unit volume and has consequently the dimension of area. Accord- 
ing to this definition, a(+) is given by 


a(v) = (N, — Najot) (7.2-1) 


A more detailed plot of the absorption near the laser emission wavelength is shown 
in Figure 7-4. The width Av of the laser transition as a function of temperature is 
shown in Figure 7-5. At room temperature, Ay = 11 cm™’. 

We can use ruby to illustrate some of the considerations involved in optical 
pumping of solid-state lasers. Figure 7-6 shows a typical setup of an optically 
pumped laser, such as ruby. The helical flashlamp surrounds the ruby rod. The flash 
excitation is provided by the discharge of the charge stored in a capacitor bank across 
the lamp. 

The typical flash output consists of a pulse of light of duration faan = 5 X 107° 
seconds. Let us, for the sake of simplicity, assume that the flash pulse is rectangular 
in time and of duration taap and that it results in an optical flux at the crystal surface 
having s( +) watts per unit area per unit frequency at the frequency v. If the absorption 
coefficient of the crystal is a(v), then the amount of energy absorbed by the crystal 
per unit volume is? 


É Aash f sriain dr 


'The unit 1 cm~! (one wavenumber) is the frequency corresponding to Ag = | cm, so t em~ ' is equivalent 
to v= 3 x 10'° Hz. It is also used as a measure of energy where 1 cm ' corresponds to the energy Av 
of a photon with » = 3 X 1° Hz. 


“We assume that the total absorption in passing the crystal is small, so s(v) is taken to be independent 
of the distance through the crystal. 
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Figure 7-3 Absorption coefficient and absorption cross section as functions of wavelength 


for E | ¢ and Ele. The 300 K data were derived from transmittance measurements on pink 
ruby with an average Cr ion concentration of 1.88 xX 10" cm +, (After Reference [3].) 
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Absorption cross section o, 10° cm* 
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Figure 7-4 Absorption coefficient and absorption cross section as functions of wavelength 
for E || c and Ele. Sample was a pink ruby laser rod having a 90° c-axis orientation with 
respect to the rod axis and a Cr concentration af 1.58 X 10° cm ~*. (After Reference [3].) 
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Figure 7-5 Linewidth of the R, line of mby as a function of temperature. (After Reference 
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Figure 7-6 Typical setup of a pulsed ruby laser using flashlamp pumping and external mirrors. 


RUBY LASER 247 


If the absorption quantum efficiency (the probability that the absorption of a pump 
photon at » results in transferring one atom into the upper laser level) is nfr), the 
number of atoms pumped into level 2 per unit volume is 


Na = f tash Í ene dy (7.2-2) 


Since the lifetime ft, = 3 X 10~* second of atoms in level 2 is considerably longer 
than the fiash duration (~5 X 1074 s) we may neglect the spontaneous decay out of 
level 2 during the time of the flash pulse, so N, represents the population of level 2 
after the flash. 





Numerical Example: Flash Pumping of a Pulsed Ruby Laser 


Consider the case of a ruby laser with the following parameters: 
Na = 2 X 10" atoms/cm’ (Cr**) 
ia = hom = 3 X l0 s 
teach = 5X 10°45 


H the useful absorption 1s limited to relatively narrow spectral regions, we may 
approximate (7.2-2) by 


„= Fast salgar (1.23) 
hy 
where the bars represent average values over the useful absorption region whose 


width is Av. a 

From Figure 7-3 we deduce an average absorption coefficient of a(r) = 2 cm 
over the two central peaks. Since ruby is a three-level laser, the upper level popu- 
lation is, according to (6.3-2), N, = No/2 = 10° cm~*. Using » = 5 X 10" Hz, 
mY) = 1, (7.2-3) yields 


S Åtta = 1.5 Jem? 


for the pump energy in the useful absorption region that must fall on each square 
centimeter of crystal surface in order to obtain threshold inversion. To calculate the 
total lamp energy that is incident on the crystal we need to know the spectral char- 
acteristics of the lamp output. Typical data of this sort are shown in Figure 7-7. The 
mercury-discharge lamp is seen to contain considerable output in the useful absorp- 
tion regions (near 4000 A and 5500 A) of ruby. If we estimate the useful fraction 
of the lamp output at 10 percent, the fraction of the lamp light actually incident on 
the crystal as 20 percent, and the conversion of electrical-to-optical energy as 50 
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Figuro 7-7 Spectral output characteristics of two commercial high-pressure lamps. Output is 
plotted as a fraction of electrical input to lamp over certain wavelength intervals (mostly 200 
A) between 0.4 and 1.4 um. (After Reference [5].) 


percent, we find the threshold electric energy input to the flashlamp per square 
centimeter of laser surface I$ 
1.5 


— 4 = 150 Hem’ 
d1xo2x05 Orom 


These are, admittedly, extremely crude calculations. They are included not only to 
illustrate the order of magnitude numbers involved in laser pumping, but also as an 
example of the quick and rough estimates needed to discriminate between feasible 


ideas and ‘‘pie-in-the-sky’’ schemes. 





7.3_Nd°*: YAG LASER 


One of the most important laser systems is that using trivalent neodymium ions 
(Nd?*), which are present as impurities in yttrium aluminum gamet (YAG = 
Y,Al,0,2); see References [6, 7]. The laser emission occurs at Ag = 1.0641 um at 
room temperature. The relevant energy levels are shown in Figure 7-8. The lower 
laser level is at E, = 21H cm’ ‘ from the ground state so that at room temperature 
its population is down by a factor of exp(—E,/kT) = e”"° from that of the ground 
state and can be neglected. The Nd°** : YAG thus fits our definition (see Section 6.3) 
of a four-level laser. 

The spontaneous emission spectrum of the laser transition is shown in Figure 
7-9. The width of the gain linewidth at room temperature is Av = 6 cm~’. The 
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Figure 7-8 Energy-level diagram of Nd°* in YAG, (After Reference [6].) 


spontaneous lifetime for the laser transition has been measured [7] as fon = 5.5 X 
10° * s, The room-temperature cross section at the center of the laser transition is o 
= 9 X tO ' em’. If we compare this number to a = 1.22 X 1077? em? in ruby 
(see Figure 7-4), we expect that at a given inversion the optical gain constant Yin 
Nd'*: YAG is approximately 75 times that of ruby. This causes the oscillation 
threshold to be very low and explains the easy continuous (CW) operation of this 
laser compared to ruby. 
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Figure 7-9 Spontaneous-emission spectrum of Nd** in YAG near the laser transition at A, 
= 1.064 um. (After Reference [7].} 
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The absorption responsible for populating the upper laser level takes place in a 
number of bands between 13.000 and 25,000 cem’. 





Numerical Example: Threshold of an Nd°** : YAG Laser 


Pulsed threshold First we estimate the energy needed to excite a typical 
Nd**: YAG laser on a pulse basis so that we can compare it with that of ruby. We 
use the following data: 

/ = 20 cm (length optical resonator) 

L = 4 percent (= loss per pass) Í = 7. = 25 X 10s 


n=15 
Av = 6cm“{= 6 X 3 X 10” Hz) 
fome = 5.5 X 1074 5 
A= 1.06 um 
Using the foregoing data in (6.1-11) gives 
N, = Sarton OY 10x 105% cm? 


Assuming that 5 percent of the exciting light energy falls within the useful absorption 
bands, that 5 percent of this light is actually absorbed by the crystal, that the average 
ratio of laser frequency to the pump frequency is 0.5, and that the lamp efficiency 
(optical output/electrical input) is 0.5, we obtain 


Ni Plaser 


= er 03 Shem? 
Shum 5x10?x5x 107x005 xX 0.5 cm 


for the energy input to the lamp at threshold, 

It is interesting to compare this last number to the figure of 150 joules per square 
centimeter of surface area obtained in the ruby example of Section 7.2. For reason- 
able dimension crystals (say, length = 5 cm, r = 2 mm) we obtain @),,) = 0.19 J. 
We expect the ruby threshold to exceed that of Nd°* : YAG by three orders of mag- 
nitude, which is indeed the case. 


Continuous operation The critical fluorescence power—that is, the actual power 
given off by spontaneous emission just below threshold—is given by (6.3-4) as 


(4) NAY 0.34 Wien? 


f spont 
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Figure 7-10 Typical continuous solid-state laser arrangement employing an elliptic cylinder 
housing for concentrating lamp light onto laser. 


Taking the crystal diameter as 0.25 cm and its length as 3 cm and using the same 
efficiency factors assumed in the first part of this example, we can estimate the power 
mput to the lamp at threshold as 


0.34 X (a4) x (0.25 x 3 


= —— __——— = 8] watt 
Pim = Sy 192 x 5 X 102 X 05 X 05 


which is in reasonable agreement with experimental values (6j. 

A typical arrangement used in continuous solid state lasers is shown in Figure 
7-10. The highly polished elliptic cylinder is used to concentrate the light from the 
lamp, which is placed along one focal axis, onto the laser rod, which occupies the 
other axis. This configuration guarantees that most of the light emitted by the lamp 
passes through the laser rod. The reflecting mirrors are placed outside the cylinder. 





7.4 NEODYMIUM-GLASS LASER 


One of the most useful laser systems is that which results when the Nd’* ion is 
present as an impurity atom jn glass [8]. 

The energy levels involved in the laser transition im a typical glass are shown 
in Figure 7-11. The laser emission wavelength is at A = 1.059 ym and the lower 
level is approximately 1950 cm~! above the ground state. As in the case of 
Nd**:YAG described in Section 7.3, we have here a four-level laser, since the 
thermal population of the lower laser level is negligible. The fluorescent emission 
near Ay = 1.06 pm is shown in Figure 7-12. The fluorescent linewidth can be 
measured off directly and ranges, for the glasses shown, around 300 cm~. This 
width is approximately a factor of 50 larger than that of Nd*™* in YAG. This is due 
to the amorphous structure of glass, which causes different Nd** ions to *‘see”’ 
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Figure 7-11 Energy-level diagram for the ground state and the states involved in laser emis- 
sion at 1.059 ym for Nd** in a rubidium potassium barium silicate glass. (After Reference 


(8].) 


slightly different surroundings. This causes their energy splittings to vary slightly. 
Different ions consequently radiate at slightly different frequencies, causing a broad- 
ening of the spontaneous emission spectrum. The absorption bands responsible for 
pumping the laser level are shown in Figure 7-13, The probability that the absorption 
of a photon in any of these bands will result in pumping an atom to the upper laser 
level (that is, the absorption quantum efficiency) has been estimated [8] at about 0.4. 
The lifetime t, of the upper laser level depends on the host glass and on the 
Nd** concentration. This variation in two glass series is shown in Figure 7-14. 
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Figure 7-12 Fluorescent emission of the 1.06-ym line of Nd** at 300 K in various glass 
bases. (After Reference [8}.) 
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Figure 7-13 Nd‘* absorption spectrum for a sample of glass 6.4 mm thick with the compo- 
sition 66 wt.% SiO», 5 wt.% Nd-O;, 16 wt.% Na,O, 5 wt. BaO, 2 wt.% AlO, and | wt.% 


$b,0,. (After Reference [8}.) 
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Figure 7-14 Lifetime as a function of concentration for two glass series. (After Reference 
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Numerical Example: Thresholds for CW and Pulsed Operation of Nd** : Glass 


Lasers 
sp ny ee me 


Let us estimate first the threshold for continuous (CW) laser action in a Nd°*: glass 
laser using the following data: 


Ar = 200cm! (see Figure 7-12) 


n= 15 


f sponi = fy = 3 X 107 5 


=§5x 107%s 


i = length of resonator = 20 | p= ni 
© Le 


L = loss per pass = 2 percent 
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Using (6.1-11} we obtain 


BTE pont? AY 
N, = A = 9.05 X 10" atoms/cm’ 
ct, 


for the critical inversion. The fluorescence power at threshold P, is thus [see (6.3-5)}] 


p = NAvy 


f ; = 4.65 watts 


spont 


in a crystal volume V = | cm’. 

We assume (a) that only 10 percent of the pump light lies within the useful 
absorption bands, (b) that because of the optical coupling inefficiency and the relative 
transparency of the crystal only 10 percent of the energy leaving the lamp within 
the absorption bands is actually absorbed, (c) that the absorption quantum efficiency 
is 40 percent, and (d) that the average pumping frequency is twice that of the emitted 
radiation. The lamp output at threshold is thus 


2 X 5.65 


A =O. 2995 watt 
01X01 x 04 wans 


If the efficiency of the lamp in converting electrical to optical energy is about 50 
percent, we find that continuous operation of the laser requires about 5 kW of power. 
This number is to be contrasted with a threshold of approximately 100 watts for the 
Nd: YAG laser, which helps explain why Nd: glass lasers are not operated contin- 
uously. 

If we consider the pulsed operation of a Nd: glass laser by flash excitation, we 
have to estimate the minimum energy needed to pump the laser at threshold. Let us 
assume here that the losses (attributable mostly to the output mirror transmittance) 
are L = 20 percent.’ A recalculation of N, gives 


N, = 9.05 X 10'° atoms/cm’ 
The minimum energy needed to pump N, atoms into level 2 is then 
Emin 


y (hv) = 1.7 X 10° Jem? 


Assuming a crystal volume V = 10 cm” and the same efficiency factors used in the 
CW example above, we find that the input energy to the flashlamp at threshold =2 
X 1.7 X 107? x 1OKO.1 x 0.1 X 0.4) = 85 J. Typical Nd** : glass lasers with 
characteristics similar to those used in this example are found to require an input of 
about 150-309 joules at threshold. 





*Because of the higher pumping rate available with flash pumping, optimum coupling (see Section 6.5) 
calls for larger mirror transmittances compared to the CW case. 
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7.5 He-Ne LASER 


The first CW laser, as well as the first gas laser, was one in which a transition between 
the 28 and the 2p levels in atomic Ne resulted in the emission of 1.15 am radiation 
[9], Since then transitions in Ne were used to obtain laser oscillation at A, = 0.6328 
pm [10] and at A, = 3.39 jum. The operation of this laser can be explained with the 
aid of Figure 7-15. A de (or rf) discharge is established in the gas mixture containing 
typically, 1.0 mm Hg of He and 0. mm Hg of Ne. The energetic electrons in the 
discharge excite helium atoms into a variety of excited states. In the normal cascade 
of these excited atoms down to the ground state, many collect in the long-lived 
metastable states 2°5 and 2'5 whose lifetimes are 1074 second and 5 X [0 “° second, 
respectively. Since these long-lived (metastable) levels nearly coincide in energy 
with the 25 and 38 levels of Ne, they can excite Ne atoms into these two excited 
slates, This excitation takes place when an excited He atom collides with a Ne atom 
im the ground state and exchanges energy with it. The small difference in energy 
(~400 cm™' in the case of the 25 level) is taken up by the kinetic energy of the 
atoms after the collision. This 1s the main pumping mechanism in the He—Ne system. 
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Figure 7-15 He-Ne energy levels. The dominant excitation paths for the red and infrared 
laser transitions are shown. (After Reference [11].} 
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I. 


The 0.6328 jum oscillation. The upper level is one of the Ne 3S levels, whereas 
the terminal level belongs to the 2p group. The terminal (2p) level decays ra- 
diatively with a time constant of about 10° ° second into the long-lived 15 state. 
This time is much shorter than the 107” second lifetime of the upper laser level 
35. The condition t; < f, for population inversion in the 3$-2p transition (see 
Section 6.4) is thus fulfilled. 

Another important point involves the level 15. Because of its long life it 
tends to collect atoms reaching it by radiative decay from the lower laser level 
2p. Atoms in 1$ collide with discharge electrons and are excited back into the 
lower laser level 2p. This reduces the inversion. Atoms in the 1$ states relax 
back to the ground state mostly in collisions with the wall of the discharge tube. 
For this reason the gain in the 0.6328 um transition 1s found to increase with 
decreasing tube diameter. 

The £.15 pum oscillation. The upper laser level 2$ is pumped by resonant (that 
is, energy-conserving) collisions with the metastable 2*§ He level, It uses the 
same lower level as the 0.6328 um transition and, consequently, also depends 
on wall collisions to depopulate the 14 Ne level. 

The 3.39 pm oscillation. This involves a 3$—3p transition and thus uses the 
same upper level as the 0.6328 pm oscillation. It is remarkable for the fact that 
it provides a small-signal optical gain of about 50 dB/m.° This large gain reflects 
partly the inverse dependence of y on 1“ [see Equation (5,3-3)] as well as the 
short lifetime of the 3p level, which allows the buildup of a large inversion. 

Because of the high gain in this transition, oscillation would normally occur 
at 3.39 um rather than at 0.6328 um. The reason is that the threshold condition 
will be reached first at 3.39 um and, once that happens, the gain ‘‘clamping”’ 
will prevent any further buildup of the population of 35. The 0.6328 um lasers 
overcome this problem by introducing into the optical path elements, such as 
glass or quartz Brewster windows, that absorb strongly at 3.39 um but not at 


“This is not the actual gain that exists inside the laser resonator, but the one-pass gain exercised by a 


very small input wave propagaling through the discharge. In the laser the gain per pass is reduced by 


saturation unti! it equals the loss per pass. 
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Figure 7-16 Typical gas laser. 
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0.6328 um. This raises the threshold pumping level for the 3.39 ym oscillation 
above that of the 0.6328 jm oscillation. 


A typical gas laser setup is illustrated by Figure 7-16. The gas envelope windows 
are tilted at Brewster's angle @,, so radiation with the electric field vector in the 
plane of the paper suffers no reflection losses at the windows. This causes the output 
radiation to he polarized in the sense shown, stnce the orthogonal polarization (the 
E vector out of the plane of the paper) undergoes reflection losses at the windows 
and, consequently, has a higher threshold. 


7.6 CARBON DIOXIDE LASER 


The lasers described so far in this chapter depend on electronic transitions between 
states in which the electronic orbitals (that 1s, charge distributions around the atomic 
nucleus) are different. As an example, consider the red (0.6328 um) transition in Ne 
shown in Figure 7-15. It involves levels 2p°5s and 2p°3p so that in making a tran- 
sition from the upper to the lower laser level one of the six outer electrons changes 
from a hydrogen-like state Ss (that is, # = 5, / = 0) to one in which z = 3 and 
f= 1, 
The CQ, laser [12] is representative of the so-called molecular lasers in which 
the energy levels of concern involve the internal vibration of the molecules—that 
is, the relative motion of the constituent atoms. The atomic electrons remain in their 
lowest energetic states and their degree of excitation is not affected. 
As an illustration, consider the simple case of tbe nitrogen molecule. The mo- 
lecular vibration involves the relative motion of the two atoms with respect to each 
other. This vibration takes place at a characteristic frequency of vy = 2326 cm‘, 
which depends on the molecular mass as well as the elastic restoring force between 

‘the atoms [13]. According to basic quantum mechanics, the degrees of vibrational 
excifation are discrete (that is, quantized) and the energy of the molecule can take 
on the values Argit + $), where v = 0, 1, 2, 3,.... The energy-level diagram of 
N, (in its lowest electronic state) would then ideally consist of an equally spaced set 
of levels with a spacing of Avy. The ground state (v = 0) and the first excited state 
(v = [) are shown on the right side of Figure 7-17, 

The CO, molecule presents a more complicated case. Since it consists of three 
atoms, it can execute three basic internal vibrations, the so-called normal modes of 
vibration. These are shown in Figure 7-18. In (a) the molecule is at rest. In {b} the 
atoms vibrate along the internuclear axis in a symmetric manner. In (c) the molecules 
vibrate symmetrically along an axis perpendicular to the internuclear axis—the bend- 
ing mode, In (d) the atoms vibrate asymmetrically along the internuclear axis. The 
mode is referred to as the asymmetric stretching mode. In the first approximation 
one can assume that the three normal modes are independent of each other, so the 
state of the CO, molecule can be described by a set of three integers (v,, Va, U3) that 
correspond respectively to the degree of excitation of the three modes described. 
The total energy of the molecule is thus 


E(u,, Ua Uy) = hyy(v, + $) + hro + $) + Avalvs + 2) (7.61) 
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Figure 7-17 (a) Some of the low-lying vibrational levels of the carbon dioxide (CO,} mole- 
cule, including the upper and lower levels for the 10.6 jam and 9.6 um laser transitions. (b) 
Ground state (v = 0) and first excited state {v = 1} of the nitrogen molecule, which plays an 
important rote in the selective excitation of the (001) CO, level. 


where vi, Fa, P, are the frequencies of the symmetric stretch, bending, and asym- 
metric stretch modes, respectively. 

Some of the low vibrational levels of CO, are shown in Figure 7-17. The upper 
laser level (O01) is thus one in which only the asymmetric stretch mode, Figure 
7-18(d), is excited and contains a single quantum Ar, of energy. 

The laser transition at 10.6 um takes place between the (001) and (100) levels 
of CO,. The excitation is provided usually in a plasma discharge that, in addition to 
CO, typically contains N, and He. The CO, laser possesses a high overall working 
efficiency of about 30 percent. This efficiency results primartly from three factors: 
(a) The laser levels are all near the ground state, and the atomic quantum efficiency 
¥>,/¥39, Which was discussed in Section 7.1, is about 45 percent; (b) a large fraction 
of the CO, molecules excited by electron impact cascade down the energy ladder 
from their original level of excitation and tend to collect in the long-lived (001) 
level; (c)} a very large fraction of the N, molecules that are excited by the discharge 
tend to collect in the v = 1 level. Collisions with ground-state CO, molecules result 
in transferring their excitation to the latter, thereby exciting them to the (001) state 
as shown in Figure 7-17. The slight deficiency in energy (about [8 cm~’) is made 
up by a decrease of the total kinetic energy of the molecules following the collision. 
This collision can be represented by 


Art LASER 259 


(eh) 
m o ee 


Oxygen Cabon Oxygen 


— _¢ 


(¢) 


¢—2— y 


D e 


e —- 


(b 


(d) 





Figure 7-18 {a} Unexcited CO, moiecule. (b), (c), and (d) The three normal modes of vibration 
of the CO, molecule. (After Reference [14).) 


(v = 1) + (000) + KE. = {v = 0) + (001) (7.6-2) 


and has a sufficiently high cross section that at the pressures and temperatures in- 
volved in the operation of a CO, laser most of the N molecules in the v = 1 lose 
their excitation energy by this process.” 

Carbon dioxide lasers are not only efficient but can emit large amounts of power. 
Laboratory-size lasers with discharge envelopes of a few feet in length can yield an 
output of a few kilowatts. This is due not only to the very selective excitation of the 
low-lying upper laser level, but also to the fact that once a molecule is stimulated 
to emit a photon it returns quickly to the ground state, where it can be used again. 
This is accomplished mostly through collisions with other molecules—-such as that 
of He, which is added to the gas mixture. 


7.7 _At* LASER 


Transitions between highly excited states of the singly ionized argon atom can be 
used to obtain oscillation at a number of visible (or mear visible) wavelengths be- 


SThe cross section q was defined in Section 7.2. In the present context il follows directly from the 
definition that the number of collisions of the type described by (7.6-2) per unit volume per unit time 15 
equal te Mv = 1)N(O00)ov where Mv = 1) and MOOO) are the densities of molecules in the states 
u = 1 of N, and (000) of CO., respectively. P is the (mean) relative velocity of the colliding molecules. 


260 





SOME SPECIFIC LASER SYSTEMS 
l 4 piso 
3 F 
3 
jf ‘ ap?" 
i ? 
3 
2 2 0 
TET? be 
4658 2 i 
4579 A £ 
4727 ; 
apf 
4765 ; 4p D 
3 


Le F- | 


td f — 





Figure 7-19 Energy levels of the 4p — 4s Ar IT laser transitions. (After Reference [15] with 
a correction supplied by the author.) 


tween 0.35 and 0.52 jam; see References [15, 16]. The Ar* laser ts consequently 
one of the most important lasers in use today. The pertinent energy level scheme is 
shown in Figure 7-19. The most prominent transition is the one at 4880 A. 

The Ar* laser can be operated in a pure Ar discharge that contains no other 
gases. The excitation mechanism involves collisions with energetic (~4—5 eV) elec- 
trons. Since the mean electron energy is small compared to the energy of the upper 
laser level (~20 eV above the ground state of the ion), it is clear that pumping is 
achieved by multiple collisions of Ar* ground state ions with electrons followed by 
a number of cascading paths. The details of the collision and cascading processes 
are not clearly understood, 


7.8 EXCIMER LASERS 


The term excimer was introduced onginally (17, 20] to describe a homopolar dimer 
such as Xe, or Hg, that is bound (i.e., the atoms are attracted to each other thus 
forming a stable molecule) in an excited state, but which dissociates in its ground 
state. The term exciplex was used to describe heteropolar cases such as AeF, where 
the constituent atoms are different. 
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The distinction between the two terms has been lost to a large éxtent, and bowing 
to popular usage we will refer to exciplex molecules as excimers.. 

The interest in excimer lasers principally of heavy noble gases (Xe, Kr, Ar) and 
the halogens (F, Cl, Br, I) is due to the relatively efficient productian of their excited 
state by electron beam collisions and the fact that their emission wavelengths lie in 
the ultraviolet and vacuum ultraviolet (0.2 < A < 0.4 um) region of the spectrum, 
a region not covered well by other types of lasers. In what follows, we will limit our 
discussion to the noble gas halide lasers [20] which have, to date, yielded the best 
laser performance. 

When the ionization energy (energy to remove an electron from the outermost 
shell) of an atom A is less than the sum of the electron affinity (energy released 
during electron attachment) of X, plus the electrostatic attraction energy between 
At and X7, the process of forming the ionic molecule (A*X”) via the process (A 
+ X) > (A*X°) is exothermic (energy is released) and is favored. In the case of 
KrF, for example, this is when Kr is in an excited state (Kr*), since the tonization 
energy of Kr* is less than that of Kr. The ionization energies of Ar and Kr, as an 
example, are 15.68 and [3.93 eV, respectively, while in the excited state it is ~5 
eV. The electron affinity of Cl is ~3.75 eV, while the repulsive energy is ~] eV. 
The Coulomb attraction is ~8 eV, It follows that the process of forming KrCl (start- 
ing with Kr and Cl in their ground state) is endothermic and requires the investment 
of ~4 eV per molecule, while if we start with excited Kr (Kr*) the process 1s 
exothermic and releases some 6 eV per molecule, To summarize: 


A + X— (AX )— 4eV 
A* + X— > (A°X )* + 6eV 


Typical generalized potential curves for an excimer molecule AX in its excited 
state (AX)* and ground state AX are shown in Figure 7-20. 
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Figure 7-20 Potential energy curves for the ground state and an excited state of a typical 
nobel gas (A)-halide (X) molecule. The excited state is bound (i.c., possesses a minimum), 
while the ground state is repulsive. The two lowest vibrational states of the excimer state 
(AX)* are shown. 
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Figure 7-21 An excimer laser with a coaxial e-beam exciting geometry, (After Reference 
[20].) 


The lifetime of the upper bound state in KrF is ~6-10 ns, while that of the 
lower (repulsive) state is ~107™ s. This results in broad spontaneous emission with 
typical widths of 200-400 cm~'. The emission wavelength of a laser that uses the 
excimer as the gain medium can be tuned over most of the region spanned by the 
spontaneous emission. ! 

The noble gas lasers offer the possibility of generating and amplifying the pulses 
(2-8 ns} to very high (~50 kJ) energies. The lasers are relatively efficient when 
pumped by energetic electron beams (e-beam). High-current (1-10 kA) high-voltage 
(0.25-2 MeV) beams are utilized. A typical e-beam excited KrF excimer laser con- 
figuration is shown in Figure 7-21, The basic kinetics of the Ar/Kr/F, gas mixture 
used in KrF has been elucidated by Rokni et al. [18]. The main effect of the pumping 
e-beam is to form Kr; and F. This is followed by the ionic recombination reaction 
[19] 

Kr} + FU + Ar —> (KrF)* + Kr + Ar 


The excited molecules KrF* thus form the inverted population gain medium. 

Due to the shortness of the excited state lifetime (~6--8 X 107” s), the excimer 
laser is used mostly for amplifying short pulses. In a gas mixture of 93.5% Ar, 6% 
Kr, and 0.3% F, with a total pressure of 1 atm excited by a high-energy electron 
beam, as much as 30 percent of the pumping beam energy results in the production 
of KrF* excited-state molecules. Total amplified output of ~ 100 kJ and overall wall 
plug to optical output amplifier efficiencies of ~8 percent appear feasible [19]. This 
is the main interest for the current high level of activity in this laser system. 


7.9 ORGANIC-DYE LASERS 


Many organic dyes (that is, organic compounds that absorb strongly in certain vis- 
ible-wavelength regions) also exhibit efficient luminescence, which often spans a 
large wavelength region in the visible portion of the spectrum. This last property 
makes it possible to obtain an appreciable tuning range from dye lasers; see Refer- 
ences [21-30]. 
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Figure 7-22 Schematic representation of the energy ievels of an organic dye molecuie. The 
heavy horizontal lines represent vibrational states and the lighter lines represent the rotational 
fine structure. Excitation and laser emission are represented by the transitions A — b and Ë 


— a, respectively. 


A schematic representation of an organic dye molecule (such as rhodamine 6G, 
for example) is shown in Figure 7-22. 

State So ts the ground state. $i, $+, Ti. and T, are excited electronic states— 
that is, states in which one ground-state electron is elevated to an excited orbit. 
Typical energy separation. such as §,—S, is about 20,000 cm ' Ina singlet (5) state, 
the magnetic spin of the excited electron is antiparallel to the spin of the remaming 
molecule. In a triplet (7) state, the spins are parallel. Singlet > triplet, or triplet > 
singlet transitions thus involve a spin flip and are far less likely than transitions 
between two singlet or between two triplet states. 

Transitions between two singlet states or between two triplet states, which are 
spin-allowed (that is, they do not involve a spin flip), give rise to intense absorption 
and fluerescence. The characteristic color of organic dyes is due to the Sọ — 5, 
absorption. 

The singlet and triplet states, in turn, are split further into vibrational levels 
shown as heavy horizontal lines in Figure 7-22. These correspond to the quantized 
vibrational states of the organic molecule, as discussed in detail in Section 7.6. 
Typical energy separation between two adjacent vibrational levels within a given 
singlet or triplet state is about 1500 cm~". The fine splitting shown corresponds to 


rotational levels whose spacing is about 15 cm™'.® 


— 


SA transition between two adjacent rotational levels involves a change in the total angular momentum of 
the molecule about some axis. 
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In the process of pumping the laser, the molecule is first excited, by absorbing 
a pump photon, into a rotational—vibrational state b within S,. This ts followed by 
a very fast decay to the bottom of the $; group, with the excess energy taken up by 
the vibrational and rotational energy of the molecules. Most of the excited molecules 
will then decay spontaneously to state a, emitting a photon of energy v = (Eg — 
E Yh. The lifetime for this process is Te. 

There 1s, however, a small probability, approximately ws;7,, that an excited 
molecule will decay instead to the triplet state 7,, where w, p 1s the rate per molecule 
for undergoing an S$, — T, transition. Since this is a spin-forbidden transition, its 
rate is usually much smaller than the spontaneous decay rate 7,', so that @,,7, < 
l. The lifetime 7, for decay of T, to the ground state ts relatively long (since this 
tuo Is a spin-forbidden transition) and may vary from 10 ’to 10 ° second, depending 
on the experimental conditions [24]. Owing to its relatively long lifetime, the triplet 
state Ti acts as a trap for excited molecules. The absorption of molecules due to a 
Ti — T, transition is spin-allowed and is therefore very strong. If the wavelength 
region of this absorption coincides with that of the laser emission Jat r = (Ep — 
E VA, an accumulation of molecules in 7, increases the laser losses and at some 
critical value quenches the laser oscillation. For this reason, many organic-dye lasers 
operate only on a pulsed basis. In these cases fast-rise-time pump pulses—often 
derived from another laser [22]—-cause a buildup of the $, population with oscil- 
lation taking place until an appreciable buildup of the 7, population occurs. 

Another basic property of molecules is that the peak of the absorption spectrum 
usually occurs at shorter wavelengths than the peak of the corresponding emission 
spectrum. This is illustrated in Figure 7-23, which shows the absorption and emission 
spectra of rhodamine 6G, which when dissolved in H,O is used as a CW laser 
medium [26]. Laser oscillation occurring near the peak of the emission curve 1s thus 
absorbed weakly, But for this fortunate circumstance, laser action invotving elec- 
tronic transitions in molecules would not be possible. 

Typical excitation and oscillation waveforms of a dye laser are shown in Figure 
7-24, The possibility of quenching the laser action by triplet state absorption 1s 
evident. 

A list of some common laser dyes is given in Table 7-1. 

The broad fluorescence spectrum of the organic dyes suggests a broad tunability 
range for lasers using them as the acuve material. The spectrum in Figure 7-23, as 
an example, corresponds to a width of Av = 1000 cm” '. One elegant solution for 
realizing this tuning range [25] consists of replacing one of the laser mirrors with a 
diffraction gratitig, as shown in Figure 7-25. A diffraction grating has the property 
that (for a:given order) an incident beam will be reflected back exactly along the 
direction of incidence, provided 


2d cos 8= mA m= 1, 2,... (7.9-1) 
where d is the ruling distance, @ is the angle between the propagation direction and 


its projection on the grating surface, A is the optical wavelength in the medium next 
to the grating, and im is the order of diffraction. This type of operation of a grating 
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Figure 7-23 Singlet-state absorption and fluorescence spectra of rhodamine 6G obtained from 
measurements with a 107° molar ethanol solution of the dye. (After Reference [24].) 


is usually referred to as the Littrow arrangement. When a grating is used as one of 
the laser mirrors, it is clear that the oscillation wavelength will be that which sattsties 
(7.9-L}, since other wavelengths are not reflected along the axis of the optical res- 
onator and will consequently ‘‘see*’ a very lossy (low-@) resonator. The tuning 
(wavelength selection) is thus achieved by a rotation of the grating. It follows also 
that any other means of introducing a controlled, wavelength-dependent loss into 
the optical resonator can be used for tuning the output. 
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Figure 7-24 (a) Flashlamp pulse produced by a linear xenon flashlamp in a low-inductance 
circuit. (b) Laser pulse from a 107° molar solution of rhodamine 6G in methanol. (After 
Reference [23].} 
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Table 7-1 


Dyes (After Reference [24].) 


Molecular Structure, Laser Wavelength, and Solvents for Some Laser 
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Figure 7-25 A typical pulsed dye laser experimental setup employing a linear flashlamp and 
a wavelength-selecting diffraction-grating reflector. 


7.10 HIGH-PRESSURE OPERATION OF GAS LASERS 





Consider a laser medium with an inversion density of AN atoms/nr’ at some transition 
with energy spacing near kvo. If this medium is to be used as an amplifier of a pulsed 
signal at ro then the maximum energy that can be extracted by the signal, through 
stimulated emission, is ~ ANAv, joules per unit volume of the laser medium. It would 
follow straightforwardly that to increase the energy gain (= energy out/energy in) 
of the amplifier we need to increase the inversion density AN which, according to 
(6.4-5), can be done by stronger pumping. 

Unfortunately, a mere increase in the pumping strength will increase, according 
to (5.6-10), the unsaturated gain Yol ro) of the medium, which will lead at some point 
to parasitic oscillation off spurious reflections or to energy depletion by amplification 
of the spontaneous emission [27]. 

One way around this problem in gas lasers is to increase the density (and pres- 
sure) of the amplifying medium. The increase in molecular density causes a pro- 
portionate decrease in molecular collision time 7 which, according to (5.1-8), causes 
the transition linewidth Av to increase. At a given inversion, this would cause, ac- 
cording to (5.6-10), a reduction in the gain {recall bere that g{ro} = (Av)—']. Alter- 
natively, if the maximum tolerable gain is Ymax, the reduction in gain due to increased 
pressure makes it possible to increase the inversion AN (by increased pumping) 
relative to its low-pressure value, until the maximum allowable gain Ymax is achieved. 
This, as discussed above, leads to increased stored energy density that can be 
‘“milked’’ by the signal pulse. 

Let us look, somewhat more formally, at the problem of operating a continuous 
gas laser oscillator at increased pressures. Much of the work in this field was done 
on CO, lasers so that the following discussion will refer to this particular system, 
although the considerations are quite general. 

The transition linewidth of the mixture of CO, and other gases used in CO, 
lasers can be written according to (5.1-8} as 


Ar = Am + > + (7.10-1) 
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where Avp is the Doppler linewidth (5.1-15) and 7, is the mean collision lifetime of 
a CO, molecule with a molecule of the ith molecular species (N-, He, and so on) 
present in the mixture. 

For a large range of pressures, 7, ' is proportional to the pressure [28] so that 
once E(t) | > Arp, the transition linewidth Av is essentially proportional to 
pressure. This region 15 referred to as the pressure-broadened regime and is illus- 
trated by Figure 7-26. 

Consider now the problem of maintaining the laser oscillation in a high-pressure 
discharge. First, to achieve a given gain (that is equal to the resonator loss) we need, 
according to (5.6-10), to increase the inversion density by an amount proportional 
to the pressure P in order to compensate for the increase of Av,’ Second, since the 
lifetime t, in the upper laser level varies as P~’, the pumping power per molecule 
increases, according to (6.3-4), as P. The result is that the pumping power, for a 
given gain, increases as P*, It follows that the output power, along with the excitation 
power, increases with P+. This conclusion follows more formally, from (6,5-10), for 
the power output 





_ Ban hvArA go 
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since Av & P and t œ IP. 

The increase of power with pressure is seen in Figure 7-27. The roll-off near P 
= 150 tor reflects the reduction in gain at the higher pressures. A more fundamental 
measure of the pressure effects is the variation of the saturation intensity {5.6-9} 


_ 8an*Avhy 
' (t af r spon’ 
that, for the reasons given above, should increase as P*. Experimental data of /, 
versus P is shown in Figure 7-28, 


Recall here that in (5.6-10) giro) = (AY. 
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Figure 7-26 The 10.6 jm transition linewidth versus pressure for a gas mixture with equal 
partial pressures of CO, and N at 300 K. 
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Figure 7-27 Output power versus total pressure under optimum pumping for He:CO, 
mixtures. (After Reference [29].) 
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Figure 7-28 Measured saturation intensity versus pressure in a CO; laser. (After Reference 
[29].) 


2/0 SOME SPECIFIC LASER SYSTEMS 


High-energy pulsed operation of CO, lasers [30] at atmospheric pressure has 
been responsible for large and simple lasers suitable for many industrial uses. 


7.1} THE &r-SiLICA LASER 


One of the most important laser systems is that of Er-doped silica fibers [31-36] at 
A = 1.55 pm. Such fibers pumped at A = 0.98 xm or A = 1.48 um are used as in- 
line optical amplifiers in optical communication fiber systems and have major system 
implications [33]. They are discussed in detail in Section 11.11. 


Problems 


7-1 Derive the expression relating the absorption cross section at » in a given 
a — b transition to the spontaneous b — a lifetime. 


7-2 Derive condition (7.9-1) for the Littrow arrangement of a diffraction grating 
for which the reflection is parallel to the direction of incidence, 


7-3 


a. Estimate the exponential gain coefficient y(v) of a 1074 molar solution of rho- 
damine 6G in ethanol by assuming the peak emission cross section to be com- 
parable to the peak absorption cross section. Use the data of Figure 7-23. 

b. Estimate the spontaneous lifetime for an $; — 5o transition. 

c. Estimate the CW pump power threshold assuming 50 percent absorption of pump 
and 100 percent pumping quantum efficiency. 
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8.0 INTRODUCTION 


Second-Harmonic 
Generation and 
Parametric 
Oscillation 


In Chapter 1 we considered the propagation of electromagnetic radiation in linear 
media in which the polarization is proportional to the electric field that induces tt. 
In this chapter we consider some of the consequences of the nonlinear dielectric 
properties of certain classes of crystals in which, in addition to the linear response, 
a field produces a polarization proportional to the square of the field. 

The nonlinear response can give rise to exchange of energy between a number 
of electromagnetic fields of different frequencies. Two of the most important appli- 
cations of this phenomenon are: (1) second-harmonic generation in which part of 
the energy of an optical wave of frequency w propagating through a crystal is con- 
verted to that of a wave at 2%, and (2) parametric oscillation in which a strong pump 
wave at w, causes the simultaneous generation in a nonlinear crystal of radiation at 
w, and w, where w, = w; + w These will be treated in detail in this chapter. 


8.1 ON THE PHYSICAL ORIGIN OF NONLINEAR POLARIZATION 


The optical polarization of dielectric crystals is due mostly to the outer, loosely 
bound valence electrons that are displaced by the optical field. Denoting the electron 
deviation from the equilibrium position by x and the density of electrons by N, the 
polarization p is given by 


p(t) = —Nex(t) 


In symmetric crystals the potential energy of an electron must reflect the crystal 
symmetry, so that, using a one-dimensional analog, it can be written as 
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Vix) = - wx? + T Bx Je (8.1-1) 


where «w} and B are constants’ and m is the electron mass. Because of the symmetry 
V(x) contains only even powers of x, so V(—x) = Vix). The restoring force on an 
electron is 


F=- ak = -max — mBx” (8.1-2) 
dr 
and is zero at the equilibrium position x = 0. 
The linear polarization of crystals in which the polarization is proportional to 
the electric field is accounted for by the first term in (8.1-1}, To see this, consider a 
“low” frequency electric field £(#)—that is, a field whose Fourier components are 
at frequencies small compared to wa. The excursion x(} caused by this field 1s found 
by equating the total force on the electron to zero” 


—eE(t) — mogx(t) = 0 
so that 
e 
N=--—G 
x(t) ma 
thus resulting in a polarization p(t) = — Nextt), which is instantaneously proportional 
to the field. 


Now in an asymmetric crystal in which the condition V(x) = V(—x) is no longer 
fulfilled, the potential function can contain odd powers of x and thus 


E(t) (8.1-3) 


F: 
Via) = S y + 7 Dx to. (8.1-4) 


which corresponds to a restoring force on the electron 


_ Ma) 


F —(magx + mDx? ++) (8.1-5) 
X 


F= 
An examination of (8.1-5) reveals that a positive excursion (x > 0) results in a larger 
restoring force, assuming D > 0, than does the same excursion in the opposite 
direction. It follows immediately that if the electric force on the electron is positive 
(E < 0), the induced polarization is smaller than when the field direction is reversed. 
This situation is depicted in Figure 8-1. 


"The constant æ corresponds to the resonance frequency of the electronic oscillator. 


“The ‘low’ frequency assumption makes it possible to neglect the acceleration term m d?xfdt* in the 
force equalion. 
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Figure 5-1 Relation between induced polarization and the electric field causing it; (a) in a 
linear dielectric and (b) in a crystal lacking inversion symmetry. 


Next consider an altemating electric field at an (optical) frequency w applied to 
the crystal. In a linear crystal the induced polarization will be proportional, at any 
moment, to the field, resulting in a polarization oscillating at œw as shown in Figure 
8-2{a). In a nonlinear crystal we can use Figure 8-1(b} to obtain the induced polar- 
ization corresponding to a given field and then plot it (vertically) as in Figure &-2(b). 
The result is a polarization wave in which the stiffer restoring force at x > Ô results 
in positive peaks (6), which are smaller than the negative ones (b°). A Fourier anal- 
ysis of the nonlinear polarization wave in Figure 8-2(b) shows that it contains the 
second harmonic of w as well as an average (dc) term. The average, fundamental, 
and second-harmonic components are plotted in Figure 8-3. 

To relate the nonlinear polarization formally to the inducing field, we use Equa- 
tion (8.1-5) for the restoring force and take the driving electric field as E'™ cos wt. 
The equation of motion of the electron F = mx is then 








d*x(t) dx(t) ek 
+ o — + wilt} + Dr“) = - et pte 14 
dt? 7 dt a 2m le ee) 16) 
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Figure 8-2 An applied sinusoidal electric field and the resulting polarization, {a) in a linear 
crystal and (b) in a crystal lacking inversion symmeiry. 


where we account for the losses by a frictional force —mox. An inspection of (8.1- 
6} shows that the term Dx? gives rise to a component oscillating al 2%, so we assume 
the solution for x(t) in the form? 


x(t) = 4g ye + g” + cc.) (8.1-7) 


where c.c. stands for ‘‘complex conjugate.” 
Substituting the last expression into (8.1-6) gives 


tr ; , iT . 
— 5 (ge + cc.) wig + Ec.) + EE (qe — c.c.) 


+ 


da 


+ iwo(gse — cc.) 4 > (qe 4 ger" + Eç.) 


D , H 
+ ri (ge + ge" + a + 2gig 


Jia 


w] 


f —eE 
+ 2g.g3e “+ E + gel = P (e™ + cc.) (8.1-8) 








‘Here we must use the real form of air) instead of the complex one since, as discussed in Section 1.1, 
the differential equation involves x”. 
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Second-harmonic 
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Polanzation 


Frequency = 0 
(d) 


Time ——- 
Figure 8-3 Analysis of the nonlinear polarization wave (a) of Figure 8.2 (b} shows that it 
contains components oscillating at (b) the same frequency (w) as the wave inducing it, (c) 
twice that frequency (2m), and (d) an average (dc) negative component. 


If (8.1-8) is to be valid for all times ż, the coefficients of e™™ and e~*“' on both 





sides of the equation must be equal. Equating first the coefficients of e'“", assuming 
that [Dg] < f(a - wF + wr]? gives 
ef l 
q=- (8.1-9) 


m (o — af) + iwe 


The polarization at w is related to the electronic deviation at œ by 


N | 
pn =- > qe + oc.) 


7 5 [Ee + cc] (8.1-10) 
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where y(w) is thus the linear susceptibility. By ustng (8.1-9) in (8.1-10) and solving 
for yw), we obtain 


2 
yw) = Ne (8.1-11) 


mellek — a) + iwal 


We now proceed to solve for the amplitude g; of the electronic motion at 2e. 
Equating the coefficients of e**" on both sides of (8.1-8) leads to 


qi- + Zima + op = -4q 
and, after substituting the solution (8.1-9) for g,, we obtain 


— De {Ey 


= —— CC 8.1-12 
42 nla w) + iwa let- dar + iwo) (9-118) 
In a manner similar to (8.1-10), the nonlinear polarization at 2w is 
N 
per) = _ > CE + ec.) 
= ppd M E et 4 c.c. | (8.1-13) 


The second of equations (8.1-13) defines the nonlinear optical coefficient d", If 
we denote the complex amplitude of the polarization as Pe we have, fram (8.]- 
13), 
pen) — 3[ Pew et + c.c.] 
and 
pew ~ gW polwn peta) (8.1-14) 


that is, 2°” is the ratio of the (complex) amplitude of the polarization at 2w to the 
square of the fundamental amplitude. Substituting (8.1-12} for g, in (8.1-13), then 
solving for d°”, results in 


4 
gi) = NE (8.1-15) 
Im’ {(w w) + iodi (a, — 40° + liwo) 
Using (8.1-11) we can rewrite (8.1-15) as 
D tayè (Zen) 
q7» = m E i) (8.1-16) 


Equation (8.1-16) is important since it relates the nonlinear optical coefficient d to 
the linear optical susceptibilities y and to the anharmonic coefficient D. Estimates 
based on this relation are quite successful in predicting the size of the coeffictent d 
in a large variety of crystals; set References [1, 2]. 

Relation (8.1-14) is scalar. In actual crystals we must consider the symmetry so 
that the second harmonic polanzation along, say, the x direction, is related to the 
electric field at œ by a third rank tensor d,- 


(Fat — Hapel) (fen) ole! tos) (2) eit ot t 
POO = glwpioipial 4 gQuiplorpied 4 gapu 


AVY 


+ UdG EOE + AGEE + Wg EOE” (8.117) 
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Simitar relations give P° and P“. Considerations of crystal symmetry reduce 
the number of nonvanishing de coefficients—or, in certain cases to be discussed 
in the following, cause them to vanish altogether. Table 8-1 lists the nonlinear co- 
efficients of a number of crystals. 

Crystals are usually divided into two main groups, depending on whether the . 


Table 8-1 The Nonlinear Optical Coefficients of a 








Number of Crystais* 

Crystal ¢2") in Units of 1/9 x 107” MKS 
LilO, djs = 44 
NH,H.PO, dy, = 0.45 
(ADP) diz = 0.50 + 0.02 
KH,PO, das = 0.45 + 0.03 
(KDP) diy = 0.35 
KD;PO, dy, = 0.42 + 0.02 

dig = 0,42 + 0.02 
KH,ASO, dy, = 0.48 + 0.03 
di = 0,5) + 0.03 
Quartz d = 0.37 + 0.02 
AIPO, dı = 0.38 £ 0.03 
ZnO da = 6.5402 
da = 1.95 + 0.2 
dis = 2.1 + 02 
Cds d33 = 24.6 2 2 
ds; = 30 + 10 
dag = 33 
GaP dig = 80 2 14 
GaAs dj, = 72 
BaTiO, da = 6.4 +05 
dy, = 1B +2 
djs= i742 
LiNbO, dis = 44 
dy = 2.3 +10 
Te di, = tT 
se dj, = 130 + 30 
Ba,NaNb,0,. da = 10.4 + 0.7 
da =742+07 
Ag,AsS, dy = 225 
(proustite) d = 13.5 
CdSe d4,)= 22.5 23 
CdGeAs; dy, = 363 = 70 
AgGase, dag = 27+ 3 
AgSbS, dys = 9.5 
£n$ dag = 13 


eee" a a 





*Some authors define the nonlinear coefficient d by P = €dE” rather 
than by the relation P = dE’ used here. 
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crystal structure remains unchanged upon inversion (that 1s, replacing the coordinate 
r by —r) or not. Crystals belonging to the first group are called centrosymmetne, 
whereas crystals of the second group are called noncentrosymmetric [3]. In Figure 
8-4 we show the crystal structure of NaCl, a centrosymmetric crystal; an example 
of a crystal lacking inversion symmetry (noncentrosymmetric) is provided by crys- 
tals of the ZnS (zinc blende) class such as GaAs, CdTe, and others. The crystal 
structure of Zn% is shown in Figure 8-5, The lack of inversion symmetry is evident 
in the projection of the atomic positions given by Figure 8-6. 

In crystals possessing an inversion symmetry, all the nonlinear optical coeffi- 
cients d4 must be zero. This follows directly from the relation 

pe = daw ROE! (8.1-18) 
Ja eae 

which is a compact notation for relation (8.[-17). Let us reverse the direction of the 
electric field so that in (8.1-18) ES” becomes -E and Et” becomes —E;"”. Since 
the crystal is centrosymmietric, the reversed field ‘‘sees’’ a crystal identical to the 
original one so that the polarization produced by it must bear the same relationship 
to the field as originally; that is, the new polarization is —P\*. Since the new 
polarization and the electric field causing it are still related by (8.1-18), we have 


— piu) = 2; de -E — £4) (8.1-19) 
Í 


Equations (8.1-18) and (8.1-19) can hold simultaneously only if the coefficients 
Go) are all zero. We may thus summarize: In crystals possessing an inversion 
symmetry there is no second-harmonic generation. 
In the actual practice and design of experiments involving second-harmonic 
generation or any second-order nonlinear optics in general, it is crucial to take into 


account the vectorial nature of the interaction and the tensorial aspect of the dy 





Figure 8-4 The crystal structure of NaCl. The crystal is centrosymmetric, since an inversion 
of any ion about the central Na* ion, as an example, leaves the crystal structure unchanged. 
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Figure 8-5 The crystal structure of cubic zinc sulfide. 


coefficients. A tabulation of the symmetry properties of these coefficients is included 
in [12] as well as a detailed example of their use in the case of KH,PO,. Alternatively 
we can generate these ‘‘symmetry tables’ by replacing rows by columns in Table 
9-1, ie., by applying the transformation nile dy © r, to generate the 3 X 6 d, 
matrices from the 6 X 3 r; matrices. In the following sections we will employ a 
simplified scalar approach that, although retaining mest of the physical consider- 
ations, needs to be supplemented in practice by vectorial considerations. 

As an example that illustrates this point, consider a second-harmonic generation 
experiment in KH,PO, (KDP). The incident beam at œ propagates along the crystal 





Figure 8-6 The atomic positions in the unit cell of ZnS projected on a cube face. The fractions 
denote height above base in units of a cube edge. The dark spheres correspond to zinc (or 
sulfur) atoms and are situated on a face-centered cubic (fcc) lattice, and the white spheres 
correspond to sulfur (or zine) atoms and are situated on another fee lattice displayed by (3, i 
4) from the first one. Note the lack of inversion symmetry. 
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z (optic) axis and is polarized along the x or y axis or some intermediate direction 
between the two. Since second-harmonic generation in KDP (see Tuble 16.1 in 
Reference [12] for class 42m crystals) is described uniquely by 

Ped BE (do = dia) 

Pe = d E re (d. = dss) (8.1-19a) 

pee -= df EY (d_,, = dig) 
our choice of propagation direction is such that E — 0. This results in the pro- 
duction of only P. This polarization cannot, however, radiate a wave at 2w prop- 
agating along the z axis, since the field E (more exactly D) must be normal to the 
propagation direction, We thus must choose a propagation direction at some, hope- 
fully large, angle with respect to the z axis. The choice of thts direction is dictated 
by “‘phase-matching”’ considerations as discussed in Section 8.3. 

Ht follows, by a direct extension of (8.1-19), that tf the optical field at a point r 

consists of two beams 


e(t) = RefE@ ve! + R'e emt] (8.1-20) 
there is induced in ihe material a polarization at the sum trequency w, + w, 
peton = Reldigy ST Or EOE en eta tet) (8.1-21) 
as well as at the difference frequency w — ws 
per’? = Reli SE er Ee e" e] (8. 1-22) 


It follows that the complex amplitude of the mduced polarization is related to those 
of the inducing fields according to 

plot er) = de oa) prt) pw) 

Per DY = EEO ON BO Be (8. 1-23} 
The material constants diy ren and da are, in general, not equal to each 


other since the physical processes contributing to the nonlinear polarization are usu- 
ally dependent on the frequencies involved. 


8.2 FORMALISM OF WAVE PROPAGATION IN NONLINEAR MEDIA 


in this section we derive the equations governing the propagation of electromagnetic 
waves in nonlinear media. These equations will then be used to describe second- 
harmonic generation and parametre oscillation. 

The starting point is Maxwell's equations (1.2-1), (4.2-2}: 


ad 
Vexh=it+— 
ar 
dh 
Vx ez mp — (8.2-1) 
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and 

i = oe 
where is the conductivity. If we separate the total polarization p into its linear and 
nonlinear portions according to 


P= Xx t Pae (8.2-3) 
the first of equations (8.2-1) becomes 
de d 
Vxh= +e—t+= 8.2-4 
cere at at Paz ( ) 


with € = ell + ya). Taking the curl of both sides of the second of (8.2-1), using 
(8.2-4) and the vector identity 
VxVxe= V¥-e — Ve 
and taking V-e = 0, we get 
de de 4 
Ve = o + pe— tus 8.2-5 
€ = po at HE ar f ar Paz ( ) 


Next we go over to a scalar notation and rewrite {8.2-5} as 


1 Fi 


de de a 
— + pet pb op Puil, t) (8.2-6) 


Ve = ug 
e EE a are 


where we assumed, for simplicity, that Paz is parallel to e. Let us limit our consid- 
eration to a field made up of three plane waves propagating in the z direction with 
frequencies w, w, and w, according to 


ez 1) = HE ev“ + ce] 

ez, 1) = ME E ~ cc] 

ez, t) = HE (ee + co] (8.27) 
Then the total instantaneous field ts 

e = ez + 822, D + etri, À (8.2-8) 


Next we substitute (8.2-8), using (8.2-7), into the wave equation (8.2-6) and separate 
the resulting equation into three eguations, each containing only terms oscillating at 
one of the three frequencies. The nonlinear polarization pyrr, t) in (8.2-6) contains, 
according to (8.1-21) and (8.1-22}, the terms 


Red TE, Ene! Fes + kay 
DT 


Rejd 3" 2 EE e37" 034a] 
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These oscillate at the new frequencies (w; + w) and {w, — w5) and, in general 
being nonsynchronous, will not be able to drive the oscillation at w. é, or @,. An 
exception to the last statement ts the case when 


diy -— Ey + fi) (8.2-9) 


In thts case the term 


2 


ud A E Ot a eN, tik] 
ar? 


oscillates at @, ~ w- = w, and can thus act as a source for the wave at a. In 
physical terms, we have power flow from the fields at w, and w, into that at w, or 
vice versa. Assuming that (8.2-9) holds, we return to (8.2-6) and, writing it for the 
oscillation at w, obtain 
age Jeta! 
V2) = po, —— + pe y 
HCI at prey are 

j Et 


: - > pfllwi ww ikka] g ce (8,2-10) 
t 


+ pd 


Next we observe that, in view of (8.2-7), 


4 


iar 


l d ta pods 
Vet = TE [E zett + ce] 
ol dE, , 
- -Hu E(D) + 2k, = Eo eter Ah pe, 
Fi 


where we assumed that 


dEi) 
dz 


d E ,(z) 
dz 








(8.2-11) 





k 








If we use (8.2-9) and (8.2-10), and take d/df = iw,, we obtain 


ol EZ Hopi Aas 
-3 £ TE fz) + 2ik, ae He Kat a) to 


a E {z EP 
= [iw no, w HE] i > ) git eh + eg 


Recognizing that ki = wf pe, we can rewrite (8,2-12) after multiplying all the terms 
by 


$ exp(—iw ft + ik,z) 
ky 
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db, = _ Fi cE = dE, Exe -Äkki 
dz 2 


and, similarly, 


dE} - _ T j ES + iwz o Eve HA katka 

dz 2 

dE 

Eo} [ee E, ~ i dE Eye 0.213) 
rd 


for the fields at w and w. These are the basic equations describing nonlinear para- 
metric interactions [4]. We notice that they are coupled to each other via the nonlinear 
constant d, 


ds 


3.3 OPTICAL SECOND-HARMONIC GENERATION 


The first experiment in nonlinear optics [5] consisted of generating the second har- 
monic (A = 0.3470 jm) of a ruby laser beam (A = 0.694 jem) that was focused on 
a quartz crystal. The experimental arrangement is depicted in Figure 8-7. The con- 
version efficiency of this first experiment (~ 10~*} was improved by methods to be 
described below to a point where about 30 percent conversion has been observed in 
a single pass through a few centimeters length of a nonlinear crystal. This technique 
is finding important applications in generating short-wave radiation from longer- 
wave lasers. 

In the case of second-harmonic generation, two of the three fields that figure in 
(8.2-13) are of the same frequency. We may thus put œw, = w; = wand E = E = 
Elw), for which case the first two equations are the complex conjugate of one another 


Ruby laser Focusing Jens l M7154 6943 A 
Prism and 


i Quartz crystal collimating lenses 


CAN AS 
woo RR De ni iha | i 
PE TRN oe lig Photographic 


yp plate 


Lie 


Figure 8-7 Arrangement used in first experimental demonstration of second-harmonic gen- 
eration [5]. Ruby laser beam at Ay = 0.694 am is focused on a quartz crystal, causing 
generation of a (weak) beam at Ag/2 = 0.347 um. The two beams are then separated by a 
prism and detected on a photographic plate. 
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and we need to consider only one of them. We take the input field at œ to correspond 
to E, in (8.2-13) and the second-harmonic field to £3, and we put @3 7 w + as 
= 2, neglecting the absorption, so a7), = 0. The last equation becomes 


— 





ape l ; f 
= —-Ite ye dE e"n (8.31) 
dz € 
where 
Ak = ka 2h, = REA — 2K (8.342) 


To simplify the analysis further, we may assume that the depletion of the input wave 
at œw due to conversion of its power to 2w is negligible. Under those conditions, 
which apply in the majority of the experimental situations, we can take E‘'(z) = 
constant in (8.3-1) and neglect its dependence on z. Assuming no input at 2w—that 
is, E70) = O—we obtain from (8.3-1) by integration the output field at the end 
of a crystal of tength /: 

iki l 


(Zu) = -j a pie! 2 et 
E- (D oe" Yak 


The output intensity is proportional to 


F ra 
aoa i wd , sin” (AKi/2) 
(Zur) (au) —_{_f | =— Ew 4) —_— be 443 
Here we used e/e, = 7°, where n is the index of refraction. If the input beam is 
confined to a cross section A(m’), then, according to (1.3-26), the power per unit 
area (intensity) is related to the field by 





l = 2e — : is Eee? (8.34) 


and (8.3-3) can be written as 


(8.35) 





-3 (e) wrd?P sin(AKI2) P, 


_ Pe 
o P, n?o (AkH2 A 


sue 


for the conversion efficiency from w to 2w. We notice that the conversion efficiency 
is proportional to the intensity P/A of the fundamental beam. 


Phase-Matching in Second-Harmonic Generation 


According to (8.3-5), a prerequisite for efficient second-harmonic generation is that 
Ak = 0—or, using (8.3-2), 


pew — agiw (8.36) 
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If Ak + 0, the second-harmonic power generated at some plane, say z,, having 
propagated to some other plane (z+), is not in phase with the second-harmonic wave 
generated at za. This results in the interference described by the factor 


SIn (Aki/2) 
(AKUD 


in (8.3-5). The main peak and the first zero of this spatial interference pattern are 
separated by the so-called ‘‘coherence length’’ 


_ 2a oT 


© ag GEET Con 


The coherence length /. is thus a measure of the maximum crystal length that is 
useful in producing the second-harmonic power. Under ordinary circumstances it 
may be no larger than 10° * cm. This is because the index of refraction n” normally 
increases with w so Ak is given by 


Ak = 2) — 24 = = [P* — n°] (8.3-8) 


where we used the relation K“” = wn/c, The coherence length is thus 


TE À 


e5 oe = n] he = n°] Co) 


where A is the free-space wavelength of the fundamental beam. If we take a typical 
value of A = 1 um and 2°” —n” = 107°, we get l, = 50 um. If J, were to increase 
from 100 ym to 2 cm, as an example, according to (8.3-5) the second-harmonic 
power would go up by a factor of 4 x 10*. 

The technique that is used widely (see [6,7]) to satisfy the phase-matching 
requirement Ak = Q takes advantage of the natural birefringence of anisotropic 
crystals, which was discussed in Section 1.4. Using the relation k’ = wW uen 
(8.3-6) becomes 


+ 


ne = p? (8.3-10) 


so the indices of refraction at the fundamental and second-harmonic frequencies must 
be equal. In normally dispersive materials the index of the ordinary wave or the 
extraordinary wave along a given direction increases with œ, as can be seen from 
Table 8-2. This -makes it impossible to satisfy (8.3-10) when both the œ and 2w 
beams are of the same type—that is, when both are extraordinary or ordinary. We 
can, however, under certain circumstances, satisfy (8.3-10) by making the two waves 
be of different types. To illustrate the point, consider the dependence of the index 
of refraction of the extraordinary wave in a uniaxial crystal on the angle 8 between 
the propagation direction and the crystal optic (z) axis. It is given by (1.4-12) as 


| cos’ #@ sing 
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Table 8-2 Index of Refraction Dispersion Data of KH,PO, (After 
Reference [8]. 


Index 
Wavelength, pm Ħa (ordinary ray) n, (extraordinary ray} 
0.2000 1.622630 1.563913 
0.3000 1.545570 1.498153 
0.4000 1.524481 1.480244 
0.5000 1.514928 1 472486 
0.6000 ] 509274 1.468267 
0.7000 1.505235 1.465601 
0.8000 1.501924 1.463708 
0.9000 [.498930 1.462234 
1000C L.496044 1.460993 
L. 1000 1.493147 1.459884 
1.2000 1.490169 1.458845 
1.3000 1.487064 1.457838 
1.4000 1.483803 1.456838 
1.5000 1.480363 1.455829 
1.6000 1.476729 1454797 
|. 7000 ]. 472890 1.453735 
1.8000 | 468834 1.452636 
1.9000 1.464555 1.451495 
2.0000 | 460%4 1.450308 


i rr 





If n?” < në, there exists an angle 8, at which #2°(6,,) = n@; so if the fundamental 
beam (at w) is launched along @,, as an ordinary ray, the second-harmonic beam wili 
be generated along the same direction as an extraordinary ray. The situation 1s il- 
lustrated by Figure 8-8. The angle 6,, is determined by the intersection between the 
sphere (shown as a circle in the figure} corresponding to the index surface of the 
ordinary beam at w, and the index surface of the extraordinary ray 1°“(6). The angle 
é,, which defines a cone, for negative uniaxial crystals—that is, crystals in which 
ne < n—is that satisfying #2°(6,,) = ne or, using (8.3-11), 











cos @, sin’ 6, 1 
(nit 2 (n) ~ (ney (8.3-12) 
and, solving for @,, 
ahd Jan- 
sin? g, = C) 7 Me (8,3-13) 
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Figure 8-8 Normal (index) surfaces for the ordinary and extraordinary rays in a negative (n, 
< ne) uniaxial crystal. If 22” < ng, the condition n2“(0) = n? is satisfied at @ = 6,,. The 


g 


eccentricities shown are vastly exaggerated. 





Numerical Example; Second-Harmonic Generation 





Consider the problem of second-harmonic generation using the output of a pulsed 
ruby laser (Ap = 0.6940 um) in a KH,PO, crystal (KDP) under the following con- 
ditions: 


f= ] cm 
PJA = 10° Wiem? 


The appropriate d coefficient is, according to Table 8-1, d = dyja 003 8, X 3 X 
107 MKS units. Using these data in (8.3-5) and assuming Ak = Q gives a conver- 


sion efficiency of 


P iag=0.347 pm) 


0.21 


P y,=0.694 um) 


The angle @,, between the z axis and the direction of propagation for which Ak 
= Q is given by (8.3-13). The appropriate indices are taken from Table 8-2, and are 
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ndà = 0.694 um) = 1.466 9 .(A = 0.347 pm) = 1.490 
mA = 0.694 pm) = 1.506 AAA = 0.347 um) = 1.534 
Substituting the foregoing data into (8.3-13) gives 
fp = 52° 


To obtain phase-matching along this direction, the fundamental beam in the crystal 
must be polarized as appropriate to an ordinary ray in accordance with the discussion 
following (8.3-11). 

We conclude from this example that very large intensities are needed to obtain 
high-efficiency second-harmonic generation. This efficiency will, according to 
(8.3-5), increase as the square of the nonlinear optical coefficient d and will conse- 
quently improve as new materials are developed. Another approach is to take ad- 
vantage of the dependence of 4euc on P/A and to place the nonlinear crystal inside 
the laser resonator where the energy flux P,/A can be made very large.* This ap- 
proach has been used successfully [10] and it will be discussed in considerable detail 
further in this chapter. 





Experimental Verification of Phase-Maiching 


According to (8.3-5), if the phase-matching condition Ak = 0 is violated, the output 
power 1s reduced by a factor 
— sin*(Aki/2) 
(Aki/2)? 
from its (maximum) phase-matched value. The phase mismatch Ak//2 is given, ac- 
cording to (8.3-8), by 


(8.3-14) 


Ak! i 

= = = [nO — nf] (8.3-15) 
2 £ 

and is thus a function of 8. If we use (8.3-11) to expand n2°(@) as a Taylor series 

near @ = @,,, retain the first two terms only, and assume perfect phase-matching at 


d= 8, so n2°(6,,) = n2, we obtain 


Zurn—2 oy Pan 2 
Ak(@ = — Sul sin(2é,,) (ny) = We)” (@- 8) 
€ AAG) 
= 2B by) (8.3-16) 


where 8, as defined by (8.3-16), is a constant depending on nw? ne? ne, w, and L 
If we plot the output power at 2w as a function of @ we would expect, according to 
(8.3-5} and (8.3-16), to find it varying as 


“The one-way power flow inside the optical resonator P, is related to the power output P, as P, = 
PAL — R), where R is the reflectivity. 
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Figure 8-9 Variation of the second- harmonic power Pa, with the angular departure {8 ~ 8,,) 
from the phase-matching angle. (After Reference [11].} 


sin {0 ~ On) 
[B6 - 6,)I° 
Figure 8-9 shows an experimental plot of P.,,(4) as well as a plot of (8.3-17). 
Another phase-matching technique involves the introduction of an artificial spa- 
tial periodicity Al = 2a/Ak into the beams’ path. This method is discussed in Prob- 
lem 8.10 and the references quoted therein. 


P, (8) & (8.317) 


second-Harmonic Generation with Focused Gaussion Beams 


The analysis of second-harmonic generation leading to (8.3-5) is based on a plane 
wave model. In practice one uses Gaussian beams that are focused so as to reach 
their minimum radius (waist) inside the crystal. A typical situation is depicted in 
Figure 8-10. The incident Gaussian beam is characterized by confocal parameter zo, 
which according to (2.5-11) is the distance from the beam waist in which the beam 
area” mæ” is double that of the waist. We recall that za = mugn/h, where w is 
the minimum beam radius (waist). If zo > i (I is the crystal length), the beam area, 
hence the intensity, of the incident wave is nearly independent of z within the crystal, 
and we may apply the plane wave result (8.3-3) to write 


sin?(Aki/2} 
ECAP = Ë PEN = 8.318 
Li Nonlinear 
“ þ— i E crystal 
F) | Jeni Lp a 
| | 
+———~ 225 ——+ 


Focusing 
lens 


Figure 6-10 Second-harmonic generation with a focused Gaussian beam. 
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where £'“'(r)} is taken as 
Bry = Ege (83-19) 


as appropriate to a fundamental Gaussian beam. Using 


i fe 
pit -L ef 
2 yu Crows KELIG 


as well as (8.3-19), we obtain, by integrating (8.3-18), 


i 3 
> E o f TU 
| ed ay dy = i— Ei (=) 
\ u 








4 











pe an wd ( P A sin"(Aki2} (8.3-20) 
pier En no Anag? = CARY 
where we used (nYa ® = a’. 


Equation (8.3-20) is identical to (8.3-5). We must recall, however, that it was 
derived for a Gaussian beam input with žo = /. According to (8.3-20) in a crystal 
of length / and with a given input P“”, the output power PP“ can be increased by 
decreasing ma- This is indeed the case until gol = mainh ) hecames comparable to /. 
Further reduction of y (and za) will lead to a situation in which the beam begins 
to spread appreciably within the crystal, thus leading to a reduced intensity and a 
reduced second-harmonic generation. It is thus reasonable to focus the beam until 
f= 22,. Al this pomt ww, = Al/2an, which is referred to as confocal focusing, and 
(8.3.20) becomes 


peel 2 (e) OEE ay SELARI) 


= = (83-21 
To pe n aan CD 


mtel dos aine 


A more exact analysis of second-harmonic generation with focused Gaussian 
beam shows that the maximum conversion efficiency is approximately 20 percent 
higher than the confocal result (8.3-21). 

The main difference between (8.3-21} and the plane wave result (8.3-5) ts that 
the conversion efficiency in this case increases as / instead of f°. This reflects the 
fact that a longer crystal entails the use of a larger beam spot size wy so as to keep 
zy = #2, which reduces the intensity of the fundamental beam. 








Example: Optimum Focusing 


Consider second harmonic conversion under confocal focusing conditions, im 
KH, PO, from A = 1 pm to A = 0.5 pm. Using / = l cm, deg = 3.6 X 10 7 MKS, 
n = 1.5, we obtain from (8.3-21) for the phase matched Ak = 0 case 

pew 
pron 


=44 x 10° Pp 
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Second-Harmonic Generation with a Depieied input - 


The expression (8.3-5) for the conversion efficiency in second harmonic generation 
was derived assuming negligible depletion of the fundamental beam at w. It 15, 
therefore, valid only for cases where the conversion efficiency is small, Le, %syc 
< |. A study of Equation (8.2-13) or the intuitive understanding of parametric 
processes which the student may have acquired by now shows that, assuming phase 
matching and a sufficiently long crystal, the conversion process w —> 2w continues 
with distance and that it is not unreasonable to expect conversion efficiencies ap- 
proaching unity. To consider this possibility, we return to Equation (8.2- 13), but this 
time, anticipating pump depletion, the fundamental beams £,(z) and £.(z) are al- 
lowed to depend on z. We transform to a new set of field variables A, defined by” 


A, = [mt p i= 1,2,3 (8.422) 
Vy o 


where n? = &/€,, i.e., n, is the index of refraction of wave }. See discussion following 
Equation (8.6-17) to better appreciate the transformation (8.3-22). The result ts 


dA Œ] j * _; - 
— z=- À —— edt A MAk} 
dz 3 l , 2 4430 
dA? a i A hn 
ma At g ed, At eae 
d? 3 2 > pity 
dA, My i . 
== = - 4, - — Kd Are 83-23 
dz 3 3 5 1712€ { ) 
where 
_ fi 
r = iF; — 
E; 
ced (£) wida 
Ep? Matty 
Ak = ky — (ki + k) (8.3-24) 


In the case of second-harmonic generation, A, = Az and Equations (8.3-23) become 


dA | K $ 

— = -j- A.A 

dz 4 git | 

dA -K 

Pi -iz Al (8.3-25) 


“It follows from (8.3-22) that |A|? is proportional to the photon density at w, [see Equation (8.6-17)]. 
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where we assumed transparent (a, = 0) media and phase matching (Ak = 0). It 
follows from (8.3-25) that if we choose, without loss of generality, A,(Q) as a real 
number, then A,(z) is real and (8.3-25) can be rewritten in the form 


dA l 
T = = 5 RASA, 

dz 2 

das l 

ria (8.3-26) 


where A, = —iA}, It follows from (8.3-26) that 
d a 
~~ (A + Az) = 0 
dz 


(ie. for each photon ‘‘removed’’ from beam 1, one photon is added to beam 3; 
energy is conserved, since 2 photon is also removed simultaneously from beam 2). 

Assuming no input at wa, we have A? + Ai? = Ai(0), and the second of (8.3- 
26) becomes 


dA; 1 
—= = = «(Ai(Q) — Ay 
i 5 (0) — Aj 


leading to a solution 
Ax(z) = A,(O) tanh[zKA ,(0)z] (8.3-27) 


Second-harmonic energy 
conversion efficiency (%) 





| 2 3 4 5 6 
Input intensity (GW/cm?) g 
Figure 8-11 Frequency doubling energy conversion efficiency. Solid curve: theoretical pre- 
diction of Equation (8.3-28) (recall that A,(Q) 2% VE). The circles correspond to experimental 
points. (After supplementary Reference [30].) l 


SECOND-HARMONIC GENERATION INSIDE THE LASER RESONATOR 295 


We note that as KA,(0}z => œ, A3{z) — A,(0) so that all the input photons at œ are 
converted into half (since A, = A;) as many photons at 2% and the power conversion 
efficiency approaches unity. In the general case 


pee. AX@r 


Po RO tanh?[4«A ,(0)z] (8.3-28) 
l 


—w 
— 


WsHG 


A plot of the theoretically predicted relation (8.3-28) as well as of experimental data 
obtained in converting from A = 1.06 to A = 0.53 pm is shown in Figure 8-11. 


8.4 SECOND-HARMONIC GENERATION INSIDE THE LASER RESONATOR 


According to the numerical example of Section 8.3 and Figure 8-11, we need to use 
large power densities at the fundamental frequency w to obtain appreciable conver- 
sion from w to 2w in typical nonlinear optical crystals. These power densities are 
not usually available from continuous (CW) lasers. The situation is altered, however, 
if the nonlinear crystal is placed within the laser resonator. The intensity (one-way 
power per unit area in watts per square meter) inside the resonator exceeds its value 
outside a mirror by (1 — R} ', where R is the mirror reflectivity. If R = 1, the 
enhancement is very large and since the second-harmonic conversion efficiency is, 
according to (8.3-5), proportional to the intensity, we may expect a far more efficient 
conversion inside the resonator. We will show below that under the proper conditions 
we can extract the total available power of the laser at 2m instead of at w and in 
that sense obtain 100 percent conversion efficiency. In order to appreciate the last 
statement, consider as an example the case of a (CW) laser in which the maximum 
power outpul, at a given pumping rate, is available when the output mirror has a 
(optimal) transmission of 5 percent. 

The output mirror is next replaced with one having 100 percent reflection at w 
and a nonlinear crystal is placed inside the laser resonator. If with the crystal inside 
the conversion efficiency from w to 2w in a single pass 18 5 percent, the laser is 
loaded optimally as in the previous case except that the coupling is attributable to 
loss of power caused by second-harmonic generation instead of by the output mirror. 
It follows that the power generated at 2@ is the same as that coupled previously 
through the mirror and that the total available power of a laser can thus be converted 
to the second harmonic. 

An experimental setup similar to the one used in the first internal second-har- 
monic generation experiment [10] is shown in Figure 8-12. The Nd*”: YAG laser 
(see Chapter 7 for a description of this laser} emits a (fundamental) wave at Ag = 
1.06 am. The mirrors are, as nearly as possible, totally reflecting at Ap = 1.06 zm. 
A Ba,NaNb,Q,, crystal is used to generate the second harmonic at Ay = 0.53 yum. 
The latter is coupled through the mirrcor—which, ideally, transmits all the radiation 
at this wavelength, 

In the mathematical treatment of internal second-harmonic generation that fol- 
lows we use the results of the analysis of optimum power coupling in laser oscillators 
of Section 6.5. 
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Nonlinear 
w, lew crystal 
Nd*: YAG Ba, NaNb; Os 
laser 
R = 100% neal 
Raus= 100% Paws O 


Figure 8-12 Typical setup for second-harmonic conversion inside a laser resonator. {After 
Reference [9].) 


The mirror transmission Top that results in the maximum power output from a 
laser oscillator is given by (6.5-11) as 


Top -= 4 Rol, 7 L; (8.4-1) 


where L; is the residual (that is, unavoidable) fractional intensity loss per pass and 
Zo is the fractional unsaturated gain per pass.° The useful power output under opti- 
mum coupling is, according to (6.5-12), 


P, = LA(Vg0 - VL) (8.4-2) 
where the saturation intensity of the laser transition J,A was given by (5.6-9) as’ 
r= Rmn hvAv 
© At pen) 
In the present problem the conversion from w to 2w can be considered, as far 
as the w oscillation 1s concerned, just as another loss mechanism. We may think of 


it as due to a mirror with a transmission T" taken as equal to the conversion efficiency 
(from w to 2w) per pass, which, according to (8.3-5), is 


fe 
Po» fuo) wd? [sidak] P, 
r m (£) | aen | A ee 


H 
where d is the crystal nonlinear coefficient, / its length, A its cross-sectional area, 
Ak the wave-vector mismatch, and F, the one-way traveling power inside the laser. 
We can rewrite T” in the form 


(8.4-3) 





T’ = KP, (8.4-5) 


where the value of the constant x is evident from Equation (8.4-4). The equivalent 
mirror transmission 7” is thus proportional to the power. 


“We may recall here that the residual losses include all loss mechanisms except those representing useful 
power coupling, The unsaturated gain #o is that exercised by a very weak wave and represents the 
maximum available gain at a given pumping strength. 


"f, is, according to (5.6-8) [and putting gft) ' = Av], the optical intensity (watts per square meter) thal 
reduces the inversion, hence the gain, to one-half tts zero intensity (unsaturated) value. 
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Using the last result in (8.4-1), we find immediately that at optimum conversion 
the product xP „ must have the value 


(xP caopt = VĚ ob; a L; (8.4-6) 


The total loss per pass seen by the fundamental beam is the sum of the conversion 
loss (KF) and the residual losses, which, under optimum coupling, becomes 


Lo = L + (KP dom = Veob (8.4-7) 


Our next problem is to find the internal power F, at optimum coupling so that 
using (8.4-4) we may calculate the second-harmonic power. We start with the ex- 
pression (6.5-6) for the total power P, extracted from the laser atoms and replace 
the loss £ by its optimum value (8.4-7) to obtain 


Eo Bo 
Pio = P| > - 1) = Pt je - 
foo p£ ) ed L ) 
Bar BAW tomit ig 
= a fet | 22 p= na l [88 - 48 
Mt ops (‘= \ Lı ) „a| L; ) ee) 


where to get the last equality we used relation (4.7-2) 
ni 
t. = — 
cL 


to relate the resonator decay time 1, to the loss per pass L. The fraction of the total 
power P, emitted by the atoms that is available as useful output is T'/L. This power 
is also grven by the product PT” of the one-way internal power P and the fraction 
T” of this power that is converted per pass. Equating these two forms gives 


and using (8.4-8) we get 


(Palop = ra| l — 7 (8.4-9) 


for the one-way fundamental power inside the laser under optimum coupling con- 
ditions. The amount of second-harmonic power generated under optimum coupling 
iS 


(P 2whape = (KP whapel t wJopt 
which, through the use of (8.4-6) and (8.4-9), results in 
(Pawo = ACV 80 — VLY (8.4-10) 


This is the same expression as the one previously obtained in (6.5-12) for the max- 
imum available power output from a laser oscillator. 
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The nonlinear coupling constant k was defined by (8.4-4) and (8.4-5) as 


MZ 9492) fo 2 
Hoy wed fsin(Akif2) 
= 2 ———— 8.4-11 
K (£) A ( CARI) (8.411) 


Its value under optimum coupling can be derived from (8.4-6) and (8.4-9) and is 





Kop — Pa) = (8.4-12} 
(Palp dA 


and is thus independent of the pumping strength? It follows that once x is adjusted 
to its optimum value £//,A, it remains optimal at any pumping level. This is quite 
different from the case of optimum coupling in ordinary lasers, in which optimum 
mirror transmission was found [see (6.5-11)] to depend on the pumping strength. 

[n closing we may note that apart from its dependence on the crystal length /, 
the nonlinear coefficient d, and the beam cross section A, x depends also on the 
phase mismatch Aki. Since Ak was shown in (8.3-15) to depend on the direction of 
propagation in the crystal, we can use the crystal orientation as a means of varying 
K. 





Numerical Example: Internal Second-Harmonie Generation 
a 


Consider the problem of designing an internal second harmonic generator of the type 
illustrated in Figure 8-12. The Nd**: YAG laser is assumed to have the following 


characteristics: 
Àa = 1.06 pm = 1.06 X 107° meter 
Avy = 1.35 X 10! Hz (width of the spectral gain profile) 


Beam diameter (averaged over entire resonator length) = 2 mm 


L; = internal loss per pass = 2 X 10~ 

n=15 
The crystal used for second-harmonic generation is Ba,NaNb.0,5, whose second- 
harmonic coefficient (see Table 8-1) is d = 1.1 Xx 10°72 MKS units. 

Our problem is to calculate the length / of the nonlinear crystal that results in a 
full conversion of the optimally available fundamental power into the second har- 
monic at A = 0.53 om. The crystal is assumed to be oriented at the phase-matching 
angle, so Ak = k” — 2k" = 0., 


"We recall here that the pumping strength in our analysis is represented by the unsaturated gain go. 
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The optimum coupling parameter is given by (8.4-12) as Kop = LALA, where 
i, is the saturation intensity defined by (8.4-3). Using the foregoing data in (8.4-3) 
gives 
iA = 2 watts 


which, taking L; = 2 X 107°, yields 
Koo = 107? 
Next we use the definition (8.4-11) 


32 , 
(£) wd’ 

K = 2|— 3 
Ey ra 





where we put Ak = 0 and take the beam diameter at the crystal as 50 um. (The 
crystal can be placed near a beam waist so the diameter is a minimum.) Equating 
the last expression to Xam = 10°” using the numerical data given above, and solving 
for the crystal length, results in 


foot = 0.804 cm 





6.5 PHOTON MODEL OF SECOND-HARMONIC GENERATION 


A very useful point of view and one that follows directly from the quantum me- 
chanical analysis of nonkmear optical processes [12] 15 based on the photon model 
illustrated in Figure 8-13. According to this picture, the basic process of second- 
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Figure 8-13 Schematic representation of the process of second-harmonic generation. Input 
photons (each arrow represents one photon) at æ are ‘‘annihilated’’ by the nonlinear crystal 
in pairs, with a new photon at 2w being created for each annihilated pair. (Note that in reality 
both « and 2w occupy the same space inside the crystal.) 
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harmonic generation can be viewed as an annihilation of two photons at w and a 
simultaneous creation of a photon at Zw. Recalling that a photon has an energy fe 
and a momentum #k, it follows that if the fundamental conversion process is to 
conserve momentum as well as energy that 


Keo = 24 (8.51) 


which ts a generalization to three dimensions of the condition AX = 0 shown in 
Section 8.3 to lead to maximum second-harmonic generation. 


8.6 PARAMETRIC AMPLIFICATION 


Optical parametric amplification in its simplest form involves the transfer of power 
from a “‘pump’’ wave at œ to waves at frequencies œw; and w, where w, = w, + 
ay, It is fundamentally similar to the case of second-harmonic generation treated in 
Section 8.3, The only difference is tn the direction of power flow. In second-har- 
monic generation, power is fed from the low-frequency optical field at w to the field 
at 2w. In parametric amplification, power flow is from the high-frequency field (w4) 
to the low-frequency fields at w, and œw. In the special case where w, = w, we 
have the exact reverse of second-harmonic generation. This is the case of the so- 
called degenerate parametric amplification. 

Before we embark on a detailed analysis of the optical case it may be worthwhile 
to review some of the low-frequency beginnings of parametric oscillation. 

Consider a classical nondriven oscillator whose equation of motion is given by 

2 
EREET ER, (8.61) 

The variable v may correspond to the excursion of a mass M, which is connected to 
a spring with a constant œM, or to the voltage across a paralle] RLC circuit, in which 
case w5 = (LC) and « = (RC) '. The solution of (8.6-1) is 


v(t) = v(Q} exp (- s) exp (2 la — Za) (8.6-2) 


that is, a damped sinusoid. 
In 1883 Lord Rayleigh [13], investigating parasitic resonances in pipe organs, 

considered the consequences of the following equation 

d'u du , 

7 +K 7 + (a + 2a sin ww = 0 (8.6-3) 
This equation may describe an oscillator in which an energy storage parameter (mass 
or spring constant in the mechanical oscillator, L or C in the REC oscillator) is 
modulated at a frequency w,. As an example consider the case of the RLC circuit 
shown in Figure 8-14, in which the capacitance 1s modulated according to 


A 
C=C, € -ÊC in oy) (8.64) 
Co 
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Figure 6-14 A degenerate parametric oscillator with a sinusoidally modulated capacitance. 


The equation of the voltage across the RLC circuit is given by (8.6-1) with «ù = 
(LC). 
Using (8.6-4) and assuming AC < Cp, (8.6-1) becomes 


d’v du I 
— + K— + — 
dt dt LC, 

which, if we make the identification 


1+ AC sin on) vu =O (8.65) 
Ca 





g=, y = SAC (8.66) 
LCo 2Co 
‘s identical to (8.6-3). 
The most important feature of the parametrically driven oscillator described by 
(8.6-3) is that it is capable of sustained oscillation at wg. To show this let us assume 
a solution 


v = a cos[wt + ] (8.6-7) 


Expanding sin w, in (8.6-3) in terms of exponentials, substituting (8.6-7) and ne- 
glecting nonsynchronous terms oscillating at (w, + œ) leads to 


(ar — ae“) + jane” — jae roe 4] = 0 (8.68) 
From (8.6-8) it follows that steady-state oscillation is possible 1f 
ú = 20 (so that w, — w = w) 
@ = alg @=Oorr a= wok (8.69) 


or, in words: 

The pump frequency w, is twice the oscillation frequency wo. The oscillation 
phase” is & = O or m and the strength of the pumping æ must satisfy œ = wax. The 
last condition is referred to as the “‘start-oscillation condition” or “‘threshoid con- 
dition,” since it gives the pumping strength (œ) needed to overcome the losses {x) 
at the oscillation threshold. In the case of the RLC circuit, whose capacitance is 
modulated according to (8.6-4), the threshold oscillation condition a = wx can be 
written with the aid of (8.6-6) as 


*The phase œ is of fundamental importance and it is defined relative to that of the pump oscillation as 
given by (8.6-4). 
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(8.6-10) 


where the quality factor Q = w RC is related to the decay rate x by x = wg. 

In practice, if the capacitance of the circuit shown in Figure 8-14 is modulated 
so that condition (8.6-10) is satisfied, the circuit will break into spontaneous oscil- 
lation at a frequency wp = w,/2. This constitutes a transfer of energy from w, to 
wd, 

The physical nature of this transfer may become clearer if we consider the time 
behavior of the voltage u(t), the charge g(t), and the capacitance C(t) as illustrated 
in Figure 8-15. 

C(t} is a parallel-plate capacitor whose capacitance is periodically varied. As- 
sume first that C(¢) is varied as in Figure 8-15(a) by pulling the capacitor plates apart 
and pushing them together again [C œ (plate separation) ']. At the same time the 
circuit ts caused to oscillate so that the charge g(r) on the capacitor plates varies as 
in Figure 8-15(b). Now, according to Figure 8-15(a}, when the charge on the plates 
is a maximum, the plates are pulled apart slightly. The charge cannot change in- 
Stantaneously, but since work must be done (against the Coulomb attraction of the 
opposite charges on the capacitor plates) to separate the plates, energy is fed into 
the capacitor and appears as a sudden increase in the voltage (v = g/C, € = 44‘/C), 
as in Figure 8-15(c). One quarter of a period later, the charge and thus the field 
between the plates is zero and the plates can be returned to their original position 
with no energy expenditure. Al the end of half a cycle, the charge has reversed sign 
and is again a maximum, so the plates are pulled apart once more. This process is 
then repeated many times, causing the total voltage to increase twice in each oscil- 
lation cycle. In this way, energy at twice the resonant frequency is pumped into the 
circuit where it appears as an increase in energy of the resonant frequency. 

There are two noteworthy features to this degenerate oscillator. First, the fre- 
quency of the pump must be very nearly twice the resonant frequency of the oscillator 
for gain to occur, in agreement with the previous conclusions, see (8.6-9). In addition, 
the phase of the pump relative to the charge on the capacitor plates must be chosen 
properly. Consider the case where C(t} = Cy = AC sin 2wof, as in Figure 8-15(d). 
If we take the minus sign, which corresponds to the @ = O° curve, then energy is 
continuously fed into the system as described above. If, however, the pumping phase 
is Inverted (that is, the plus sign), then the capacitor plates are pushed together when 
the charge is a maximum, thus performing work, giving up energy, and decreasing 
the total voltage. Any initial oscillations that may be present will be damped out. 
The phase condition (@ = 0) agrees with the second of (8.6-9). 

To make a connection between the lumped-circuit parametric oscillator and the 
optical nonlinearity discussed in (8.1-14) we show that the (time) modulation of a 
capacitance at some frequency w, which was shown to give rise to oscillation at 
w,/2 is formally equivalent to applying a field at w, to a nonlinear dielectric in which 
the polarization p and the electric field e are related by 


p = exe + de (8.6-11) 
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Figure 8-15 Physical model of a capacitively pumped parametric oscillator. (a) Square-wave 
capacitance vanation at twice the circuit oscillation frequency. (Also shown is the motion of 
the capacitor plates. the charge, and the forces on the plates.) (b) The charge on one of the 
capacitor plates. (c) The voltage across the circuit. (d} Vanation of the capacitance C(s) at 
two phases relative to that of the charge. 
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This can be done by considering a parailel-plate capacitance of area A and separation 
s that is filled with a medium whose polarization is given by (8.6-11). Using the 
relations” 


d(t) = eelt) + p(t) = elt) (8.6-12) 
the dielectric constant e can be written as 
E= g&l + x) + de 
and the capacitance C = A/s as 
+ Ad 
_ Sl + XA Ad 


C (8.613) 
K + 
If the electric field is given by 
e = —E, sin wt 
the capacitance becomes 
= sitat - e Sin pt (6.614) 


which is of a form identical to (8.6-4). It follows that the two points of view used 
to describe parametric processes—the one represented by (8.6-4), in which an en- 
ergy-storage parameter is modulated, and that in which the electric (or magnetic) 
response is nonlinear, as in (8.6-1)—are equivalent. 

We return now to the basic nonlinear parametric equations (8,2-13) to analyze 
the case of optical parametric amplification. We find it convenient as in (8.3-22) to 
introduce a new field variable, defined by 


a= Pe f= 1, 2,3 (8.6-15) 
Gay 


so that the power flow per unit area at œ is given by 


Prod f& wae} ff ia B&16 
‘A -1 Sale tal ( } 


when n, is the index of refraction at w. The power flow PyA per unit area is related 
to the flux N, (photons per square meter per second) by 


P L f& 
7 = NAO = j A o (8.617) 


so that |A, is proportional to the photon flux at œ. The equations of mation (8.2-13) 
for the A, variables become 


The electric displacement a(r) should not be confused with the nonlinear constant d in ($.6-11). 
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dA | i _, 
Pa = 5 tA “3 KAS Aye “4h 
dat i 
= —_— A* +- KA At KAk) 
dz 4 2 > piage 
= = — : aAa — > KA, Ag“ (8.6-18) 


where 


k=d (2) a) idi 
Ep, Mitha 
— H — 
a=a E 1=1,23 (B.6-19) 


The advantage of using the A; instead of E; is now apparent since, unlike (8.2-13), 
relations (8.6-18)} involve a single coupling parameter x. 

We will now use (8.6-18) to solve for the field variables A (2), A(z), and A;(z) 
for the case m which three waves with amplitudes A,(0), A,(0), and A,(0) at fre- 
QUENCIES w, @, and ws, respectively, are incident on a nonlinear crystal at z = 0. 
We take w, = w, + Gy, &, = @ = a, = O (no losses}, and Ak = k; — k, — k 
= 0. In addition, we assume that w,!A,(z)|* and œA)? remain small compared 
to w1A,(0)|* throughout the interaction region. This last condition, in view of (8.6- 
17), is equivalent to assuming that the power drained off the ‘‘pump’’ (at œ) by the 
“signal” (w) and idler (w) is negligible compared to the input power at w. This 
enables us to view A;(z) as a constant. With the assumptions stated above, equations 
(8.6-18) become 


mt Bye TPL BY (8.6-20) 
where 
g = KA;(0) = (£) ai? dE 0) (8.6-21) 
cof Ait 


The solution of the coupled equations (8.6-20) subject to the initial conditions 
A(z = 0} = A,(0), A = 0) = A, A0) = AXO, Le., g is real, ts 
A = E L jat 8 
i(z) = A,{O) cosh > z — iA5(O0) sinh 9 f; 


*(2) = AŽ(0) cosh ; z + iA,(0) sinh ; z (8.622) 
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Equations {8,6-22) describe the growth of the signal and idler waves under phase- 
matching conditions. In the case of parametric amplification the input will consist 
of the pump (w) wave and one of the other two fields, say, w. In this case A,(0) 
= 0, and using the relation N, œ A,A* for the photon flux we obtain from (8.6-22) 


2 
NR) © ATOA = A0? cosh > eet Aor ef 
A 2 
N2(2) © AFRA) = AOF sinh? 5 => Aor e (B623) 


Thus, for gz > |, the photon fluxes at œ, and w, grow exponentially. If we limit 
our attention to the wave at w, it undergoes an amplification by a factor 


ATA) _ 
ATOA O) «> $ (8.624) 


Numerical Example: Parametric Amplification 
eee 


The magnitude of the gain coefficient g available in a traveling-wave parametric 
interaction is estimated for the following case involving the use of a LiNbO, crystal. 


day, = 5 X 10°" MKS (see Table 8-1) 
Vv, =p =3X 10" Hz 
P,/Area = (pump power) = 5 X 10° Wiem? 
ñi = n, = 2,2 
Converting P, to |E,|* with the use of (8.6-16) and then substituting in (8.6-21), 
ylelds 
I 


g = 0.7 com 


This shows that traveling-wave parametric amplification is not expected to lead to 
large values of gain except for extremely large pump-power densities. The main 
attraction of the parametric amplification just described is probably in giving rise to 
parametric oscillation, which will be described in Section 8.8. 


8.7 PHASE-MAJCHING iN PARAMETRIC AMPLIFICATION 


[In the preceding section the analysis of parametric amplification assumed that the 
phase-matching condition 
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ky =k +k (8.7-1) 


is Satisfied. It is important to determine the consequences of violating this condition. 
We start with equations (8.6-18) taking the loss coefficients a, = a, = 0 and 


dA 

T = -į § Ake Hah 

AdAS , 

7 = +ł S Arete (8.7-2) 
The solution of (8.7-2) is facilitated by the substitution 

A,{z) — mel “AN2 

A¥(z) = M git tHAuaie (8.7-3) 


where m, and m, are coefficients independent of z. The exponential growth constant 
s 1s to be determined. Substitution of (8.7-3) in (8.7-2) leads to 


ak 
(5-1 %) m tim =0 
Ak 
-iE m, + Sijm =Û (8.7-4) 
2 2 
By equating the determinant of the coefficients of m, and m, in (8.7-4) to zero, we 


obtain the two solutions 
s4 = thVe? — (ARY = +b (8.7-5) 


The general solution of (8.7-2} is the sum of the two independent solutions 


A {g = my e+ HARZ) -+ mt, g! -KANN 


AŽ(2) = m ; gis HRAD +4 my gl? -+HAK2)]2 (8.7-6) 


The coefficients my, Mi, M3, mz are next determined by requiring that at z = 0 the 
solution (8.7-6) agree with the input amplitudes A ,(0) and A3(0). This leads straight- 
forwardly to the result 
cau KAR) 
A (zje"^ “k = A,(0) | cosh(bz) — 7 sinh(6z) 
-į ž A3(0) sinhíbz} (8.7-7) 


AR soko) 





A3 (aje MOH" = ASO) cosh + 


+i 5 A (0) sinh(bz) 


The last result reduces, as it should, to (8.6-22) if we put Ak = Q. 
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The most noteworthy feature of (8.7-5) and (8.7-7) ts that the exponential gain 
coefficient $ is a function of Ax and that unless 


gz Ak (8.7-8) 


no sustained growth of the signal (A,} and idler (A,) waves is possible, since in this 
case the sinh and cosh functions in (8.7-7) become 


isin{}{(AkyY ~ g'z] 
cos($[(Aky’ - gz] 


respoctively, and the energies at w, and w oscillate as functions of the distance z. 

The problem of phase-matching in parametrice amplification is fundamentally 
the same as that in second-harmonic generation. Instead of satisfying the condition 
(8.3-6), °° = 2k", we have, according to (8.7-1), to satisfy the condition 


ky =k, tk 


This is done, as in second-harmonic generation, by using the dependence of the 
phase velocity of the extraordinary wave in uniaxial crystals on the direction of 
propagation. In a negative uniaxial crystal (2, < ng), we can, as an example, choose 
the signal and idler waves as ordinary while the pump at œ; is applied as an extraor- 
dinary wave, Using (8.3-11) and the relation k” = (a¥c)n”, the phase-matching 
condition (8.7-1) is satishied when all three waves propagate at an angle §,, to the z 
(optic) axis where 


2 . 23 —1f2 
nex) = cos @,, , {sin a, _ ne! + wz në? (8.79) 
nies iy és) 


ty 3 








8.8 PARAMETRIC OSCILLATION!! 


In the two preceding sections we have demonstrated that a pump wave at w, can 
cause a simultaneous amplification in a nonlinear medium of ‘‘signal’’ and “‘idler’’ 
waves at frequencies w; and œ, respectively, where w = w; + w If the nonlinear 
crystal is placed within an optical resonator (as shown in Fignre 8-16) that provides 
resonances for the signal or idler waves (or both), the parametric gain will, at some 
threshold pumping intensity, cause 4 simultaneous oscillation at the signal and idler 
frequencies. The threshold pumping corresponds to the point at which the parametric 
gain just balances the losses of the signal and idler waves. This is the physical basis 
of the optical parametric oscillator. Its practical importance derives from its ability 
to convert the power output of the pump laser to power at the signal and idler 
frequencies that, as will be shown below, can be tuned continuously over large 
ranges. 

To analyze this situation we return to (8.6-18). We take Ak = 0 and neglect the 
depletion of the pump waves, so Aiz) = A,(D). The result is 





"See References [1416]. 
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Figure 8-16 Schematic diagram of an optical parametne oscillator in which the laser output 
at œ, is used as the pump, giving rise to oscillations at œ and œw, (where w, = w, + Ww) in 
an optical cavity that contains the nonlinear crystal and resonates at w, and a. 


dA l g 
a A 
dA ] 2 
T = - 5 1A? +i (8.8-1) 
where, as in (8.6-21), 
(£) 12 ap (0) 
Caf Rina 
12 = O12 = (8.8-2) 
€:2 


Equations (8.8-1) describe traveling-wave parametric interaction. We will use 
them to describe the interaction inside a resonator such as the one shown in Figure 
8-16. This procedure seems plausible if we think of propagation inside an optical 
resonator as a folded optical path. The magnitude of the spatial distributed loss 
constants a, and œ, must then be chosen so that they account for the actual losses 
in the resonator. The latter will include losses caused by the less than perfect reflec- 
tion at the mirrors, as well as distributed loss in the nonlinear crystal and that due 
to diffraction. *” 

if the parametric gain is sufficiently high to overcome the losses, steady-state 
oscillation results. When this is the case, 


dA, _ dA} 
dz dz 


and thus the power gained via the parametric interaction just balances the losses. 


= 0 (8.8-3) 


' The effective loss constant e, is chosen so that exp —@,/) is the total attenuation in intensity per resonator 
pass al a, where / is the crystal length. 
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Putting d/dz = 0 in (8.8-1) gives 


ax 8 
— Fy Ar — iS Ad = 0 

E ct 

i> A, — 5 Ad = 0 (8.8-4) 


The condition for nontrivial solutions for A, and A} is that the determinant at (8.8-4) 
vanish; that is, 


_% g 
2 2 
det = 0 
£ _ & 
2 2 
and, therefore, 
g = at (8.8-5) 


This is the threshold condition for parametric oscillation. 
If we choose to express the mode losses at œw, and œ by the quality factors O, 
and Q», respectively, we have!” 


ton 
= — 8.8-6 
a, Ox (8.4-6) 
By the use of (8.8-2), condition (8.8-5) can be written as 
dE), l 
De oo (8.8-7) 
Vee VO: 


where (£,), is the value of E, at threshold. This relation can be shown to be formally 
analogous to that obtained in (8,6-10) for the lumped-circuit parametric oscillator. 
According to (8.6-14), AC/C, = dE,/e; therefore, apart from a factor of two, if we 
put Q; = Q- and & = e, (8.8-7) is the same as (8.6-10). 

Another useful form of the threshold relation results from representing the qual- 
ity factor Q in terms of the (effective) mirror reflectivities as in (4.7-3) and (4.7-5). 
If, furthermore, we express E, in terms of the power flow per unit area according to 


(8.6-16) 
Py of 
2 3 
BS 27 \ 


‘This relation follows from recognizing that the temporal decay rate e — aWQ is related to a by o = 
act, 
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we can rewrite (8.8-7) as 


P, ol & me ninal — Rul — R) (8.8-8) 
Aj 2\u Wald 


where / 1s the length of the nonlinear crystal, and ( 1 — R) and (1 — R;) are the 
losses per pass at w, and a», respectively. 


Numerical Example: Parametric Oscillation Threshold 


Let us estimate the threshold pump requirement 7,/A (watts per square centimeter) 
of a parametric oscillator of the kind shown in Figure 8-16, which utilizes an LiNbO, 
crystal. We use the following set of parameters: 

(1 — R) =(1-— R} =2X 10% (that is, loss per 

pass at w, and w, = 2 percent) 

(A), = (Ab = 1 um 

f=3cm (crystal length) 

Mm, =A, =n, = 15 


dy {LiNbO} = 5 xX 107™ (MKS) 
Substitution in (8.8-8) yields 


P, 
— | = 4] wattsiem” 
(5) Wa Ci 


This is a very modest intensity so that the example helps us appreciate the attrac- 
tiveness of optical parametric oscillation as a means for generating coherent optical 
frequency at new optical frequencies. 


8.9 FREQUENCY TUNING IN PARAMETRIC OSCILLATION 


We have shown above that the pair of signals (w,) and idler frequencies that are 
caused to oscillate by parametric pumping at w, satisfy the condition k; = kj + ky. 
Using k; = wnc we can write it as 

Cosi 4 = hA] + iht + (8.9-1} 
In a crystal the indices of refraction generally depend, as shown m Section 8.3, on 
the frequency, crystal orientation {if the wave is extraordinary), electnic field (in 


electrooptic crystals), and on the temperature. If, as an example, we change the 
crystal orientation in the oscillator shown in Figure 8-16, the oscillation frequencies 
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w; and w, will change so as to compensate for the change in indices, and thus 
condition (8.9-1) will be satished at the new frequencies. 

To be specific, we consider the case of a parametric oscillator pumped by an 
extraordinary beam at a fixed frequency w,. The signal (w) and the idler (w4) are 
ordinary waves. At some crystal orientation @ the oscillation takes place at fre- 
quencies wo and w. Let the indices of refraction at wio, #9, and œ under those 
conditions be ig M29, and Map respectively. We wani to find the change in œ and 
w, due to a small change A@ in the crystal orientation. 

From (8.9-1) we have, at @ = 65, 

wa = Wito t wati (8.9-2) 

After the crystal orientation has been changed from @ to & + A@, the following 
changes occur: 

Hag — Hao + An 4 

Nip > Mo + Any 

Fag — Hay + An, 

ig — tin + Aw, 
Since w; + a, = w = constant, 

lag — fon + Aw, = (Hoy ~~ Aw, 

that is, Aw, = —Aw,. Since (8.9-1) must be satisfied at @ = 6, + AG, we have 

(My + Ans) = (wi + Awo + Any) + (Woy — Aw (Ho + Any) 
Neglecting the second-order terms Az åw and An,Aw, and using (8.9-2), we ob- 
tain 


_ MEUR -= WA, - WAA, 
ww 
ahn Hig — Mao 


Aw, (8.9-3) 





According to our starting hypotheses the pump is an extraordinary ray; therefore, 
according to (1.4-12), its index depends on the orientation @, giving 


A8 (8.9-4) 





The signal and idler are ordinary rays, so their indices depend on the frequencies 
but not on the direction. It follows that 





on 
w wig 
d 
An, = z Aw, (8.9-5) 
di w 


Using the last two equations in {8.9-3} results in 


dw _ t3(dn4/d6) (8.9-0) 
#0 (tin Ra) + [wk n w) wpldn2/dw,)] 
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for the rate of change of the oscillation frequency with respect to the crystal orien- 
tation. Using (1.4-12) and the relation Ayx’) = —(2/x*) dx, we obtain 


on ny l ° l ° 
4 a 4 A) 
a — — = k [i — —_— — 


which, when substituted in (8.9-6), gives 


z z 
1 ffi Y]. 
— 2 waag ay — n sim 20y 
dw, 2 Me fa 


= (8.9-7) 


ja an an 
(nia — Rap) + | ww — - thay = 
dw, Ji), 


An experimental curve showing the dependence of the signal and idler frequencies 
on @in NH,H.,PO, (ADP) is shown in Figure 8-17. Also shown 15 a theoretical curve 
based on a quadratic approximation of (8.9-7), which was plotted using the disper- 
sion (that is, n versus w) data of ADP; see Reference [17]. 

Reasoning similar to that used to derive the angle-tuning expression (8.9-7) can 
be applied to determine the dependence of the oscillation frequency on temperature. 
Here we need to know the dependence of the various indices on temperature. This 
is discussed further in Problem 8-6. An experimental temperature-tuning curve is 
shown in Figure 8-18. 


Wavelength, A 


4500 5000 6000 7000 10,000 15,000 
ü 
mn l 
ü ! 
Di i 
Lr 
x 
a 4 
E 
‘2 
2 
F 6 
& 
2.5 2.0 1.5 1.0 
Photon energy, eV 
a S OA E S E S O E 
0,6 0.4 0.2 4) -02 -üd -0.4 


Fractional frequency shift A 


Figure 8-17 Dependence of the signal (w) frequency on the angle between the pump prop- 
agation direction and the optic axis of the ADP crystal. The angle ĝis measured with respect 
to the angle for which œ, = w/2, A = (w; — wy/2)/(w4/2). (After Reference [17].} 
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Figure 8-18 Signal and idler wavelength as a function of the temperature of the oscillator 
crystal. (After Reference [15].} 


8.10 POWER OUTPUT AND PUMP SATURATION IN OPTICAL PARAMETRIC OSCILLATORS 





In the treatment of the laser oscillator in Section 6.5 we showed that in the steady 
state the gain could not exceed the threshold value regardless of the intensity of the 
pump. A closely related phenomenon exists in the case of parametric oscillation. 
The pump field F, gives rise to amplification of the signal and idler waves. When 
E, reaches its critical (threshold) value given by (8.8-7), the gain just equals the 
losses and the device is on the threshold of oscillation. If the pump field £, is 
increased beyond its threshold value, the gain can no longer follow it and must be 
“clamped” at its threshold value. This follows from the fact that if the gain constant 
g exceeds its threshold value (8.8-5), a steady state is no longer possible and the 
signal and idiler intensities will increase with time. Since the gain g is proportional 
to the pump field E, it follows that above threshold the pump field inside the optical 
resonator must saturate at its level just prior to oscillation. As power is conserved it 
follows that any additional pump power input must be diverted into power at the 
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signal and idler fields, Since w, = w, + æ, it follows that for each input pump 
photon above threshold we generate one photon at the signal (w,) and one at the 
idler (w+) frequencies, so | 18] 


eel (ome 8.10-1) 


ty aa ty (Ps), 


The last argument shows that in principle the parametric oscillator can attain 
high efficiencies. This requires operation well above threshold, and thus P,/(P,), > 
1. These considerations are borne out by actual experiments [19]. 

Figure 8-19 shows experimental confirmation of the phenomenon of pump sat- 
uration; see References [18, 21]. After a transient buildup the pump intensity inside 
the resonator settles down to tts threshold value. 

Figure 8-19(b) shows that the signal power is proportional to the excess (above 
threshold) pump input power. This is in agreement with Equation (8.10-1). 


Threshotd 


i 
3 
b ai 
a 
G 
W 
È 
= 
ai 
: 
= 
ttt 
+a 
k 
P 
o 
Gy, 
qu 
= 
= 
= 


Signal power 


Signal power 





Figure 4-19 Power levels and pumping tn a parametric oscillator. (a) Waveforms of P,, the 
pump power passing through the ascillator. The gray waveform was obtained when the crystal 
was rotated so that oscillation did not occur: the solid waveform was obtained when oscillation 
took place. (b) Signal power and excess pump power. The gray waveform is the normalized 
difference between the waveforms in {a). (After Reference [19].) 
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8.11 FREQUENCY UP-CONVERSION 


Parametre interactions in a crystal can be used to convert a signal from a *‘low"’ 
frequency w, to a ‘‘high’’ frequency œ by mixing it with a strong laser beam at . 
i, where 


wi + ah = wy (8.11-1) 


Using the quantum mechanical photon picture described in Section 8.5, we can 
consider the basic process taking place in frequency up-conversion as one in which 
a signal (w,) photon and a pump (w) photon are annihilated while, simultaneously, 
one photon at w is generated: see References (12, 22-25]. Since a photon energy 
is he, conservation of energy dictates that w; = w; + w, and, in a manner similar 
to (8.5-1), the conservation of momentum leads to the relationship 


k; = k, + k, (8.11-2) 


between the wave vectors at the three frequencies. This point of view also suggests 
that the number of output photons at a, cannot exceed the input number of photons 
at w. 

The experimental situation is demonstrated by Figure 8-20. The w, and a, 
beams are combined in a partially transmissive mirror (or prism), so they traverse 
together (in near parallelism) the length / of a crystal possessing nonlinear optical 
characteristics. 

The analysis of frequency up-conversion starts with Equation (8.6-18). Assum- 
ing negligible depletion of the pump wave A), no losses (a = 0) at œ and w, and 
taking Ak = 0, we can write the first and third of these equations as 


az ~ vijs 
= = -iË A, (8.11-3) 


where, using (8.6-15) and (8.6-19) and choosing without loss of generality the pump 
phase as zero so that A,(0) = A3(0), 


ga [i (£) dE, (8.11-4) 
Hans Ve 


where E, is the amplitude of the electric field of the pump laser. Taking the input 
waves with (complex) amplitudes A,(0) and A;(0), the general solution of (8.11-3) 
is 


A,(z) = A,{0) cos z | — 14,(0) sin ( :) 


A(z) = Ax(0) cos (: z) — iA, (0) sin k :) (8.115) 
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Figure 8-20 Parametric frequency up-conversion in which a signal at w, and a strong laser 
beam at w, combine in a nonlinear crystal to generate a beam at the sum frequency ai; = 


iv; + ty. 


In the case of a single (low) frequency input at w, we have A,{0) = 0. In this 
case, 


A(z)? = |A,(0))* cos” t :) 


MD = JA (0) sin? k :) (8.11-6) 


therefore, 


A(z)? + JA3(2)? = |A,(0)) 


In the discussion following (8.6-17) we pointed out that |A{z)|’ is proportional to 
the photon flux (photons per square meter per second) at w. Using this fact we may 
interpret (8.11-6) as stating that the photon flux at œw, plus that at œ; at any plane z 
is a constant equal to the input (z = 0) flux at w4. If we rewrite (8.1 1-6) in terms of 
powers, we obtain 


P(z) = P,(0) cos? | 





P(z} = = P (0) sin? k :) (8.11-7) 
ft}; 2 
In a crystal of length /, the conversion efficiency is thus 
Ee (8.11-8) 
PQ) æ 2 


and can have a maximum value of w/w, corresponding to the case in which all the 
input (w,)} photons are converted to w photons. 
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In most practical situations the conversion efficiency is small (see the following 
numerical example) so using sin x = x for. x < 1, we get 


PAD) er) 
P0) i | 4 
which, by the use of (8.11-4) and (8.6-16), can be written as 


PO, wd (4) (2) (8.11-9) 
P0) 2an \& A 





where A is the cross-sectional area of the interaction region. 


Numerical Example: Frequency Up-Conversion 


The main practical interest in parametric frequency up-conversion stems from the 
fact that it offers a means of detecting infrared radiation (a region where detectors 
are ejther inefficient, very slow, or require cooling to cryogenic temperatures) by 
converting the frequency into the visible or near-visible part of the spectrum. The 
radiation can then be detected by means of efficient and fast detectors such as pho- 
tomultipliers or photodiodes; see References [23-26]. 

As an example of this application, consider the problem of up-converting a 10.6- 
um signal, originating in a CO, laser to 0.96 am by mixing it with the 1.06-~m 
output of an Nd** : YAG laser. The nonlinear crystal chosen for thts application has 
to have tow losses at |,06 um and 10.6 pm, as well as at 0.96 yam. In addition, its 
birefringence has io be such as to make phase matching possible. The crystal prous- 
tite (Ag,AsS;) listed in Table 8-1 meets these requirements [26]. 

Using the data 


n = 10 Wer? = 10° Wim? 
| = 10 4 meter 


nh, ~ my =n, = 2.6 (an average number based on 

the data of Reference (26]) 

deg = 1.1 X 107” (MKS) (taken conservatively 
as a little less than half the 
value given in Table 8.1 for dz} 

we obtain, from (§.11-9), 
Ps -0,96 uml! = | cm) 
Py -ianh = 0) 


indicating a useful amount of conversion efficiency. 


= 7} xX 10 


AUASI PHASE-MATCHING aig 


8.12 QUASI PHASE-MATCHING 


An alternative technique for achieving phase-matching in crystals is referred to as 
quasi phase-maiching [27], a reference to a crystal fashioned in such a way that the 
direction of one of its principal axes, say z, is reversed periodically. This, in a 
properly chosen crystal orientation and polarization directions of the participating 
optical fields, results in a periodic modulation of the nonlinear coefficient tensor 
element d, responsible for the interaction. The coupled wave equations (8.2-[3) 
remain unchanged, except that d is replaced by diz), which, being periodic, can be 
expanded in a Fourier senes 


diz) = dua 3 2 a By exo in = :) (8,12-1) 


where A is the period of A(z). The effect on the first of Equations (8.2-13), as an 
example, 1s to transform it to 


dE iw 
ae) ie -e JE da 


) a, a Ga A ky t+ ky +k ) | (8.12-2) 


A= — o& 


Phase-matching obtains if for some integer m the condition 





is satisfied. Ignoring non-phase-matched terms in (8.12-2), (their contribution av- 
erages out to zero over distances that are large compared to the coherence length), 
we rewrite (8.12-2) as 


dE F W 27 
E.n jes- (TE dsan epli m 


] Pi 
an= f a exp(~ im —— A? dz (8.12-5) 
The simplest case of a spatially periodic a(z) is one in which diz) switches from dyu 
to ~de every A/2. In this case 


_ 1 cos mt 


ain — 


form #0 (8.126) 
mir 


50 that, choosing m = 1, the effective nonlinear constant is 


2 
der = Ga@ouk = 7 d pulk (8. 12-7} 
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It is clear from (8.12-4) that, in principle, quasi phase-matched configurations can 
give rise to the same conversion efficiency as in the ideal, Ak = 0, phase-matched 
case, except that we require a longer interaction path to achieve it, The length penalty 
factor is dearde = AR. 

To appreciate quasi phase-matching on an intuitive basis, we note that it involves 
reversing of the sign of the nonlinear interaction at 


Z= La 2b,,...£, = (8.12-8} 


eis 


These are the locations where the power flow would reverse direction tn the non- 
phase-matched case. This keeps the power flowing in the same sense along the length 
of the crystal and leads to cumulative buildup of £7°(z). This can be best visualized 
using a phasor plot of the interaction. Taking the specific case of second harmonic 
generation as an example, we can divide the interaction path È into sufficiently short 
segments, each of length A, such that (A4}4 < y and obtain from (8.3-1) 


AEP) = iw [aemyers (8.12-9) 


where AE“ is the complex increment to the phasor E°“(z) due to the segment of 
length A centered on z. By adding the increments AE” vectorially, or rather pha- 
sorially, we obtain the phasor diagram shown in Figure 8-21. 

In the non-phase-matched case (a), the generated second-harmonic field keeps 
growing, reaching a maximum, usually insignificantly small, at z = m/åk, At longer 
distances, £" begins to shrink, returning to zero atz = 2a/Ak. In the quasi phase- 
matched case (b), the sign of the interaction reverses every Az = a/Ak. This is done 
by reversing the sign of ¢(z). The resultant E°°“\(z) thus keeps growing monotoni- 
cally, albeit at a (spatial) rate smaller than in the case of ideal bulk phase-matched 


(c). 
Quasi Phase-Matching in Crystal Dielechic Waveguides 


Quasi phase-matching has been practiced almost exclusively in configurations in- 
volving dielectric waveguiding. The main reason is that in a single mode waveguide, 
the small cross-sectional area (~10~* cm} leads to very large intensities even at 
modest input power levels. This enables efficient conversion efficiencies with rea- 
sonable. say < 1 em, crystal length. Secondly, the lack of diffraction makes tt pos- 
sible to maintain the high intensity throughout the crystal length. Most of the work, 
to date, involves optical waveguides fabricated in LiNbO, [35]. The spatial modu- 
tation of the nonlinear coefficient is achieved by reversing locally the direction of 
the c axis of the crystal by means of periodically applied electric fields [36, 37] or 
diffusion of Ti through openings in mask with a period A = 2L, [37]. This periodic 
reversal is caused by a periodic reversal of the direction of the crystal’s permanent 
electric polarization by a periodically (spatially) reversing electric field or impurity 
diffusion. | 
The main attraction of quasi phase-matched second-harmonic generation in 
crystal waveguides is due to the real prospect of efficient conversion from the infra- 
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Figure 8-21 The evolution of the second-harmonic phasor £*“'(z) in (a) a non-phase-matched 
case, (b) quasi phase-matched, and (c) bulk birefringent phase-matching (Ak = 0). (d) The 
second-harmonic power field E?* in a crystal for cases (a), (b), (c) above, as well as curve 
(d) for quasi phase-matched operation using the third Fourier coefficient m = 3. L, = ae 
Part (d} is reproduced from Reference [34]. 
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red, say À ~ | um, output of semiconductor diode lasers to the visible, A ~ 0,5 am 
[38]. Especially attractive are configurations using the long-lived and efficient 
GalnAs lasers emitting near A = | ym. The ready availability of visible solid-state 
sources with power outputs in the 5 to 20-mw range will have a major impact on 
many applications. Chief among these applications is that of optical data storage as 
in compact disks. In areal storage applications, the (stored) bit density goes as A~? 
due to diffraction, so that frequency doubling enables the storage capacity of a given 
area disk to be quadrupled. In volumetric storage, such as in holographic data storage 
discussed in Chapter 14, the storage density goes as A 7. 


Problems 


8.1- Show that if @,, 15 the phase-matching angle for an ordinary wave at w and an 
extraordinary wave al 2%, then 


(net)? = (ap?) 


any) 


8.2 Derive the expression for the phase-matching angle of a parametric amplifier 
using KDP in which two of the waves are extraordinary while tne third is ordinary. 
Which of the three waves (that is, signal, idler, or pump) would you choose as 
ordinary? Can this type of phase-matching be accomplished with œ = 10,000cm™', 
w, = w@ = 5000cm t? If so, what is 6,,? 


Zit 
Ak Olan, = = — sin(20,) (8 = 6,) 
G 


8.3 Show that Equations (8.6-22) are consistent with the fact that the increases in 
the photon flux at w, and w, are identical—that is, Al(Z)A,(z} — AT(O)A,(0) = 
A3(z)Ax(z} — A3(0)A(0). 
8.4 Complete the missing steps in the derivation of Equation (8.7-7). 
8.5 Show that the voltage v(t) across an open-circuited parallel REC circuit obeys 
rn a Lyno 
dt RC dt LC 
and js thus of the form of Equation (8.6-1). 


6.6 Consider a parametric oscillator setup such as that shown in Figure 8-16. The 
crystal orientation angle is @, its temperature is 7, and the signal and idler frequencies 
are wo ANd wz, respectively, with wg + w = w. Show that a small temperature 
change AT causes the signal frequency to change by 


3 a 
noA day’ 4 ne Ay) ane 
Aw, = ATX os cos ð (2) wr + sin’ @ (E2) a 





The pump is taken as an extraordinary ray, whereas the signal and idler are ordinary. 
[Hint: The starting point is Equation (8.9-3). which 1s valid regardiess of the nature 
of the perturbation. | 
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8.7 Using the published dispersion data of proustite (Reference [26]), calculate the 
maximum angular deviation of the input beam at v, (from parallelism with the pump 
beam at v+) thal results in a reduction by a factor of 2 in the conversion efficiency. 
Take A, = 10.6 um, A; = 1.06 pm, A, = 0.964 um. (Hinz: A proper choice must 
be made for the polarizations at œ, œp, and w so that phase-matching can be 
achieved along some angle.] The maximum angular deviation is that for which 


sin?[Ak(@/2) 
[AK OW) 


where, at the phase-matching angle On, AX(8,,) = 0. Approximate the dispersion 
data by a Taylor-series expansion about the nominal (Ak = 0) frequencies. 


— 


bat 


8.8 Using the dispersion data of Reference [26], discuss what happens to phase- 
matching in an up-conversion experiment due to a deviation of the input frequency 
from the nominal (Ak = 0), value. Derive an expression for the spectral width of 
the output in the case where the input spectral density (power per unit frequency) in 
the vicinity of ra is uniform. [Hint: Use a Taylor-series expansion of the dispersion 
data about the phase-matching (Ak = 0) frequencies to obtain an expression for 
Ak(v,).] Define the output spectral width as twice the frequency deviation at which 
the output is one-half its maximum (Ak = 0) value. 


8.9 Explain using qualitative reasoning why (8.6-8) admits ¢ = O and 6 = a 
solutions. 


8.10 Show that if the nonlinear optical constant is spatially periodic, i.e., 
do, , , 
d — > (e + ey 


then a proper choice of the period 2a/k can lead to phase-matched operation. [Hinz: 
Try Equation (8.2-13) and justify the neglect of terms with nonzero exponents com- 
pared with phase-matched terms (where the exponent is zero).] This method of 
phase-matching is referred to as quasi phase-matching [27-29]. 


8.11 Applying the transformation rule d; > r, from Section 8.1, generate the 
symmetry table d; of KH,PQ,. Compare the result to that of Equation (8.1-19a). 
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9.0 INTRODUCTION 

ee O O O O 
In Chapter 1 we treated the propagation of electromagnetic waves in anisotropic 
crystal media. It was shown how the properties of the propagating wave can be 
determined from the index ellipsoid surface. 

in this chapter we consider the problem of propagation of optical radiation in 

crystals in the presence of an applied electric field. We find that in certain types of 
crystals it is possible to effect a change in the index of refraction that is proportional 
to the field. This is the linear electrooptic effect. It affords a convenient and widely 
used means of controlling the intensity or phase of the propagating radiation, This 
modulation is used in an ever expanding number of applications including: the 
impression of information onto optical beams, Q-switching of lasers (Section 
6.9) for generation of giant optical pulses, mode locking, and optical beam 
deflection. Some of these applications will be discussed further in this chapter. 
Modulation and deflection of laser beams by acoustic beams are considered in 
Chapter 12. 


9.t ELECTROOPTIC EFFECT 
In Chapter | we found that, given a direction in a crystal, in general two possible 


linearly polarized modes exist: the so-called rays of propagation. Each mode pos- 
Sesses a unique direction of polarization (that is, direction of D) and a corresponding 
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index of refraction (that is, a velocity of propagation). The mutually orthogonal 
polarization directions and the indices of the two rays are found most easily by using 


the index ellipsoid 


2 2 
L+%+5e=l (9.1-1) 
Ro n, 


where the directions x, y. and z are the principal dielectric axes—that is, the directions 
in the crystal along which D and E are parallel. The existence of two rays (one 
‘ordinary’: the other “‘extraordinary’’) with different indices of refraction is called 
birefringence. 

The linear electrooptic effect is the change in the indices of the ordinary and 
extraordinary rays that is caused by and is proportional to an applied electric field. 
This effect exists only in crystals that do not possess inversion symmetry.' This 
statement can be justified as follows: Assume that ina crystal possessing an inversion 
symmetry, the application of an electric field E along some direction causes a change 
An, = sE in the index, where s is a constant characterizing the linear electrooptic 
effect. If the direction of the field is reversed, the change in the index is given by 
An. = s(—E), but because of the inversion symmetry the two directions are phys- 
ically equivalent, so An, = An. This requires that s = —s, which is possible only 
for s = 0, so no linear electrooptic effect can exist. The division of all crystal classes 
into those that do and those that do not possess an inversion symmetry is an ele- 
mentary consideration in crystallography and this information 1s widely tabulated 
[1]. 

Since the propagation characteristics in crystals are fully described by means of 
the index ellipsoid (9.1-1), the effect of an electric field on the propagation is ex- 
pressed most conveniently by giving the changes in the constants 1/74, Mn;, In; of 
the index ellipsoid. 

Following convention [1-2], we take the equation of the index ellipsoid in the 
presence of an electric field as 


Hoy H fs hfs H ja 
+2 (5) xz + 2 5) xy = 1 (9.1-2 
n“ fs n“ de 


If we choose x, y, and z to be parallel to the principal dielectric axes of the crystal, 
then with zero applied field, Equation (9.1-2) must reduce to (9.1-1); therefore, 


'H a crystal contains points (one in each unit cell) such that inversion (replacing each atom at r by one 
at —r, with r being the position vector relative to the point) about any one of these points leaves the 
crystal structure invariant, the crystal is said to possess inversion symmetry. 
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The linear change in the coefficients 
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due to an arbitrary de electric field E(E,, E,, E,) is defined by 
l k 
À (5) = >) nE; (9.1-3) 
S lool 


where in the summation over j we use the convention | = x, 2 = y, 3 = z. Equation 
(9.1-3) can be expressed in a matrix form as 


= (9.1-4) 


| 
A “3 Fea Fe Fes 
H de 


where, using the rules for matrix multiplication, we have, for example, 
l 
A n? = aË t reba t leaky 
6 


The 6 X 3 matrix with elements r,; 1s called the electrooptic tensor. We have shown 
above that in crystals possessing an inversion symmetry (centrosymmetric), r; = 0. 
The form, but not the magnitude, of the tensor r; can be derived from symmetry 
considerations [1], which dictate which of the 18 r; coefficients are zero, as well as 
the relationships that exist between the remaining coefficients. In Table 9-1 we give 
the form of the electrooptic tensor for all the noncentrosymmetric crystal classes. 
The electrooptic coefficients of some crystals are given in Table 9-2. 





Table 9-1 The Form of the Electrooptic Tensor for all Crystal Symmetry Classes 


Symbols: 
* zero element “o equal nonzero elements 


@ nonzero element to equal nonzero elements, but opposite in sign 


The symbol at the upper left corner of each tensor is the conventional symmetry group 
designation. 


Centrasymmetric— All elements zero 


Triclinic 


O O O 6 
nai E O E 
tetet oe 


Monoclinic 

2 (parallel to x3) (parallel to x) 
a F + t « © 
* @ e 2 « § 
t È >œ e è Ò 
t»: © Ò ø + 
e Ò e ®@ @ « 
G » p t .». ë 


m (perpendicular to x2) {perpendicular to x5) 


E: & ® @ e 
6 » 6 ỌGỌ + 
$% + @ $0 e 
t @ +f t « © 
@ + 6 t. @ 
t @ +» G Š » 

Orthorhombic 

222 mm2 


t ee @ © @ o 
#b6 = 8 « 
@ 2 8 «© @ & 
eD s. o 
eo es @ ta @& 








Table 9-1 (continued) 





Tetragonal 
4 4 422 
È d = 7. o # Š 
* + ? E L T L L Š 
b i Š s «6 . a b è 
Š a + $ 
S . eee + No b 
¢ + + * es § a d Š 
dmm 420m (2 parallel to x,} 
E $ E L Š 
>. + ? Example ++. œ Example: 
* «+ 6 (BaTiO;} b. @ KH,;PO,(K DP} 
= o + 2 
s a N + 
e e @ e « Ò 
Cubic 
43m, 23 E p . 432 t + + 
Š a o] $ L] * 
b. >» Examples: (Crystals of the se 
e + zinc blende class: a s > 
N GaAs, InAs, CdTe) s.. 
È L] a L] E 
Trigonal 
3 32 s 
i , 
s a . Examples: (Te, quartz) 
+ a 
F $ 
* B 





3m (m perpendicular to xı) | 3m(m perpendicular to xz) 
standard orientation 





e Example: 
e (LiNbO, 
è LiTaQ,) 
Hexagonal 
6 mm 622 
“ a + a a $ 
e + l * è d * . è 
s. @ s.. 9 Example ee 
+ a è (CdS) a 66 
oO + “ a N r 
ġġ * 4 t * + ð #8 46 


(same as dmm) 
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Table 9-1 (continued) 





6 6m2 (m perpendicular to x, standard orientation) 





ọm perpendicular lo x3} 





t * FF > e © 





Example: The Electrooptic Effect in KH,PO, 





Consider the specific example of a crystal of potassium dihydrogen phosphate 
(KH,PO,), also known as KDP. The crystal has a fourfold axis of symmetry,” which 
by strict convention is taken as the z (optic) axis, as well as two mutually orthogonal 
twofold axes of symmetry that lie in the plane normal to z. These are designated as 
the x and y axes. The symmetry group of this crystal is 42m.* Usirig Table 9-1, we 
take the electrooptic tensor in the form of 


D 0 
Do 0 
r= 9 0 8 (9.1-5) 
rz, D 0 
O ra 0 
O Ü Fes 


so the only nonvanishing elements are r4) = Fs and r,;. Using (9.1-2), (9.1-4), and 
(9.1-5), we obtain the equation of the index ellipsoid in the presence of a field E(E,, 


E, £,) as 


x 4 
— + L + = + org L yr + 2ra Ez + IFE xy = ] (9.1-6) 
fhe, He ty 

*That is, a rotation by 27/4 about this axis leaves the crystal structure invariant. 


"The significance of the symmetry group symbois and a listing of most known crystals and their symmetry 
groups is to be found in any basic book on crystallography. 
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where the constants involved in the first three terms do not depend on the field and, 
since the crystal is uniaxial, are taken as n, =n, = Me A, = ne. We thus find that 
the application of an electric field causes the appearance of ‘mixed? terms tn the 
equation of the index ellipsoid. These are the terms with xy, xz, and yz. This means 
that the major axes of the ellipsoid, with a field applied, are no longer parallel to the 
x, y, and z axes. lt becomes necessary, then, to find the directions and magnitudes 
of the new axes, in the presence of E, so that we may determine the effect of the 
field on the propagation. To be specific we choose the direction of the applied field 
parallel to the z axis, so (9.1-6) becomes 
on y 2o 2 
i E + ebay = | (9. 1-7} 


rw Ca 





The problem ts one of finding a new coordinate system—.x’, y', z’—in which the 
equation of the ellipsoid (9.1-7} contains no mixed terms; that is, it is of the form 


T= 2 = | (9.1-8) 
x’, y, and z' are then the directions of the major axes of the ellipsoid in the presence 
of an external field applied parallel to z. The length of the major axes of the ellipsoid 
is, according to (9.1-8), 2n,-, 2n,-, and 27., and these will, in general, depend on 
the applied field. 

in the case of (9.1-7) it is clear from inspection that in order to put the equation 
in a diagonal form we need to choose a coordinate system x’, y', z’ where z’ is 
parallel to z, and because of the symmetry of (9.1-7) in x and y, x" and y’ are related 
to x and y by a 45° rotation, as shown in Figure 9-1. The transformation relations 
from x, y tox’, y' are thus 


x’ cos 45° + y' sin 45° 


—x' sin 45° + y’ cos 45° 


= 
Fl 


= 
ll 





Figure 9-1 The x, v, and z axes of 42 crystals (such as KH;PO,) and the x’, y' and 2° axes, 
where z is the fourfold optic axis and x and y are the twofold axes of crystals with 42m 
symmetry. 
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which, upon substitution in {9.1-7}, yield 


1] ] z 
(4 - 3 ut (4 + rob. yr rsa (9.1-9) 
n i n 


a wf £ 


Equation (9.1-9) shows that x’, y', and z are indeed the principal axes of the ellipsoid 
when a field is applied along the z direction. According to (9.1-9), the length of the 
x’ axis of the ellipsoid 1s 2n,-, where 

l 


l 
7 2 reali, 
x’ 


E 


n 


which, assuming rg, <n? and using the differential relation dn = —(n°/2) d(1/n’), 
gives for the change in ny, dn, = —(nz/2)resE, so that 


a 


ne =n, + 5 tak (9.1-10) 
and, similarly, 
ne 
ny = no © resk, (9.1-1) 
H, = Ae (9, 1-12) 


The electrooptic effect in the practical imortant 43m crystal class (GaAs, InP, ZnS) 
is treated in detail in Appendix B. 





The General Solution 


We now consider the problem of optical propagation in a crystal in the presence of 
an external dc field along an arbitrary direction. 

The index ellipsoid with the de field on is given by (9.1-2}, which we reexpress 
in the quadratic form 


SX jj = ] (9.1-13) 


so that S, = (1/n*),, S33 = S23 = (1/n?),, and so on. We also use the convention 
of summation over repeated indices. Our problem consists of finding the directions 
and magnitudes of the principal axes of the ellipsoid (9.1-13). 

Before proceeding we need remind ourselves of one basic result of vector cal- 
culus. If the vector from the origin to a point (x,, Xa, x3) on the ellipsoid (9.1-13) is 
denoted by R(x,, x2, x3), then the vector N with components 


N, = 5, Xj (9, 1-14) 
is normal to the ellipsoid at R. 


We next apply the last result to determine the directions and magnitudes of the 
principal axes of the ellipsoid (9.1-13). Since the principal axes are normal to the 
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surface, we can determine their points of intersection (x), x, x3} with the ellipsoid 
by requiring that at such points the radius vector be parallel to the normal, that is, 


$,x, = Sx, (9.1-15) 


where $ is a constant independent of i. 
Writing out (9.1-15} in component form for: = 1, 2, 3 gives 


(Sa T Six) + Spot + Spats = 0 
SX} + (Sa ~~ Sa + agta = 0 (F. 1-14) 
Saxi + Syta + (833 ~ Sx, = 0 


(9.1-16) constitutes a system of three homogeneous equations for the unknowns x, 
x, and x;,. The condition for a nontrivial solution is that the determinant of the 
coefficients vanishes, that is, 


det(S, — $4,] = 0 (9.1-17) 


This is a cubic equation in $. For real S, which is the case with lossless crystals, 
the three roots S’, $", and $" of (9.1-17) are real numbers. Having solved (9.1-17) 
we use the three roots, one at a time, in (9.1-16) to solve, to within a multiplicative 
constant, for the radius vector (x,, 42, 4} to the point of intersection of the principal 
axis with the ellipsoid. The first vector, obtained by using 5’, is denoted by 
X'(4), 45,43), the second by X"(xj, x3, x3h and the third, obtained from S$”, is 
X”, X32, 43}. Since the vectors satisfy (9.1-15), we have 


Spx! = S'x! (9.1-18) 


qe 
with a similar relation applying to x? and x”. 
it is an easy task to prove that the three principal axis vectors X', X”, X” are 


mutually orthogonal. 
$0 far we have solved for the directions of the principal axes. Next we obtain 


their magnitudes. We multiply (9.1-18) by x; 





S,x;x, = S'xix; = S'E (9.1-19) 


But the left side of (9.1-19) is, according to (9.1-13), equal to unity since the point 
(xi ¥5, 43) is on the ellipsoid (9.1-13}. We can thus write 


l 
OS Vs 
with similar results for X* and X". The lengths of the principal axes of the index 
ellipsoid are thus US’) 7, US"), and 2(S”)"'”. If we then express the equation 
of the index ellipsoid in terms of a Cartesian coordinate system whose axes are 
parallel to X’, X”, and X”, it becomes 


Sx? + Syt 4 $24 = | (9.1-20) 
where the unit vectors x, y', and z’ here are taken as parallel to X’, X”, and X”, 
respectively. 
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The bit of mathematics starting with (9.1-13) is referred to as the transformation 
of a quadratic form to a principal coordinate system. An equivalent description of 
this transformation is by the term matrix diagonalization. The original matrix being 
the ordered array of the coefficients Sy 


Si S12 Si 
$= |S So, Sos (9.1-21) 
ET S39 Sag 


The set of 5’, $”, and $”, which are the roots of (9.1-17), are the eigenvalues of the 
matrix $, while the vectors X’, X", and X” are its eigenvectors. The term matrix 
diagonalization follows from the fact that if we express the quadric surface 


S,x;x, = | 


whose coefficients form the matrix § of (9.1-21), in terms of a Cartesian coordinate 
system whose axes are X', X”, and X”, it assumes the form (9. 1-20) with the diagonal 
form of the matrix $ as 


Soo 
s=|0 # 0 (9.1-22) 
0 0 





Example: Electrooptic Field in KH,PO, 





To illustrate the method of matrix diagonalization, we use the example of 
KH,PO,(KDP) with a de field along the crystal z axis, which was solved above in 
a somewhat less formal fashion. 

The index ellipsoid is given by (9.1-7) as 


2 2 
+ 5454+ rge = | (9.1-23) 

hy Mo Fle 

The $; matrix is thus 
I 
> t PET oe 0 
Ay 
l 
Sy Fest. = 0 (9. 1-24) 
Fig 


‘| 
— 
ar | — 
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The eigenvalues are given according to (9.1-17) as the roots of the equation 


] 
3 ~~ $ aE- 0 
Ay 


det | res. L. S 0 (9.1-25) 


which upon evaluation is 
2 
l l 
ni Ay . 


i 


t 
S = 3 
ris 


The roots are 


= 


„o 
$ = a + reat, 
fly ` 


l 
s= z7 Pak (9.1-26) 


D 
in agreement with (9,1-9), These roots are used, one at a time, in the equation 
Sy; = SY, i = L, 2, 3 (9,1-27} 
to obtain the eigenvectors. Starting with S’ we have 


j l 
=] x; +t reek x, = 0 
f SE Gri? 


l l 
raEx + ( — 5) 2 = 0 


fy z 
1 o4\. 
( — 5) 43 = 0 (9. 1-28) 


The first two equations above are satisfied by x; = 0 and x; = 0, while the third is 
satisfied by any value of x3. The eigenvector X’ corresponding to $'(= 1/72} is thus 
parallel to the z axis. In a like fashion we substitute the value of $” into (9.1-27) and 
find that the corresponding eigenvector X” is parallel to the direction x + y while 
using $” shows that X” is parallel to x — y. Referring to the last two eigenvector 
directions as x’ and y’, we can rewrite the equation of the index ellipsoid in the x’, 
y', Z (principal) coordinate system as 


l l } no r 
(4 — raf x? 4 (5 + raf. y7 + a =] (9.1-29) 


ü E 
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where the quantities in parentheses are the eigenvalues given by (9.1-26). Equation 
(9.1-29) is the same as (9.1-9). 





9.2 ELECTROOPTIC RETARDATION 


The index ellipsoid for KDP with E applied parallel to z is shown in Figure 9-2. If 
we consider propagation along the z direction, then according to the procedure de- 
scribed in Section 1.4 we need to determine the ellipse formed by the intersection 
of the plane z = 0 (in general, the plane that contains the origin and is normal to 
the propagation direction) and the ellipsoid. The equation of this ellipse is obtained 
from (9.1-9) by putting z = 0 and is 


(2 — raf xr? + ( + ro yr =] (9.2-1) 
One quadrant of the ellipse is shown shaded in Figure 9-2, along with its minor and 
major axes, which in this case coincide with x' and y", respectively. It follows from 
Section 1.4 that the two allowed directions of polarization are x‘ and y’ and that 
their indices of refraction are n, and n,-, which are given by (9.1-10) and (9.1-11). 

We are now in a position to take up the concept of retardation. We consider an 
optical field that is incident normally on the x'y’ plane with its E vector along the 
x direction. We can resolve the optical field at z = 0 (input plane) into two mutually 
orthogonal components polarized along x’ and y’. The x’ component propagates as 


ê = F Fo i el 
zx 


which, using (9.1-10), becomes 
eo =A gili- atolo tND Ele) (9.2-2) 






3 
Hy = Ag+ > tak, 





> Ne 
ny= Ng M rE, 

Figure 9-2 A section of the index ellipsoid of KDP, showing the principal dielectric axes x’, 

y', and z due to an electric field applied along the z axis. The directions x’ and y' are defined 

by Figure 9-1. 
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while the y’ component is given by 


e = Aello taoa DrexE, lz] (9.2-3) 


The phase difference at the output plane z = / between the two components 1s called 
the retardation, It is given by the difference of the exponents in (9.2-2) and (9.2-3) 
and is equal to 


3 
ior es ¥ 


l= ¢, - 4, (9.2-4) 


c 
where V = Eland @, = (wa,ich. 

Figure 9-3 shows ¢,-(z} and e, (z) at some moment in time. Also shown are the 
curves traversed by the tip of the optical field vector at various points along the path. 
At z = 0, the retardation is = 0 and the field is linearly polarized along x. At point 
e, [ = 7/2; thus, omitting a common phase factor, we have 


TT . 
é, = A cos o — 4 = A sin wt 


Ey = A cos wt (9.2-5) 


and the electric field vector is circularly polarized in the counterclockwise sense as 
shown in the figure. At point i, I = a and thus 


é, = A cos (wt — T} = A cos wt 
éy = A COs wt 


and the radiation is again linearly polarized, but this time along the y axis—that is, 
at 90° to its input direction of polarization. 
The retardation as given by (9.2-4) can also be written as 
E.l y 


amram (9.2-6) 


where V_, the voltage yielding a retardation T = 7,‘ is 


V, = A 


~ 3 
2NF 63 


(9.2-7) 





where A = 2ac/w is the free space wavelength. Using, as an example, the value of 
re, for ADP as given in Table 9-2, we obtain from (9.2-7) 


(Vane © 10,000 volts at A = 0.5 um 


“VY, is referred to as the “half-wave” voltage since, as can be seen in Figure 9-3c(i), it causes the two 
waves that are polarized along x’ and y’ to acquire a relative spatial displacement of Az = A/2, where A 
15 the optical wavelength. 
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Figure 9-3 An optical field that is linearly polarized along x is incident on an electrooptic 
crystal having its electrically induced principal axes along x’ and y'. (This is the case in 
KH,PO, when an electric field is applied along its z axis.) (a) The component e, at some 
time f as a function of the position z along the crystal, (b) ep: as a function of z at the same 
value of ¢ as in (a). {c} The ellipses in the x'-y’ plane traversed by the tip of the optical electric 
field at various points (a through À along the crystal during one optical cycle. The arrow 
shows the instantaneous field vector at time ¢, while the curved arrow gives the sense in which 
the ellipse is traversed. (d) A plot of the polarization ellipse due to two orthogonal components 
€y = cos wt and e, = cos {wt — a6). Also shown are the instantaneous field vectors at (1) 
wt = 0°, (2) wt = 60°, (3) ot = 120°, (4) wt = 210°, and (5) wt = 270°. 
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9.3 ELECTROOPTIC AMPLITUDE MODULATION 


An examination of Figure 9-3 reveals that the electrically induced birefringence 
Causes a wave launched at z = 0 with its polarization along x to acquire a y polar- 
ization, which grows with distance at the expense of the x component until at point 
i, at which F = ~, the polarization becomes parallel to y. If point i corresponds to 
the output plane of the crystal and if one inserts at this point a polarizer at right 
angles to the input polarization——that is, one that allows only £, to pass—then with 
the field on, the optical beam passes through unattenuated, whereas with the field 
off (T = 0), the output beam is blocked off completely by the crossed output po- 
larizer. This contro! of the optical energy flow serves as the basis of the electrooptic 
amplitude modulation of light. 

A, typical arrangement of an electrooptic amplitude modulator is shown in Figure 
9-4. It consists of an electrooptic crystal placed between two crossed polarizers, 
which, in tum, are at an angle of 45° with respect to the electrically induced bire- 
fringent axes x’ and y". To be specific, we show how this arrangement is achieved 
using a KDP crystal. Also included in the optical path is a naturally birefringent 
crystal that introduces a fixed retardation, so the total retardation I’ is the sum of the 
retardation due to this crystal and the electrically induced one. The incident field is 
parallei to x at the input face of the crystal, thus having equal-in-phase components 
along x’ and y’ that we take as 


er = ACOs wt 
Ey = Á COS wi 


or, using the complex amplitude notation, 


EO =A 
E,(0) =A 
“Fast” “glow” 
axis axis 
(I tox") {ll toy’) 





Input “Quarter wave” Output 
polarizer (T= T) polarizer 
iil tox] retardation il toy) 

plate 


Figure 9-4 A typical electrooptic amplitude modulator. The total retardation T is the sum of 
the fixed retardation bias (I, = 2/2) introduced by the quarter-wave plate and that is attrib- 
utable to the electrooptic crystal. 
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The incident intensity is thus” 
I, © E. E* = EOF + [EQ = 24° (9.3-1) 
Upon emerging from the output face z = /, the x” and y’ components have acquired, 
according to (9.2-4), a relative phase shift (retardation) of I’ radians, so we may take 
them as 
E (f) = Ae" 
E (DZA (9.32) 


The total (complex) field emerging from the output polarizer ts the sum of the y 
components of E, (i) and E, (i) 


(E = Va (e - 1) (9.3-3) 


which corresponds to an output intensity 


I, = [(E,) (Ey )ol 
2 


DA rL Ty) = 942 oat 
[le I)}fe 1}] = 2A° sin > 


where the proportionality constant is the same as in (9.3-1). The ratio of the uutput 
intensity to the input 1s thus 


I el gp fm) E 
I sin > = gin (2) x (9.34) 


The second equality in (9.3-4) was obtained from (9.2-6). The transmission factor 
(LJE) is plotted in Figure 9-5 against the applied voltage. 

The process of amplitude modulation of an optical signal is also illustrated in 
Figure 9-5, The modulator is usually biased? with a fixed retardation I = 77/2 to the 
50 percent transmission point. A smali sinusoidal modulation voltage would then 
cause a nearly sinusoidal modulation of the transmitted intensity as shown. 

To treat the situation depicted by Figure 9-5 mathematically, we take 


l= z + Tp sin wn (9.3-5) 


where the retardation bias is taken as 7/2, and T „ is related to the amplitude V,, of 
the modulation voltage Vp, sin @,,t by (9.2-6); thus, T,, = mV V r). 


*We recall here that the time average of the product of two harmonic fields Re (Be'*"] and Re [Ce] is 
equal te $ Re [BC*]. 

This bias can be achieved by applying a voltage V = V_/2 or, more conveniently, by using a naturally 
birefringent crystal as in Figure 9-4 to introduce a phase difference (retardation) of m/2 between the x’ 
and y' components. 


ELECTROOPTIC MODULATION OF LASER BEAMS 








Sin? (7) __ 


m me r - = ee = — — — 


Transmitted 
intensity 






Transmssion factor, percent 


50 f- 
—_—_-—-—--—-—--—- +-—- ]j=-—-7-- -- eee ee ee 
i Tıme 
ü -— 
Aophed 
voltage 


Ay 
Modulation | 
voltage 
Figure 9-§ Transmission factor of a cross-polarized electrooptic modulator as a function of 
an applied voltage. The modulator is biased to the point I = a/2, which results in a 50 percent 
intensity transmission, A small applied sinusoidal voltage modulates the transmitted intensity 
about the bias point. 
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Figure 9-6 An optical communication link using an electrooptic modulator. 
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Using (9.3-4) we obtain 


l sin? (2 + Dn t 9.36 
7 479 SIN thp ( } 
= 21 + sin (L sin w,,f)] (9.3-7) 
which, for T, € 1, becomes 
i, 1 
— = 5 (1+ F, sin w,,f) (9.3-8) 


Cs 


so that the intensity modulation is a linear replica of the modulating voltage V,, 
sin w,,t. If the condition [p Œ | is not fulfilled, it follows from Figure 9-5 or from 
(9.3-7) that the intensity variation is distorted and will contain an appreciable amount 
of the higher (odd) harmonics, The dependence of the distortion of Tp is discussed 
further in Problem 9.3. 

In Figure 9-6 we show how some information signal f(t) (the electric output of 
a phonograph stylus in this case) can be impressed electrooptically as an amplitude 
modulation on a laser beam and subsequently be recovered by an optical detector. 
The details of the optical detection are considered in Chapter 11. 


9.4 PHASE MODULATION OF LIGHT 


In the preceding section we saw how the modulation of the state of polarization, 
from linear to elliptic, of an optical beam by means of the electrooptic effect can be 
converted, using polarizers, to intensity modulation. Here we consider the situation 
depicted by Figure 9-7, in which, instead of there being equal components along the 
induced birefringent axes (x° and y’ in Figure 9-4), the incident beam is polarized 
parallel to one of them, x’ say. In this case the application of the electric field does 
not change the state of polarization, but merely changes the output phase by 


Ad, = — wt An, 
€ 
where, from (9,1-10), 
åd, =- ore El (9.4-1) 
If the bias field is sinusoidal and is taken as 
E, = Ep SIN Opt (9.4-2) 


then an incident optical field, which at the input (z = 0) face of the crystal is given 
by éin = A exp(iwi), will emerge according to (9.2-2) as 


| w n 
Cat = A elil o - z (r + > eatiy, Silt o)l} 
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Figure 9-7 An electrooptic phase modulator. The crystal orientation and applied directions 
are appropriate ta KDF. The optical polarization 1s parailet to an electrically induced principal 
dielectric axis (x'). 


where / is the length of the crystal. Dropping the constant phase factor, which is of 
no consequence here, we rewrite the last equation as 


Cou = A expliket + 6 sin @,¢)] (9.4-3) 
where 
8 — —wneresE nl - -TRT gE ad (9.4-4) 
Je À 


is referred to as the phase modulation index. The optical field is thus phase-modu- 
lated with a modulation index 6. If we use the Bessel function identity 


exp(id sin wp) = >, J,(d)exp(inw,,f) (9.4-5) 


h>=— oe 


we can rewrite (9.4-3) as 


Cx =A >, J (8) eet ren (9.4-6) 
which form gives the distribution of energy in the sidebands as a function of the 
modulation index 5. We note that, for & = 0, /,(0} = 1 and J,(8) = 0. n ¥ 0. 
Another point of interest is that the phase modulation index 6 as given by (9.4-4) 1s 
one half the retardation I’ as given by (9.2-4). 


9.5 TRANSVERSE ELECTROOPTIC MODULATORS 


In the examples of electrooptic retardation discussed in the two preceding sections, 
the electric field was applied along the direction of light propagation. This is the so- 
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Figure 9-8 A transverse electrooptic amplitude modulator using a KH»PO, (KDP) crystal in 
which the field is applied normal to the direction of propagation. 


called longitudinal mode of modulation. A more desirable mode of operation is the 
transverse one, in which the field is applied normal to the direction of propagation. 
The reason 15 that in this case the field electrodes do not interfere with the optical 
beam, and the retardation, being proportional to the product of the field times the 
crystal length, can be increased by the use of longer crystals. In the longitudinal case 
the retardation, according to (9.2-4), is proportional to E4 = V and is independent 
of the crystal length / Figures 9-1 and 9-2 suggest how transverse retardation can 
be obtained using a KDP crystal with the actual arrangement shown in Figure 9-8. 
The light propagates along y“ and its polarization is in the x'—z plane at 45° from 
the z axis. The retardation, with a field applied along z, 1s, from (9.]-10) and (9.1- 
12), 


| = ġe- 6, (9.5-1) 


ll 
Ps l£ 
"am 
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where d is the crystal dimension along the direction of the applied field. We note 
that I contains a term that does not depend on the applied voltage. This point will 
be discussed in Problem 9-2. A detailed example of transverse electrooptic modu- 
lation using 43m, cubic zinc-blende type crystals is given in Appendix C. 


9.6 HIGH-FREQUENCY MODULATION CONSIDERATIONS 


In the examples considered in the three preceding sections, we derived expressions 
for the retardation caused by electric fields of low frequencies. In many practical 
situations the modulation signal is often at very high frequencies and, in order to 
utilize the wide frequency spectrum available with lasers, may occupy a large band- 
width. In this section we consider some of the basic factors limiting the highest 
usable modulation frequencies in a number of typical experimental situations. 
Consider first the situation described by Figure 9-9. The electrooptic crystal is 
placed between two electrodes with a modulation field containing frequencies near 
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Figure 9-9 Equivalent circuit of an electrooptic modulation crystal in a paraliel-plate config- 
uration. 


wga applied to it. Æ, is the internal resistance of the modulation source and C 
fepresents the parallel-plate capacitance due to the electrooptic crystal. If R, > 
(w oC) ', most of the modulation voltage drop is across R, and is thus wasted, since 
it does not contribute to the retardation. This can be remedied by resonating the 
crystal capacitance with an inductance L, where wy = (LC) ', as shown in Figure 
9-9. In addition, a shunting resistance R, 1s used so that at w = wo the impedance 
of the parallel REC circuit is R,, which 1s chosen to be larger than £, so most of the 
modulation voltage appears across the crystal. The resonant circuit has a finite band- 
width—that is, its impedance 1s gh only over a frequency interval Au¥27 = 
l/2m7R,C (centered on a). Therefore, the maximum modulation bandwidth (the 
frequency spectrum occupied by the modulation signal) must be less than 


A l 
ae = (9.61) 


2x  2aR,C 
if the modulation field is to be a faithful replica of the modulation signal. 
In practice, the size of the modulation bandwidth Aw/27 is dictated by the 
specific application. In addition, one requires a certain peak retardation l. Using 
(9,2-4) to relate I’,, to the peak modulation voltage V,, = (E,),,/, we can show, with 


the aid of (9.6-1), that the power V;/2R, needed in KDP-type crystals to obtain a 


peak retardation I’, is related to the modulation bandwidth Av = Aa¥27 as 
p= TZA AAV 
4aingrées 


(9.6-2) 


where noè is the length of the optical path in the crystal, A ts the cross-sectional area 
of the crystal norma! to $, and € is the dielectric constant at the modulation frequency 
ie. 

Transit-Time Limitations to High-Frequency Electroopiic Modulation 


According to (9.2-4) the electrooptic retardation due to a field E can be written as 


[ = aFl (9.63) 
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where a = wnb eye and f is the length of the optical path in the crystal. If the field 
E changes appreciably during the transit time 7, = nic of light through the crystal, 
we must replace (9.6-3) by 


ra) = a | e(z) dr = a - l e(t) dt’ (9.6-4) 


D 
where ¢ is the velocity of light and e(t’) is the instantaneous electric field. In the 
second integral we replace integration over z by integration over time, recognizing 
that the portion of the wave that reaches the output face z = / at time ¢ entered the 
crystal at time t — 7y. We also assumed that at any given moment the field e(t) has 
the same value throughout the crystal. 

Taking e(t') as a sinusoid 


e(r') = Ee 


we obtain from (9.6-4) 


l(t) =at E, | ein dt’ 
rt iw Tq 


1 — e aua] 
=T, ae een! (9.6-5) 
reel, Ta 
where I, = a(e/n)t.é,, = alE,, is the peak retardation, which obtains when w,,7, 
< 1, The factor 
] og ohn Te 
r= —+_— (9.6-6) 
LEP 7 
gives the decrease in peak retardation resulting from the finite transit time. For r = 
] (that is, no reduction), the condition w,,,7; @ E must be satisfied, so the transit time 
must be small compared to the shortest modulation period. The factor r is plotted in 
Figure | 1-17. 
If, somewhat arbitrarily, we take the highest useful modulation frequency as 





that for which w,,7, = 7/2 (at this point, according to Figure 11-17, |r| = 0.9) and 
we use the relation 7, = nic, we obtain 
e 
(Mw }max = 4 (9.6-7) 


An! 


which, using a KDP crystal {n = 1.5) anda length / = 1 cm, yields (mtma = 5 X 
10° Hz. 


Traveling-Wave Modulators 


One method that can, in principle, overcome the transit-time limitation, involves 
applying the modulation signal in the form of a traveling wave [3], as shown in 
Figure 9-10. If the optical and modulation field phase velocities are equal to each 
other, then a portion of an optical wavefront will exercise the same instantaneous 
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Figure 9-10 A traveling-wave electrooptic modulator, 


electric field, which corresponds to the field it encounters at the entrance face, as it 
propagates through the crystal and the transit-time problem discussed above is elim- 
inated. This form of modulation can be used only in the transverse geometry that 
was discussed in the preceding section, since the RF field in most propagating struc- 


tures is predominantly transverse. 
Consider an element of the optical wavefront that enters the crystal at z = 0 at 
time ¢. The position z of this element at some later time £’ is 


af’) = (0 - t) (9.68) 


where c/n is the optical phase velocity. The retardation exercised by this element is 
given similarly to (9.6-4) by 


Pi) = “| elt, tH dt! (9.6-9) 


where e(z', z(t’)] is the instantaneous modulation field as seen by an observer trav- 
eling with the phase front. Taking the traveling modulation field as 


e(t’, z) = Epe Om heal 
we obtain, using (9.6-8), 
elt, UE] = Epe E kale (9.6-10) 
Recalling that km = Cm, Where c,, is the phase velocity of the modulation field, 
we substitute (9.6-10) in (9.6-9) and, carrying out the simple integration, obtain 
p MTA lZ) — | 


— 9.611 
io, TCL — CFC) ( 


T(t) = Pye | 


where Fa = alE,, = a(c/n)7,E,, is the retardation that would result from a de field 
equal to En. 
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The reduction factor 


g fy Tq l E m | 


f= 
ia Ta] -> c/ne,,) 


(9.612) 


is of the same form as that of the lumped-constant modulator (9.6-6) except that Ty 
is replaced by 7,(1 — c/nc,,). If the two phase velocities are made equal so that c/n 
= Cm, then r = 1 and maximum retardation is obtained regardless of the crystal 
length, 

The maximum useful modulation frequency is taken, as in the treatment leading 
to (9.6-7), as that for which w,,7,(1 ~ e/ne,,) = 7/2, yielding 


C 
(Honan Ain) — cfne,) (3.013) 
which, upon comparison with (9.6-7), shows an increase in the frequency limit or 
useful crystal length of (1 — c/nc,,)'. The problem of designing traveling wave 
electrooptic modulators is considered in References [4—6]. 
For a more detailed treatment of electrooptic modulation including the traveling- 
wave and high-frequency cases, the student should consult Reference [11] as well 
as the treatment of Section 9.9, 


9.7 ELECTROOPTIC BEAM DEFLECTION 


The electrooptic effect is also used to deflect light beams [7]. The operation of such 
a beam deflector is shown in Figure 9-11. Imagine an optical wavefront incident on 
a crystal in which the optical path length depends on the transverse position x. This 
could be achieved by having the velocity of propagation—that is, the index of re- 
fraction n—-depend on x, as in Figure 9-11, Taking the index variation to be a linear 
function of x, the upper ray A ‘‘sees’’ an index # + An and hence traverses the 


crystal in a time 





i 
Ta = -(n + An) 
€ 5 
——— ef mt Direction of 
A A beam propagation 
i —r 
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Figure 9-11 Schematic diagram of a beam deflector. The index of refraction varies linearly 
in the x direction as n(x) = m, + ax. Ray B “gains” on ray A in passing through the crystal 
axis, thus causing a tiling of the wavefront by 8. 
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The lower portion of the wavefront (that is, ray B) ‘*sees’’ an index n and has a 
transit time 


fz, = n 
C 


The difference in transit times results in a lag of ray A with respect to 5 of 
C An 
Ay = - (Ta — Tz) = hoo 
n n 
which corresponds to a deflection of the beam-propagation axis, as measured inside 
the crystal, at the output face of 
A lA id 
EE = ed EA A (9.7-1) 
D Dn n ax 


where we replaced An/D by dn/dx. The external deflection angle 8, measured with 
respect to the horizontal axis, is related to 0° by Snell's law 


sin @ B 





f — fl 
sim @ 
which, using (9.7-1) and assuming sin 6 = 8 < 1 yieids 


9 = @'n = -15 = -I— (9.7-2) 


A simple realization of such a deflector using a KH,PO,(KDP) crystal is shown 
in Figure 9-12. It consists of two KDP prisms with edges along the x’, y’, and z 


Qurput 


Input 
beam 





beam 





Figure 9-12 Double-prism KDP beam deflector. Upper and lower prisms have their z axes 
reversed with respect to each other. The deflection field is applied parallel to z. 
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directions.’ The two prisms have their z axes opposite to one another, but are oth- ` 
erwise similarly oriented. The electric field is applied parallel to the z direction, and 
the light propagates in the y’ direction with its polarization along x’. For this case 
the index of refraction ‘‘seen’’ by ray A, which propagates entirely in the upper 
prism, is given by (9.1-10) as 
n 
ħa = My + > reik, 


while in the lower prism the sign of the electric field with respect to the z axis is 
reversed so that 
J 
Ho 
Ny = Ny 7 p Freak, 


Using (9.7-2) with An = n, — mg, the deflection angle is given by 
i 
ĝ = D TE: (9.7-3) 


According to (2.5-18), every optical beam has a finite, far-field divergence angle 
that we call Puean It is clear that a fundamental figure of merit for the deflector is 
not the angle of deflection @ that can be changed by a lens, but the factor N by which 
@exceeds O,.am. If one were, as an example. to focus the output beam, then X would 
correspond to the number of resolvable spots that can be displayed in the focal plane 


using fields with a magnitude up to £,. 
To get an expression for N we assume that the crystal is placed astride the 


“waist” of a Gaussian (fundamental) beam with a spot size wg According to 
(2.5-18) the far-field diffraction angle in air is 


A 


TW 


Such a beam can be passed through a crystal with height D = 2a so that, using 
(9.7-3), the number of resolvable spots is 


a MINT ea 
= |—| = -—_—-* 9.7-4 








It follows directly from (9.7-4), the details being left as a problem, that an 
electric field that induces a birefringent retardation (in a distance F) AP = y will 
yield N = 1. Therefore, fundamentally, the electrooptic extinction of a beam, which 
according to (9.3-4) requires IT = ~, is equivalent to a deflection by one spot di- 
ameter. 


"These are the principal axes of the index ellipsoid when an electric field is applied along the z direction 
as described in Section 9.1 and in the example of Section 9.5. 
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The deflection of an optical beam by diffraction from a sound wave Is discussed 
in Chapter 12. Electrooptic modulation in thin dielectric waveguides [8-10] is dis- 
cussed in Chapter 13. 


9.8 _ELECTROOPTIC MODULATION—-COUPLED WAVE ANALYSIS 


The analysis of clectrooptic modulation m Section 9.3 was based on an approach 
that requires one to determine the propagating electromagnetic eigenmodes of the 
crystal in the presence of the (low-frequency) electric held. In Section 9.2, we found 
as a special case the two eigenmodes and their indices in the presence of a de fietd 
È, = êE. for propagation along the z axis of KHPO,. 

The formahsm of this section uses a different point of view, that of the coupled 
modes approach, in which the modulation field is viewed as a perturbation that causes 
exchange of power, coupling, between the etgenmodes of the crystal in the absence 
of an applied modulating field. The two approaches are, of course, formally equiv- 
alent as will he shown in Section 13.9. The author, however, prefers the coupled- 
mode approach since it dispenses with the need to diagonalize, as in (9.1-25), the 
permeability tensor. In addition, it lends itself more easily to an accurate analysis in 
situations in which the modulation field is a high-frequency field and the transit time 
of the optical field 1s not small compared to the modulation period. 

We start with Equation (1.2-9), which using (1.2-3) can be written as 

db ad 
e- j= -V-(eXh~h-—--e-— 
at at 
Using the Gauss theorem (1.2-1]0a) to integrate the last equation over an arbitrary 
volume V 


- | vex mav= - | (exh) mae 


+D od 
~fievave | (ne Pve Shay 
v Y at dt 


where § is the surface bounding V. If we further assume that the material medium 
is linear {i.e., € and u are independent of the field strengths), we can rewrite the last 


result as 


diil 
- | e xm- na = | e-pave cfle +h- bV (9.61) 
The usual interpretation of (9.8-1) is that the left side represents the electromagnetic 
power flowing into V. the term (e - i) represents the losses due to conduction {ohmic 
losses), while the last term represents the temporal rate of change of the electro- 
magnetic energy stored in V. It follows that the energy density (J/m°) due to the 


electric field is 


| 
o = 5E-D (9.8-2) 
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where to conform with the notation of this section we changed e —> E, h > H. In 
a linear (but not necessarily isotropic) medium we can write 





D,=¢F, E= nD, QE (9.8-3) 
so that 
2w, = MDD; 9.84) 
Let 
D, _. 
Ai 
V 2@€5 


so that the last equation becomes 
oH AX; = | 
which, after adopting the Voigt notation 
il + 1, 22 > 2, 33 > 3, 23 - 4, 13 — 5, 12 — 6 (9.8-5) 
becomes 
Eo [mx + gay? + m + 2qayz + 2yexz + ney] = 1 (9.86) 


This equation is identical to that of the optical indicatrix (9.1-2), provided We as- 
sociate 


l 
5) —> &h, (9.8-7) 


So that the definition (9.1-3) of the linear electrooptic effect can be written as e,A7, 
= PEČ or, restoring the full subscript labeling, 


KAN = nL? (9.88) 


where E is a de or low-frequency field and summation over repeated indices is 


assumed. E _ 

Returning for a moment to (9.8-3), we will assume that € and 4 are expressed 
initially in the principal dielectric coordinate system where, with no applied field, 
E® = 0, €, ny are zero when i # j, i.e., € and # are diagonal. We use the rule for 
matrix inversion to obtain 


hi = (Ei) 
_—- tH - 8 989 
ies Ey Gee ver) 
and after combining (9.8-8} and (9.8-9) 


Ag, = = — rig 
0 


(Tix = Tx) (9.8-10) 
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which is our principal result. It expresses the linear electrooptic effect as the first- 
order perturbation in the elements of the dielectric tensor. 

Now consider the effect of applying a low-frequency field Ey” to a crystal in 
the presence of an optical field £i” (r, £) using 


pi) = EE” — gE” + po 

or 

PO = (e, — eô JE (9.8-11) 

so that a perturbation Ag; causes a perturbation in the medium optical polarization 
of 

AP? = (Ae JE 
EE, 
= — e, rB OEP (9.8-12) 


The effect of the de (low-frequency) field Ei” on the optical field propagating 
through the crystal is thus represented by an effective optical polarization AP!”’ of 
(9.8-12). The latter can now be used in Maxwell's equations to investigate the effect 
of the de field on optical propagation. This will be done next. 


The Wave Equation 
Starting with Maxwell's equations as in Section 8.2, we have 
x a 
V Eir, À — Bo E Er, t) - po =a P=0 (9.613) 


The polarization vector P ts taken as the sum 
P = ¢,yE + AP 
where ¥ is the second-rank linear susceptibility tensor and AP the perturbation in P 
as given by (9.8-12). Using the last expression in (9.8-13) leads to 
3 e — g 
E — pors (l+ PE - oo 75 (AP 
VE Hozz Ut x) Ho 73 (AP) 
a = a 
= WE — po sp EE — Ho P (AP) (9.814) 


defining the dielectric tensor 
E= €l + x) 


the wave equation (9.8-13) becomes 


2 _ a? 
VE = py a EE — po “z (AP) = 0 (9.815) 
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Most of the scenarios of electrooptic modulation may be described as an ex- 
change of power between two optical eigenfields.* These can be two mutually or- 


thogonal transverse polarizations of a field propagating along, say, the t direction. 
As a result we take the total field as 


E(r, i) = z ê&Alr, Heer" 
+i BAe, je er + exc. (9.8-16) 


where A, and A, are the “slowly” varying complex amplitudes of the fields that are 
polarized along the ê; and ê; directions normal to i and 


kiz = CTE 


Substitution of the last equation in (9.8-15) gives 


a a a a oğ Ailg, t) 
echo he (i — ik, a — 7 — Hofi & + 2iw — a a 


, d d 
+ Fe aaa (5. a Zik, FF, _ a) - Mobs 


ag ¢ 
ar g AÑ, t) 
x (— + iw — - he + 
(z 2iw N a) > ec 


a 
= ipo mz APT) (9817) 


where we assume that @, and ê, are unit vectors along the principal dielectric axes 
(this is the case in nearly all experimental situations) and used 


= all + yn)  €&2 = Sf] + Xx) 


Recognizing that k; = © ne, n, = Ved G= 1, 2), and making the slowly 
varying envelope approximation 4°/a¢* € ka/aZ and o*/at* <€ wa/at, we obtain 


d 
ZULJAN is 9 goriak os L = IAPC ÙJ  (9.8-18a) 
“eof P 

The subscript 1 on the right side significs that we need only consider that part of AP 
that contains the factor exp[i(wt — k]. The rest “eras out to zero, 


ĝ a 

~ +25) agg = fs evem L 7 (SPC Nh, (9.8-18b) 
“foc of 

These are our basic working equations. They can be used to analyze most of the 

situations arising in electrooptic or acoustooptic modulation. 


“We use the term eigen (self) field in the sense of the eigen modes of quantum mechanics. H is used here 
to describe a propagating monochromatic field, say, along z, that except for a propagation delay does not 
depend on z. 
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We will next show how Equations (9.8-18) are used in the important cases of 
electrooptic phase and amplitude medulation with a traveling modulation field. 


9.9 PHASE MODULATION 


In this case we have a traveling modulation held with some polarization, say, k, $0 
that in (9,8-12) we take 


EO = Ea Sin (yt — ky) (9.9-1) 


For pure phase modulation of, say, wave 1, it 1s necessary that the perturbation 
polarization (AP), involve only A, and not A,. This polarization is then given by 
(9.8-12) as 


2 


AP (i) = — fe rA, De NE, sin (wf — ket) + cc. (9.9-2) 
a 


So that Equation (9.8-18a) becomes 


(é +— ‘| Ai(g, À = iB sin (Wnt — ka QAig, 9 (9.9-3) 
dg cot 


kini 


p= + Eg F itidems (9.9-4) 


i 
3 
+ = NIFI eee 
20 


In deriving (9.9-3) we took advantage of the fact that œ >>> wn (typically 
w ~ 10", œw < 10"5, and replaced 4?/ar? on the right side of (9.8-17) by —@”*. 

Equation (9.9-3) is a first-order linear partial differential equation and can be 
integrated by a change of variables 


u=ft-T 

y=f--1 (9.95) 
FI 

(A =n) 


Using 


Ə atau lv ðu W 


ð_ Mma wA cej d 
dt atau ötv n\du gV 


d dud dud ð d 
+ — 


(9.9-6) 
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Equation (9.9-3} becomes (A, = A). 
k 
22 4 = iB sin etn — u) (uto) A (9.9-7) 
du 2c 2 
By treating u and v as independent variables, an integration of (9.9-7) yields 


ALA D = C (: — Ea) exp -i -E cos (Waf — 7j (9.9-8) 


where C is an arbitrary function and n,, = ck,,/,, 18 the index of refraction at w,,. 
The boundary condition at the input (¢ = 0) face of the crystal is 


A(O, t) = Ao, (9.99) 


where A, is an arbitrary constant. This condition requires that the function C be of 
the form 


C (z - s j = Ag exp I O e Cos (0. — - wnt) (9.9-10) 


Ohn May) 


The mode amplitude A(Z, À is then, according to Equations (9.9-8) and (9.9-10), 
given by 


Alg, Ð = Ag exp 


x (i; os (on _ r | — cüs (ow _ Ër nt) | 
ii — A) € c 


(3.911) 
By using the trigonometric identity 
cos a — cos B = —2 sin dla + p) sin $a — B} 
the amplitude at the output face (2 = L) of the crystal can be written as 
A(L, tf) = Ag exp [iô sin (w,,! — $) (9.9-12) 
where 
sin x. Gh, Z AE 
p 
ô= AL -—— (9,9-13) 
ty) 
—" {na — DL 
7- (Am — n) 
in 
db = p Cn + hE (9.9-14) 
C 


If there is no further perturbation beyond £ = L, then the emerging beam can be 
written (using 9,8-16) as 


EL, D = A, exp [Her + 8 sin (Ont — 6) — KES} (9.9-15) 
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This is our main result. The output consists of a phase-modulated wave with a 
modulation inde, 6, The value of 6 given by Equation (9.9-13) for this case is no 
longer proportional to the length of the crystal, L, and is reduced from its maximum 
value BL by a factor 








_ sin AL 
OAL 
where 
A= yawn (i _ J (99-16 
= = LOCO — = — e ini 
2e ™ 2 Um Li ) 


in which vo = c/n, and Vp, = C/A, are the phase velocities of the light and modulating 
wave, respectively. Physically, this reduction factor 1s due to the mismatch of the 
phase velocities of the waves. In the event that the light wave and the modulating 
wave are travelmg with the same phase velocities, the light wave will experience a 
constant modulating field as it propagates through the electrooptic crystal. The re- 
duction factor 7 in this case is unity; that is, there is no reduction in the modulation 
index 6. The modulation index in this case is linearly proportional to the length of 
the crystal. When the phase velocities are nat equal, â becomes a periodic function 


A Modulation index 
| é 


A=0 
Ümar 7 
ee S L 
ü Es x an an Sa Length of crystal 
ZA A 2A A 2A 


Figure 9-13 The modulation index 6 versus the length £ of the crystal, 
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of the length of the crystal. A plot of 6 versus L is shown in Figure 9-13. The 
maximum ð occurs at the condition when 


De Jam — alk = 5 (9.9-17) 


with the maximum modulation index, 8... given by 


o nmr 


= — f Ën (9.9-18) 


Omar Wp ln 7 M 


Example: LiNbO, Phase Modulator 





Referring to Figure 9-14, we consider a rectangular LINbO, rod with its input and 
output planes perpendicular to the y axis. The z direction is a principal dielectric 
axis of the crystal. An RF field with an E vector parallel to the z axis is applied to 
the crystal. Both the RF field and the optical beam are propagating in the y direction. 
An input polarizer in front of the input plane ensures that the light is polarized along 
the z direction of the crystal. The modulation index ĉis given, according to Equation 


(9.9-13), by 
Wr, 
sin —~ (Ry, T Tbe 
wo 4 2c 
ô = — nrak d ——___——_ (9.9-19) 
2c i 
Pug (Phy ~ ny ji 
2¢ 


where n, is the extraordinary index of refraction of the crystal, Z is the length of the 
crystal, and +3, is the relevant electrooptic coefficient. Let w/27 = 6 GHz, Am = 
1.84, and n, = 2.2; then the maximum modulation occurs at L = 6.4 cm according 
to Equation (9.9-17). The symmetry group of LiNbO; is 3m. ‘rom Table 9.2 it 
follows that the relevant electrooptic coefficient for the structure shown in Figure 
9-14 is r34. 





LiNbO, crystal 





Light 
beam Folarizer 

Figure 9-14 A LiNbO, rod used as the electrooptic crystal for phase modulation. The mod- 
ulating RF field is polarized along the z axis and is propagating along the y axis. 
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Amplitude Modulation (advanced topic) 


We now consider the case when the orthogonally polarized normal modes A, and 
A, are coupled {1.e., exchange power) by the applied modulation electric field. This 
occurs when the perturbation polarization (AP,} in (9.8-18) is proportional to A; 
while, at the same time, AP. is proportional to A;. In this case, electromagnetic 
energy b exchanged between the coupled modes as the wave propagates in the 
crystal. The magnitudes of the mode amplitudes are therefore functions of space and 
ume. The mode amplitudes satisfy the coupled-mode equation (9.8-18}. We will 
now consider a case of pure amplitude modulation. Again we assume that a traveling 
modulation wave Em: sin (wnf — kmt) yielding the coupled-mode equations (9.8-18), 
In our new language of mode couphng, amplitude modulation takes place when the 
presence of a modulation field 


Knut = CE mg SIN (gt — krn) (7.9-20) 


causes power exchange between the modes | and 2. An inspection of the coupled- 
mode equations (9.8-18} shows that this coupling occurs when the presence of E noa 
creates a perturbation Ae, (i # j}, since this, according to (9.8-13), will couple mode 
(1) to f(2) and vice versa. Using (9,8-13), the condition for pure amplitude modu- 
lation is that the set of conditions 


riigEy” = Fraë = 0 
Finer = FEP #0 (9.9-21) 


be satisfied for some Cartesian direction &. If we take the modulation field as in 
(9.9-1), the coupled-mode equations (9.8-18} become 


dof, a 
(2 + =- 3 A, = ik sin (@,f ~ kpi A e E T 


a A 
È = ‘| Ay = ik Sin (yf — kyQA TE (9.9-22 


where 


K = nim is ate ni (9.9-23) 


H, EHE 





and summation over & is assumed. In the case when #, = na, the coupled equations 
become 


4 Q 
= + á 2) Ay = ik $m (nt Z king As 
dé cat 


(2 + a 2) A, = ix sin lni T &,OA, (9.9-24) 
¢ 
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with 
3 
ae (9.9-25) 


K = Py Ems 


2c 


The solutions of the coupled mode-equations (9.9-22) for the general case (n 
+ n3) are very complicated and will not be discussed here. For the case when n; = 
n> = n, the general solution of the coupled-mode equations is given by 


c Ke 
Ald, f = ails — cn) cos | cos (imt — bd | 
C l KC 7 
+ C, (: — E) sin | Ta) cos (Wnt bd | 
AÈ, t} = iC, (z — - } cos | cos (w,! — bd | 


0, (2 - St sin — cos (Qf — td (9.426) 
n (0,47 — My) 


where C, and C, are arbitrary functions. Let the boundary condition at the input 
({ = 0) face of the crystal be 


A, (0, t) = Ag 
A,(0, t) = 0 (9.9-27) 


These conditions correspond to the case where the input polarizer is parallel to ê; 


{one of the unperturbed principal axes). 
Let ¿ = 0 in Equation (9.9-26), then the boundary condition (9.9-27) becomes 


C KC 
C, | — -ri cos foo cos Wt 
( n ) ber — Mn) | 
C , KC 
+ C,|—-t} sin | ——~—— tos ,f ] = Ag 
n {i — Rin) 
C . KC 
C [2i] sn | ——— cos Omt 
n al — Bay) 


- C; (- £ j cos Ear COS oa = 0 (9.9-28) 
n Dml — Am) 


This gives at € = 0 


C; (- £ r) = A, sin | cos ant (9.9-29) 
H W mht! - Nin) 
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Equations (9.9-29) give the functions C, and C; at £ = 0. Since C, and C, are, in 
general, functions of ¢ — {e/n)r, they are given by 


C KE pa v 
Cilé =- -¢] — Ay cos | ———— cos | o,f RE 
H wt? — Hy) l € 


of -5 r) = Ay SIN — cos (on — Sn ns) (9.9-30) 
n ; iy, (Ft 7 Ray) C 


Substituting Equations (9.9-30) into Equations (9.9-26), the mode amplitudes be- 
COME 


KC Cty 
Aló, tf} = Ag cos | feos (Wt — Kak) — COS a —— x)|} 
OARE: 7 Hay) $ 


AË, t} = iA, sin | [cos (on _ on n) - cos fw,t — sol) 
WHA — Aa) c 
(9.9-31) 








Using next the trigonometric identity 
cos œ — cos A = —2 sin Hæ + Bysin iia ~ B) 


and the relation kp = (w,/c)n,,. the mode amplitudes at the output plane (g = Li of 
the crystal become 


A (L, t) = Aa cos [ô sin (wnt — $)| 
Ath, Ð = iA, sin [ë sin (wt ~ h) (9.9-32) 


where 


8 = «i, ———-_——_ (9.9-33) 


and ġ is given by Equation (9.9-14). We notice that 6 in Equation (9.9-33) is identical 
to the phase modulation index (9.9-13} in its dependence on the length of the crystal 
L. Therefore, all the discussion of the phasc-yclocity matching for phase modulation 
can also be applied to amplitude modulation. In particular, maximum modulation 
occurs when condition (9.9-17) is satisfied and the maximum modulation depth 1s 
given by 

ft} nr 


O nax - — ra 
Ce, it Ahi, 


Finkak (9.9-34) 








It is interesting to compare the final result (9.9-32) with our prevtous formalism 
that led to (9.3-2) and (9.3-3). We associate the direction x of Figure 9-4 with the 
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direction **1°' of this section and y with **2.°’ Using I(r} = l'a sin wnt after reverting 
to real-time notation 


E(L) =- = (EL) 4 E (L) — s Reje Tsn ml p g` E nfZjain moll 
= V2? A cos (5 sin ont} (9.9-35) 
ol | {Tn 

EML) = z E(D — E,D) = iV2 A sin T Sin Ont (9.9-36) 


If we use the definition (9.2-4), we have T „/2 = «L. It follows that Equations (9.9-35, 
9.9-36) reduce to the form of (9.9-32) for the phase-matched case n = n, where 
ô = KL = I,/2. Equations (9.9-35 and 9.9-36), however, account accurately for the 
important case when n # Am, Len the phase velocity of the modulation field is 
different from that of the optical wave. The ‘‘exact’’ analysis also gives us the correct 
form of the phase delay œ. 


Problems 
9.1 Derive the equations of the ellipses traced during one period by the optical 


9.2 Discuss the consequence of the field-independent retardation (wke) (ny — n.) 
in Equation (9.5-1) on an amplitude modulator such as that shown in Figure 9-4. 


9.3 Use the Bessel-function expansion of sin [a sin x] to express (9.3-7} in terms 
of the harmonics of the modulation frequency óm- Plot the ratio of the third 
harmonic (3w,,) of the output intensity to the fundamental as a function of I’. 
What is the maximum allowed [p if this ratio is not to exceed 10°77 (Answer: 
Pe < 0.5.) 


9.4 Show that, if a phase-modulated optical wave is incident on a square-law de- 
tector, the output contains no alternating currents. 


9.5 Using References [4] and [5], design a partially loaded KDP traveling wave 
phase modulator that operates at »,, = 10° Hz and yields a peak phase excursion of 
& = a/3, What is the modulation power? 


9.6 Derive the expression [similar to Equation (9.6-2)] for the modulation power 
of a transverse 43m crystal electrooptic modulator of the type described in the Ap- 
pendix B. 


9.7 Derive an expression for the modulation power requirement [corresponding to 
Equation (9.6-2)] for a GaAs transverse modulator. 
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9.8 Show that if a ray propagates at an angle (<1) to the z axis in the arrangement 
of Figure 9-4, it exercises a birefringent contribution to the retardation. 


cal No 
AD birefringent = Ie fo k 7 1 


which corresponds to a change in index 


9.9 Derive an approximate expression for the maximum allowable beam-spreading 
angie in Problem 9.8 for which ÅT birefringent does not interfere with the operation of 
the modulator. Answer: 


1/2 
¥.10 Consider the index ellipsoid § defined by 
SyXjt; = 1 
Show that the vector N defined by 
N, = Sa, 


I$ perpendicular to $ at the point (x,, x2, x3) on $. 


¥.11 Consider the case of a KH,PO,(KDP) crystal with an applied field along the 
x axis. Show that in the new principal dielectric axes coordinate system (x', y’, 2’), 
x’ coincides with x .while y’ and z' are in the y—z plane, but rotated from their 
original positions by 8, where 


Ira E, 
tan 20 = — 2 
lina — Mni 


Show that in the x, y’, z’ system the equation for the index ellipsoid is 
Z fly E, tan 0} y? + (4 E, tan Ø] z” = ] 
—— F` x n — x t — 
ne n 4] ¥ n Fal n z 


9.12 An optical beam with amplitude E, and frequency e27 is split, equally, in 
two. One of the beams is left as is, while the other is phase modulated according to 


Ad = a + 8 cosw,t (w, E a) 


The two beams are then recombined coherently (the whole procedure can be accom- 
plished by a Michelson—Morley, or a Mach-Zehnder, interferometer with a phase 
modulator placed in one arm). 


a. Express the recombined field in the form 


Ene = f(e E Seren? 
rec 


or 


Oo O 


oO 
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. Show that fora = 7/2, 6 < | 


E.. = Eo ( + : cost el sjos) 


, Obtain the (approximate) optical spectrum of the output beam. 
. Derive the intensity modulation characteristics 


|E ee 


IE ol” 


for the general case. 
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. Using the results from d, determine how we can obtain a nearly linear modulation 


response in which the detected photocurrent, Zye * |E ec, is proportional to the 


modulation signal ô cosw,,t. 


9.13 In Section 9.t show that the three principal vectors X’, X”, and X” are per- 
pendicular to each other. 


9.14 Let x, y, 2 be the principal dielectric axes of a crystal with dielectric tensor 
elements €,,, Ey Ez Consider a new coordinate system é, 7, z where £ and 4 are 
rotated at an angle @ about the z axis (the z axis is the same in both systems). Show 
that the € tensor in the new system Is 








¢ " Z 
é ¢,+ 8sin?@  &?sin(20 0 
no —sof2. sin (2.8) Ea t+ dcos¢ 0 
z 0 Q E, 





where 6 = €, — €,,. 


9.15 Consider a crystal with principal dielectric axes x, y, z and corresponding €x, 


E 


Fy’ 


element €,, to appear. 


€. Let the application of an electric field (or strain) cause an off-diagonal 


a. Show the new principal dielectric axes are rotated about the « axis by an angle 


€; 
b= oe (En, E Ey Erz) 


FY az 


b. Show that in KDP the application of a de field E = @,£, causes a rotation ĝ of 


the z and y principal axes about the x axis where 


Zoe 
B — _ nna aE 


ng — n 
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9.16 


G. Design an electrooptic waveguide modulator in a LiTaO, crystal as shown. 





a oe . 7 _ | 
ae a 
p a Crystal p a ps 
T KI a ee 
M tk a 


Optical 
beam 






Show that the phase retardation = frg — Opry 1s given by 


_ we 
F= — IAF ia = nira] E. 
C 


b. Describe how you will use the waveguide as: (1) an amplitude modulator, {2) a 
phase modulator, Calculate the requisite modulation voltuge assuming a width in 


the z direction of 5 zm and A = 0.6328 ym. 
9.17 


a. Design a polanzation switch (mode coupler} TE<oTM using LiNbO,, the crystal 
geometry of problem 9.15, and a de field parallel to the x axis. Show how you 


can overcome the velocity mismatch problem {no # a.) by using a spatially 


periodic de field 


ar 
y 


E, = E, cos Ey 


with a proper choice of the period A, 
b. What is the value of A at 1 = 1.15 um? (See Table 9-2 for dispersion data.) 
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10.0 INTRODUCTION 


Noise in Optical 
Detection and 
Generation 


In this chapter we study the effect of noise in a number of important physical pro- 
cesses. We will take the term noise to represent random electromagnetic fields oc- 
cupying the same spectral region as that occupied by some “signal.” The effect of 
noise will be considered in the following cases. 


l, 


Measurement of optical power. In this case the noise causes fluctuations in the 
measurement, thus placing a lower limit on the smallest amount of power that 
can be measured. 

Linewidth of taser oscillators. The presence of incoherent spontaneous emis- 
sion power will be found to be the cause for a finite amount of spectral line 
broadening in the output of single-mode laser oscillators. This broadening man- 
ifests itself as a limited coherence time. 

Optical communication system. We will consider the case of an optical com- 
munication system using a binary pulse code modulation in which the mfor- 
mation is carried by means of a string of | and 0 pulses. The presence of noise 
will be shown to lead to a certain probability that any given pulse in the recon- 
structed train pulse is in error. 


In this chapter we consider optical detectors utilizing light-generated charge 


carriers. These include the photomultiplier, the photoconductive detector, the p-n 
junction photodiode, and the avalanche photodiode. These detectors are the main 
ones used in the field of quantum electronics, because they combine high sensitivity 
with very short response umes. Other types of detectors, such as bolometers, Golay 
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cells, and thermocouples. whose operation depends on temperature changes induced 
by the absorbed radiation, will not be discussed.’ 

Two types of noise will be discussed in detail. The first type is thermal (Johnson) 
noise, which represents noise power generated by thermally agitated charge carriers. 
The expression for this noise will be derived by using the conventional thermody- 
namic treatment as well as by a statistical analysis of a particular model in which 
the physical origin of the noise is more apparent. The second type, shot noise (or 
generation-recombination noise in photoconductive detectors), is attributable to the 
random way it which electrons are emitted or generated in the process of interacting 
with a radiation field. This noise exists even at zero temperature, where thermal 
agitation or generation of carriers can be neglected. In this case it results from the 
randomness with which carriers are generated by the very signal that is measured. 
Detection in the limit of signal-generated shot noise 1s called quantum-limuted de- 
tection, since the corresponding sensitivity is that allowed by the uncertainty prin- 
ciple in quantum mechanics. This point will be brought out in the next chapter. 

A quanium optics treatment of noise and of squeezing of field fluctuations [25, 
26, 27, 28] is given in Chapter 20, 


10.1 LIMITATIONS DUE TO NOISE POWER 


Measurement of Optical Power 
Consider the problem of measuring an optical signal field 
Ut) = Vs cos wt (10.1-1} 


in the presence of a noise field. The instantaneous noise field that adds to that of the 
signal can be taken as the sum of an in-phase component and a quadrature component 
according to 


UAL) = Vydt) cos wt + Viys(t) sin wt (10.1-2) 
where V,,-{t) and Vy.{t) are slowly [compared to exp (iwt)] varying random uncor- 


related quantities with a zero mean. The total field at the detector v(t) = vt) + 
yt) can be written as 


v(t) = Ref[Vs + Vuctt) — Vyle" (10.1-3) 
= Re(Vine™] (10,1-4) 


The total (signal plus noise) field phasor V(r) is shown in Figure 10-1. 
In most situations of interest to optical detection the sources of noise are due to 
the concerted action of a large number of independent agents. In this case the central 


"The interested reader will find a good description of these devices in Reference [6]. 


374 


NOISE IN OPTICAL DETECTION AND GENERATION 


fay (Fret "| 





Rel Fine] 


Figure 10-1 A phasor diagram showing the total (signal plus noise) fieid phasor Vir) at time 
t. The instantaneous fieid 1s given by the horizontal projection of Vir) exp (rwr) 


limit theorem of statistics [1] telis us that the probability function for finding Vyelt) 
at time £ between Vye and Vye + dVwe is described by a Gaussian 


Lv? ae 
p(Vxc) dV = T= € al AV ye (10.15) 


and by a similar expression in which Vys replaces Vye for p(Vys). Since V(t) has 
a unity probability of having some value between —% and œ, it follows that 


L PV) d Vye = | (10.16) 


It follows from (10.1-5) that Vye, the ensemble average? (denoted by a hori- 
zontal bar) of Vye. is zero, whereas the mean square value is 


a 


Vic = Vis = I. Vine) Vue = 0 (10.1-7) 


“the ensemble average Atr) of a quantity A(F) is obtamed by measuring A simultaneously at lime fina 
very large number of systems that, te the best of our knowledge, are identical. Mathematically, 


— i 
= l — A, 
A(t) = lim $ 2 J 


M — on 


where Att denotes the observation in the ath system. Ina truly random phenomenon, the time averaging 
and ensemble averaging lead to the same result, so the ensemble average is independent of the time ! in 
which it is performed and can also be obtained from 


A= [ APA) dA 


where p(A) is the prohability function. in the sense of (10.1-5), of the variable A. 


‘The reason for Vyeti) = 0 can be appreciated from Figure 10-1. Vye{t) has an equal probability of being 
in phase with V; as of being out phase, thus averaging out to zero. 
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The ‘‘power” in v(t} is obtained using (1.1-12) as 
Poy = Vine Vg) 7] 
= 4V} + 2V Nye + Vie + Vis (10.1-8) 
The ensemble average (or long time average) of P(t) is 
P = PQ) = KV2+ Vic + Vis) = HVE +207) (10.180) 
where use has been made of the fact that Vye = 0 and of (10.1-7). 
The physical significance of the time-varying power P(r) and its long-time (or 
ensemble} average P is illustrated by Figure 10-2. 
It is clear from the fluctuating nature of P(r} that any measurement of this power 
is subject to an uncertainty due to the random nature of Vye and Vys in (10.1-8). As 


a measure of the uncertainty in power measurement, we may reasonably take the 
root mean square (rms) power deviation 


AP = [(P() - PY)” 
Using (10.1-8)} and (10.1-8a), we obtain after some algebra 
AP = (4V2V2,. + 2Vi0 — 2V25 Vie)" (10.1-9) 
Using (10.1-5) we obtain 


Vie = I. Vance Ve) dVye = 30° (10.1-10) 


so that usmg Vi, = Vis = g in (10.1-9) results in 
AP = o( V2 + 0°)? = a(2P, + 0°)” (10.1-11) 
where according to (10.1-8) we may associate Ps = v2 with the signal power that 


is, the power that would be measured if Vyc and Vys were, hypothetically, rendered 


zero. 
A question of practical importance involves the minimum signal power that can 


be measured in the presence of noise, We may, somewhat arbitrarily, take this power 


Power 





Figure 10-2 The intermingling of noise power with that of a signal causes the total power to 
fluctuate. The rms fluctuation AP limits the accuracy of power measurements. 
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Phim tO be that at which the uncertainty AP becomes equal to the signal power Ps. 
Alt this pomt we have from (10.1-11) 
P imit = O(2P iu t g)” 


or, after solving for Plime 
Pimi = U + V2) = Pol + V2) (10,1-12) 


where Py = a? = VE e + Vig} 1s the noise power. Widespread convention chooses 
to define the minimum detectable signal power as equal to Py instead of 2.414P,, 
as obtamed above. This simplification is understandable, since our choice of the limit 
of detectability AP = P, was somewhat arbitrary. In any case the main conclusion 
to remember 1s that near the limit of detectivity, the rms power fluctuation is com- 
parable to the signal power. The next task, which will be taken up in this chapter 
and in Chapter 11, is to find out the main sources of noise power and consequenily 
ways (oO minimize them. Before tackling this task, however, we need to develop 
some mathematical tools for dealing with random processes, 


10.2 _NOISE—BASIC DEFINITIONS AND THEOREMS 
A real function v{f) and its Fourier transform V(w) are related by 


] Ln 9 
Fiw) = 1f pe "| dt 2- 
a) on} « U (te (10.2-1) 


and 


= 


u(t) = j Vee” dw (10.2-2} 


In the process of measuring a signal vit), we are not in a position to use the 
infinite time interval needed, according to (10.2-1), to evaluate Vie}. If the time 
duration of the measurement is F, we may consider the function v{7) to be zero when 
t= —T/ and t = 7/2 and, instead of (10.2-1), get 

TH 


l j 
Vw = +Í ro pirne Oat (10.2-3) 
Since ut) is real, it follows that 


V fw} = Vw (10.24) 


T is usually calied the resolution or integration time of the system. 
Let us evaluate the average power P associated with v(t). Taking the instanta- 
neous power as v(t), we obtain’ 


| TW i ayes "ase 
p= | UW dt = 3 p luo | Vrae io|| dt (10.2-5) 


“It may be convement for this purpose to think of vtr) as the voltage across a one-chm resistor, 
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Using (10.2-3) and (£0.2-4) in the last equation and interchanging the order of in- 
tegration leads to 


P= = r (V? dw (10.2-4) 


OF 


mf 2 
P= F f Va dw (10.2-7) 
where we used 


T2 
lim (2m! f dt exp [Kw + w h] = Ge + w’) 


fo+a0 
If we define the spectral density function S,(m) of v(t) by 


Ar Va| 
T 


Salo = lim (10.2-8) 


Posen 
then, according to (10.2-7), 5,,(w)dw is the portion of the average power of u(r) that 
is due to frequency components between w and w + dw. According to this physical 
interpretation, we may measure S (w) by separating the spectrum of v(t) into its 
various frequency classes as shown in Figure 10-3 and then measuring the power 
output S (w dw, of each of the filters [2]. 


Hand pass Ac 
filters power meters 
id, = Ausf? 





CG Sp (03, ) Aw 
ua, + Awa 


vir) 


Figure 10-3 Diagram illustrating how the spectral density function $w} of a signal v{t) can 
be obtained by measuring the power due to different frequency intervals. 
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Wiener-Khintchine Theorem 


We will next dertve another formal result involving the spectral density function. 
Consider the time average of the product of some field quantity p(t) with its 
delayed version v(t + 7) 


CAT = viet + 7) (10.2-9 


The function C, (r) is termed the autocorrelation function of u(t). We use (10,2-2) 
to carry out the integration indicated in (10.2-9) 


T2 


Cn = a vNu + T) dt 


tx. T rif 
=- | | g L, dw dw' dt VK VAw et eT (102-107 


72 
lim | dt ef"! = 27 8(w + w') (10.2-11) 


so that 


x oF 


2 
CD = lim = | Vio )VAa)d(o + we” do dw’ 


T— æ 
w = © 


1 (° AnlVde)l? | 
lim - | Am) ior ds (10.2-12) 
Too 2 -m T 


The quantity Ar VlT is, according to (10.2-8), the spectral density function of 
Stæ} of v(t), so that 


1 f° | 
Cult) = f . Saje dw (10.2-13} 
so that using {10.2-1) 
] x 
Saw) = 7 l, Cne = dT (10.2-14) 


The last two equations state that the spectral density function 5,,(@) and the auto- 
correlation function C,,(7) form a Fourier transform pair. This result 1s one of the 
more important theoretical and practical tools of information theory and of the math- 
cmatics of random processes, and it 1s known, after the American and Russian math- 
ematicians who, independently, formulated it, as the Wiener—Khintchine theorem. 
Its main importance for our purposes lies in the fact that it is often easier to obtain, 
experimentally or theoretically, C,(7) rather than $ tw). so that S,.(w) is derived by 
a Fourier transformation of C {T}. 
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10.3 THE SPECTRAL DENSITY FUNCTION OF A TRAIN 
OF RANDOMLY OCCURRING EVENTS 


Consider a time-dependent random variable i(r) made up of a very large number of 
individual events f(f — t) that occur at random times 4.7 An observation of it) 
during a penod T will yield 


id =D fa- OstsT (103-1) 
i=] 


where Ny 1s the total number of events occurring in T. Typical examples of a random 
function i{f) are provided by the thermionic emission current from a hot cathode 
(under temperature-limited conditions), or the electron current caused by photo- 
emission from a surface. In these cases f(t — t) represents the current resulting from 
a single electron emission occurring at t. 
The Fourter transform of i;{t) is given according to (10.2-3) by 
Nr 


Ikw) = >) Fw) (10.3-2) 
i=] 
where F;{w) is the Fourier transform® of f(t — t) 


] = Hat, fe | 
F(a) = Lf fit - ne" di = ~ | AA e ™ dt 
PA ri o 27 J7 
= e iF) (10,3-3) 
From (10.3-2) and (10.3-3) we obtain 


Nr Ny 
ol = |F > 2 eet) 
i=1 j= 


iy} 


= [Few (x +22 ete) (10.34) 


If we take the average of (10.3-4) over an ensemble of a very large number of 
physically identical systems, the second term on the right side of (10.3-4) can be 
neglected in comparison to Ny, since the umes ¢; are random. This results in 


(a)? = NAF = NT [Fol (10.35) 


‘This means that the a priori probability that a given event will occur in any time interval is distributed 

uniformly over the interval, or equivalently, that the probability p(n) for n events to occur m an obser- 

vation period T is given by the Poisson distribution function [2] 

m'e" 
f 


FM: 





pin) = 


where 7 is the average number of events occuring in T. 


"We assume that the individual event f(t — t) is over in a short time compared to the observation period 
T, so the integration limits can be taken as — to œ instead of Ô to T. 
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where the horizontal bar denotes ensemble averaging and where N is the average 
rate at which the events occur so that Ny = NT. The spectral density function $e) 
of the function 2,{1) is given according to (10.2-8) and (10.3-5) as 


Sæ) = 4aN|Flw)|? (10.46) 





In practice, one uses more often the spectral density function $(+} defined so that 
the average power due ta frequencies between v and v + dv is equal to S(v) dv. It 
follows then, that Sir} de = Ste) dw; thus, since w = Iar, 


Sir) = Bm NIFO ny (10.37) 


The last result is known as Carson's theorem and its usefulness will be demonstrated 
in the following sections where we employ it in deriving the spectral density function 
associated with a number of different physical processes related to optical detection. 

Equation (10.3-7}) was derived for the case in which the individual events 
f(t — tò were displaced in time but were otherwise identical. There are physical 
situations in which the individual events may depend on one or more additional 
parameters. Denoting the parameter (or group of parameters) as a, we can clearly 
single out the subclass of events fait — t) whose a is nearly the same and use 
(10.3-7) to obtain directly 


S,(v) = 8’ Ma)lF OTP Aa (10.38) 
for the contribution of this subclass of events to S(v). Fw) is the Fourier transform 


of f,(f), and thus N(a)Aa is the average number of events per second whose a 
parameter falls between œ and a + Aq. 


I. Nia) da = N 
The probability distribution function for & 15 p(a) = NCN; therefore, 
Ea i mo = 
f pia) da = F f Nia} da = | (10.349) 


Summing (10.3-8) over all classes a and weighting each class by the probability 
pla) Aa of its occurrence, we obtain 


S) = >, Sv) = 8a? E MFT Aa 


= 80N > IF Oropa) Aa 


= saN | |F,(272) pia) da = Br NIFOm (10.310) 
where the bar denotes averaging over œ. Equation {10.3-10} 1s thus the extension of 
(10.3-7) to the case of events whose characterization involves, in addition to their 
time z, some added parameters. We wil] use it further in this chapter to derive the 
noise spectrum of photoconductive detectors in which case a is the lifetime of the 


excited photocarriers. 
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10.4 SHOT NOISE (3) 


Let us consider the spectral density function of current arising fom random gener- 
ation and flow of mobile charge carriers. This current is identified with ‘*shot noise.” 
To be specific, we consider the case illustrated in Figure 10-4, in which electrons 
are released at random into the vacuum from electrode A to be collected at electrode 
B, which is maintained at a slight positive potential relative to A. _ 

The average rate N of electron emission from A is N = Fe, where / is the average 
current and the electronic charge ts taken as —e. The current pulse due to a single 
electron as observed in the external circuit is 


evli) 
d 


where v(t) is the instantaneous velocity and d is the separation between A and B. To 
prove (10.4-1)}, consider the case in which the moving electron is replaced by a thin 
sheet of a very large area and of total charge ~e moving between the plates, as 
illustrated in Figure 10-5. 

itis a simple matter to show (see Problem 10.1), using the relation V - E = pe, 
that the charge induced by the moving sheet on the left electrode is 


idt) = (10.4-1) 


d — 
d 
and that on the right electrode is 
ex 
Qı = d (10.43) 


where x is the position of the charged sheet measured from the left electrode. The 
current in the external circuit due to a single electron is thus 
dQ, edr € 


i(t) = oda yea (10,4-4) 


in agreement with (10,4-1), 





Figure 10-4 Random eleetron flow between two electrodes. This basic configuration is used 
in the derivation of shot noise. 
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Figure 10-5 Induced charges and field lines due to a thin charge layer between the electrodes. 


The Fourier transform of a single current pulse 1s 


f 
e u 
f(a) — — | vine ™ dt 10.4-5 

2nd 1 
where ¢, is the arrival time of an electron emitted att = 0. If the transit time of an 
electron is sufficiently small that, at the frequency of interest w, 


at, <1 (10.44) 


ie. LiD Œ &(f), we can replace exp (—iwt) in (10.4-5) by umty and obtain 


" dy £ 
d = — (10.4-7) 


Ko = yad D dt on 


since x(t) ts, by definition, equal to d. Using (10,4-7) in (103-7) and recalling that 
i = eN gives 


S(v} = 8a7N (5) = 2e] (10.48) 
20 


The power (in the sense of 10.2-5) in the frequency interval vto » + Av associated 
with the current is, according to the discussion following (10.2-8), given by S(r) 
Av. It is convenient to represent this power by an equivalent noise generator at v 
with a mean-square current amplitude 


2 v) = S(v) Av = 2el Av (10,49) 


The noise mechanism described above is referred to as shot noise. 

It is interesting to note that e in (10.4-9) is the charge of the particle responsible 
for the current flow. If, hypothetically, these carriers had a charge of 2e, then at the 
same average current I the shot-noise power would double. Conversely, shot noise 
would disappear if the magnitude of an individual charge tended to zero. This 1s a 
reflection of the fact that shot noise is caused by fluctuations in the current that are 
due to the discreteness of the charge carriers and to the random electronic emission 
(for which the number of electrons emitted per unit time obey Poisson statistics [2]). 


JOHNSON NOIRE 383 


The ratio of the fluctuations to the average current decreases with increasing number 
of events.’ i 

Another point to remember is that, in spite of the appearance of / on the right 
side of (10.4-9), Av) represents an alternating current with frequencies near r, 


10.6 JOHNSON NOISE 


Johnson, or Nyquist noise describes the fluctuations in the voltage across a dissipative 
circuit element; see References (4, 5]. These ftuctuations are most often caused by 
the thermal motion of the charge carriers.” The charge neutrality of an electrical 
resistance is satished when we consider the whole volume, but locally the random 
thermal motion of the carriers sets up fluctuating charge gradients and, correspond- 
ingly, a fluctuating (ac) voltage. If we now connect a second resistance across the 
first one, the thermally induced voltage described above will give rise to a current 
and hence to a power transfer to the second resistor.’ This is the so-called Johnson 
noise, whose derivation follows. 

Consider the case illustrated in Figure 10-6 of a transmission lme connected 
between two similar resistances R, which are maintained at the same temperature T. 


"More precisely, for events obeying Poisson statistics we have (Reference [1] or derivable directly from 





footnide 5} 
[ANY 1 
N (Nyt? 
where N is the number of events in an observation ume, N is the average value of N, and (ANY = 
iN — NY. 


We use the word ‘'catriers'’ rather than ‘electrons’ to include cases of ionic conduction or conduction 
by holes. 


"The same argument applies to the second resistor, so at thermal equilibrium the net power leaving each 
TESiStOr 18 zero. 


iT} 





Figure 10-6 Lossless transmission line of characteristic impedance Z, connected between two 
matched loads (8 = Zn) at temperature T. 
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We choose the resistance R to be equal to the characteristic impedance Zo of the 
line, so that no reflection can take place at the ends. The transmission line can support 
traveling voltage waves of the form 


u(t) = A cos (wt + kz) (10.51) 


where k = 2a/X and the phase velocity is e = «k. 
For simplicity we require that the allowed solutions be periodic in the distance 
L,” so if we extend the solution outside the limits 0 = z = L we obtain 


vif) = A cos [wr £ kiz + LI} = A cos (wt + kz) 
This condition is fulfilled when 
kL = 2mm m= 1,2,3,... (10.52) 
Therefore, two adjacent modes differ in their value of k by 


_2n 


; (10.5-3) 


Ak 


and the number of modes having their k values somewhere between zero and +k 


ig!! 


kL 
N,=— (10.54) 
27 
or, using k = 2c, we obtain 
vL 
Nir) = — 
C 


for the number of positively traveling modes with frequencies between zero and v. 
The number of modes per unit frequency interval is 
aN(v) L 


=- 10.55 
dr £ l ) 





ply) = 


Consider the power flowing in the +z direction across some arbitrary plane. 
A — A’ say. It is clear that due to the lack of reflection this power must originate m 
R,. Since the power is carried by the electromagnetic modes of the system, we have 


nergy 
distance 





Power = (velocity of energy) 


This seemingly arbitrary type of boundary condition 1s used extensively in similar situations in ther- 
modynamics to derive the blackbedy radiation density, or in solid-state physics to derive the density of 
électronic slates in crystals, 


Negative & values correspond, according to {10.5-1), to waves traveling in the —z direction. Our bock- 
keeping 1s thus limited to modes carrying power in the +z direction. 
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We find, taking the velocity of light as ¢, that the power P due to frequencies between 
vand» + Avis given by 


| 
p= (s) (muni of modes Pewee) (energy per mode)(c) 


L vand vy + Av 
LA/LE hr 
“(i s(n =) 
OF 
A 
P = e = Ty (kT > hv) (10.56) 
en 


where we used the fact that in thermal equilibrium the energy of a mode 1s gtven by 


[7] 
iv 


é= puwkT _ y (10.5-7) 


This result is also obtained in Appendix D from a different point of view. An equal 
amount of noise power is, of course, generated in the right resistor and is dissipated 
in the left one, so in thermal equilibrium the net power crossing any plane is zero, 
The power given by (10.5-6) represents the maximum noise power available 
from the resistance, since it is delivered to a matched load. If the load connected 
across A has a resistance different from R, the noise power delivered is less than that 
given by (10.5-6). The noise-power bookkeeping is done correctly if the resistance 
R appearing in a circuit is replaced by either one of the following two equivalent 
circuits: a noise generator in series with R with mean-square voltage amplitude 
viv) = ROY TRAD (10.5-8) 


ptT — | iTehy 
or a noise current generator of mean square value 
Fy) _ o AhvAv . AkT AY 
Re"? — 1} iTekv R 


in parallel with R. The noise representations of the resistor are shown in Figure 10-7. 
There are numerous other derivations of the formula for Johnson noise. For deri- 





(10.59) 





ty SARTR ap 





{al 


Figure 10-7 (a) Voltage and {b) current noise equivalent circuits of a resistance. 
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vations using tumped-circuit concepts and an antenna example, the reader is referred 
to References [6, 7], respectively. 


Statistical Derivation of Johnson Noise 


The derivation of Johnson noise leading to (10.5-6) feans heavily on thermodynamic 
and statistical mechanics considerations. It may be instructive to obtain this result 
using a physical model for a resistance and applying the mathematical tools devel- 
oped in this chapter. The model used is shown in Figure 10-8. 

The resistor consists of a medium of volume V = Ad, which contains N, free 
electrons per unit volume. In addition, there are N, positively charged tons, which 
preserve the (average) charge neutrality. The electrons move about randomly with 
an average kinetic energy per electron of 


E = 847 = Am(y? + v? + 02) (10.5-10) 


where yi = v? = vu? refer to thermal averages. A variety of scattering mechanisms 
including electron—electron, electron—ton, and electron-phonon collisions act to in- 
terrupt the electron motion at an average rate of rg times per second. Ta is thus the 
mean scattering time. These scattering mechanisms are responsible for the electrical 
resistance and give rise to a de conductivity? 


N 2 
g = =E (10.811) 
m 
where m is the mass of the electron. '* The sample dc resistance is thus 
d md 
= — = ——— 10.5-12 
R TA Ne*mA ( ) 


while its ac resistance-R(w) is md(1 + w* TNE TA. 


The derivation of (10.5-} D can be found in any introductory book on sohd-state physics. 


"In a semiconductor we use the effective mass of the charge carer. 








Cross-sectional 
area A 





Figure 10-8 Model of a resistance used in deriving the Johnson-noise formula. 
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We apply next the results of Section 10.3 to the problem and choose as our 
basic single event the current pulse it) in the external circuit due to the motion of 
one electron between (wo successive scattering events. Using (10.4-1), we write 





ev, 
QT 
Li) = 4 d (10.513) 
0 otherwise 


where v, is the x component of the velocity (assumed constant) and where 7 is the 
scattering time of the electron under observation, Taking the Fourier transform of 
L(t), we have 





tf li2mev,  _ 
Le, 7.0) = + | nena’ dt = LEM es er _ 1) 10.14) 
27 Jo —iad 
fram which 
ee 
eo, 7, ug = dnd [2-e" — ee] (10.5-15) 





According to (10.3-10) we need to average |I,(w, 7, vO over the parameters 7 and 
v.. We assume that Tand v, are independent variables—that is, that the probability 
function 


ple) = p(t, Vò = gin flu 


is the product of the individual probabilities [1 ]—-and take g(7) as'* 


g(t) =—e 7% (10.516) 


To 


and, performing the averaging over 7, obtain 


| j le'u ri 


2 ODO -e 
p Edw, ve OP dr = aaa as OS 


Ilw, vo = 


HIF the collision probability per carrier per unit times is 1/7, and g(z) is the probability that an electron 
has not collided by time t, we have: 


| 
"AU nia O => gy =e 
Ta 
Taking g(t) dr as the probability that 2 collision will occur between 7 and t + df, it follows that 
git = | — if ga) de 


and thus 


as in (10.5- 16). 
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The second averaging over v is particularly simple, since it results in the replace- 
meni of v% in (10.5-17) by its average v$, which, for a sample at thermal equilibrium, 
is given according to (10.5-10) by p? = kT/m. The final result is then 

—— Pe TOKT 

Lia)? = > 10.5-18 

Vee dnm + aT) \ 


The average number of scattering events per second N is equal to the total number 
of electrons N,V divided by the mean scattering time Ty 


—- NV 
N = —— (10.5-19) 
To 
thus, from (10.3-10), we obtain 
——_——_, ANVE TkT 
S) = ETNI = T aah 

and, after using (10.5-12) and limiting ourselves as in (10.4-6) to frequencies where 
wT, € 1, we get 
4kTAv 
Rí») 





20) = SQv)Av = (10.5-20) 


in agreement with (10.5-9). 


10.6 SPONTANEOUS EMISSION NOISE IN LASER OSCILLATORS 


Another type of noise that plays an important role in quantum electronics is that of 
spontaneous emission in laser oscillators and amplifiers. As shown in Chapter 5, a 
necessary condition for laser amplification is that the atomic population of a pair of 
levels 1 and 2 be inverted. If E, > E,, gam occurs when N, > N,. Assume that an 
optical wave with frequency p = (E, — E Yh is propagating through an inverted 
population medium. This wave will grow coherently due to the effect of stimulated 
emission. In addition, its radiation will be contaminated by noise radiation caused 
by spontaneous emission from level 2 to level 1. Some of the radiation emitted by 
the spontaneous emission will propagate very nearly along the same direction as that 
of the stimulated emission and cannot be separated from it. This has two main 
consequences. First, the laser output has a finite spectral width. This effect 1s de- 
scribed in this section. Second, the signal-to-noise ratio achievable at the output of 
laser amplifiers [7] is limited because of the intermingling of spontaneous emission 
noise power with that of the amplified signal. (See Figure 10-9 and Appendix C.} 
Returning to the case of a laser oscillator, we represent it by an RLC circuit, as 
shown in Figure 10-10. The presence of the laser medium with negative loss (that 
is, gain) is accounted for by including a negative conductance —G,, while the or- 
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hs, 


— el 


Figure 10-9 An atomic transition with M, > N; providing gain for laser oscillation. 


dinary loss mechanisms described in Chapter 6 are represented by the positive con- 
ductance Go- The noise generator associated with the losses Gy is given according 
to (105-9) as 


Z 


in 
AT _ 


where Tis the actual temperature of the losses. Spontaneous emission is represented 
by a similar expression!” 


_ dwl- Gn Aov2 7) 


Ear kT m — } 


(10.6-1) 


oD 
CN) spont 
emission E 


where the term (—G,,) represents negative losses and T, is a temperature determined 
by the populatton ratio according to 


N3 
N i 
Since N, > N, then Tp < 0, (i) in (106-1) is positive definite. 


= gTa (10.6-2) 


—__ 


"The 27 factor appearing in the denominators of B is due to the fact that here we use 2(w} instead of 
isd) with 


2iwAw = Avy Av Aw = rv 


T a MOG Bus 
NO (eral 1) 3 


— mr 


[emak Ty = | T 








Figure 10-10 Equivalent circuit of a laser oscillator. 
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Although a detailed justification of (10.6-1) is outside the scope of the present 
treatment, a strong case for its plausibility can be made by noting that since G,, % 
N- — N,, (È) in (10.6-1) can be written, using (10.6-2), as’® 
=z —4hodw(N, — N) 
(Ex spont apn 
emission (NIIN) ™ ] 
and is thus proportional to Wa. This makes sense, since spontaneous emission power 
is due to 2 — 1 transitions and should consequently be proportional to A. 

Retuming to the equivalent circuit, its quality factor Q is given by 


Gy ~ G,, l l 


= dħwdwN (10.63) 


a Sam 10.64 
eal Oo On we) 
where o = (LCY '. The circuit impedance is 
Z(t) 
a) = 
(Gy — G) + (fiwL) + ia 
] l 
— (10.6-5) 


~ C (wmyQ) + (a2 — a”) 


so the voltage across this impedance due to a current source with a complex ampli- 
tude Ñ œw) is 


-i iM) 
A Ci = Pla) + GJO oe 
which, near œ = wg, becomes 
ee 2 
Mo = l Koff (10.6-7) 


AC* (wy ~ a)” + (an/4Q") 
The current sources driving the resonant circuit are those shown in Figure 10-10; 
since they are not correlated, we may take |/(w)|’ as the sum of their mean-square 
values 





——s; Gn N G da 
2 — mit 2 + 0 
(aw)? = Afw z —N, Fuh? — | | 7 (10.68) 


where in the first term inside the square brackets we used (10.6-2). In the optical 
region, A = 1 yum say, and for T = 300°K we have fievkT = 50; thus, since near 
oscillation Gn = Go we may neglect the thermal (Johnson) noise term in (10.6-8), 
thereby obtaining 

AG Ns w dw 
Vi = — | | ————— 10.64 
Clee (7; - z) oF + wag) = 


W= iy 





'°The proportionality of G,, to M, — N, can be justified by noting that in the equivalent circuit (Figure 
10-10) the stimulated emission power is given by v°G,, where v is the voltage. Using the field approach, 
this power is proportional to E*(N, — N,) where £ is the field amplitude. Since v is proportional to £, 
Cm 15 proportional to Ya — AV). 
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Equation (10.6-9) represents the spectral distribution of the laser output. if we subject 
the output to high-resolution spectral analysis, we should, according to (10.6-9), 
measure a linewidth 


Aw = =S (10.6-10) 
Q 
between the half-intenstty points. The trouble is that, though correct. (10.6-E0) 1s 
not of much use in practice. The reason is that according to (10.6-4), Q~' is equal 
to the difference of two nearly equal quantities neither of which is known with high 
enough accuracy. We can avoid this difficulty by showing that Q is related to the 
laser power output, and thus Aw may be expressed in terms of the power. 
The total optical oscillation power extracted from the atoms comprising the laser 
is 





dio 
AG pG N- T w di 
- 2}, — Eig grt 
nC te =} ‘twa toe eel 


Since the integrand peaks sharply near w = wy we may replace w in the numerator 
of (10.6-11) by wo and after integration obtain 


GnG | Na 
P= (2 | (10.6-12) 


which is the desired result linking P to Q. In a laser oscillator the gain very nearly 
equals the loss, or in our notation, G,, = Co. Using this result in (10.6-12), we obtain 


Q = C (= _ m P 
AG? N- 


which, when substituted in (10,.6-10}, yields 


2ahvy( Av np) N 
y= Zab vol Avia) ae (10.6-13) 
P Ni — N, 





where Arp is the full width of the passive cavity resonance given in (4.7-6) as 
Avia = PO = (rG). It is worthwhile to recall here that Av represents, 
in the quantum limit, the laser field spectral width. The expression (10.6-13} is known 
as the Schawlow-Townes linewidth after the two American co-inventors of the laser 
[18] who first derived it. 

Equation (10.6-13} does not predict an inverse dependence of Avon P, as may 
be deduced at a first glance, because of the dependence of N on P. For very large 
powers, P — œ, N, is proportional to P, while Na — N; remains clamped at ifs 
threshold value. This leads to a residual power independent value of Av. To appre- 
ciate this argument qualitatively, we note that unless the lifetime 1, of the lower laser 
level is zero, as P increases, N) must increase since the increased (net}-induced 
transition rate into level 1 must equal in steady state NV,/t,, the rate of emptying of 
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level 1. This causes the population N to increase in order to keep Na — N, and 
thus the gain, a constant. At sufficiently high values of P, Na becomes and stays 
proportional to P and the ratio N-/P in (10,6-13) approaches a constant value, thus 
leading to a residual power independent linewidth. 

To obtain the power dependence of the factor 


M N 
g (Na = Nias 


we solve the rate equations for the atomic populations plus the equation for the 
photon number mp = number of photons in the optical resonator} 


dN N 
= R- — (N = NW, 

dt fs 

dN N i N3 

i han, - NW, + 2 

di 7 (Na 1) r, 

d 

A = (N; - NW, - - (10.6-14) 


The first two equations are similar to (5.6-3) and (5.6-4} with R, = 0, f 2 
tapon Ky — A, W, is the induced transition rate and N., N,, representing the tota! 
atomic populations of the laser transition levels 2 and |, respectively. The third 
equation is a conservation equation for the total number of photons. W, is the induced 
transition rate. The photon lifetime ¢, is related to the cavity linewidth Av. by 
Avie = (2m) '. At equilibrium, dd = 0, we can solve (10.6-14) to obtain 


R(t, — ft 
y y = Rey 
1+ We, 
y, = Rol + Wa) 10.6-15 
i lt We, (10.619) 
so that 
N fs 
(l + Wt) (10.616) 





(No — Niky boh 


where the subscript ‘th’ indicates the value at threshold. The power output, in- 
cluding ‘‘wall losses’ of the laser, is 


P = (Ns — Nu Mite (10.6-17) 
which, when used together with (10.6-16) in (10.6-13) gives 


2ahy (Arya) b CÅV AG t, 
P fs = t BTR A Poan tz = f 








(10.6-18) 


A Flaer — 
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where Aran 18 the linewidth of atomic transition responsible for the laser gain, V 
is the mode volume. In obtaining (10.6-18), we use 


Rare AV sain 
(No - Nm = Fi eas (t= 


(10.6-19) 


spont) 


which is obtained from (6.1-11} if we put Av,,,, = I/g(v). The first term on the 
right-hand side of (10.6-18) is the conventional Schawlow-Townes expression con- 
taining the inverse P dependence. The second term is power independent and cor- 
responds to a residual linewidth as P —> œ, 

To get an idea of the magnitudes involved, we consider the case of a 0.6328 
um He-Ne laser with mirror reflectivities of R = 0.99, a resonator length of 1 = 
30 cm, and take f/f. = 0.1. We obtain 


(ho Ae 
27H 


Av p(Hz) = = 1.6 X 10° 


and 
-3 


a +38 x 107* 
P(mW) 





Å Vigel HZ} = 


The residual linewidth thes dominates at power levels exceeding a few milliwatts, 


10.7 PHASOR DERIVATION OF THE LASER LINEWIDTH 


The derivation of the laser linewidth in Section 10.6 takes advantage of the highly 
sophisticated and efficient concepts and phenomena represented by the seemingly 
simple circuit model of a laser oscillator. The price we pay when taking this approach 
is a certain loss of physical insight into the mechanisms whereby spontaneous emis- 
sion affects the laser linewidth. 

In this section we will derive the expression (10.6-13) for the laser linewidth 
using a different approach. This 1s done not only for pedagogic purposes, but because 
some of the interim results involving phase fluctuations are useful in their own right. 


The Phase Noise 
An ideal monochromatic radiation field can be written as 
EH) = Re[Epee"*”) (10.7-1) 


where «wọ the radian frequency, Eo the feld amplitude, and @ are constants. A real 
field including that of lasers undergoes random phase and amplitude fluctuations that 
can be represented by writing 


E(t) = Re[E(e*or aA] (10.7-2) 
where E(t) and &f) vary only ‘‘slightly’’ during one optical period. 


394 


NOISE IN OPTICAL DETECTION AND GENERATION 


There are many reasons in a practical laser for the random fluctuation in am- 
plitude and phase. Most of these can be reduced, in theory. to inconsequence by 
various improvements such as ultrastabilization of the laser cavity length and the 
near elimination of microphonic and temperature variations. There remains, how- 
ever, a basic source of noise that is quantum mechanical in origin. This is due to 
spontaneous emission that continually causes new power lo be added to the laser 
oscillation field. The electromagnetic field represented by this new power. not being 
coherent with the old field. causes phase, as well as amplitude. fluctuations. These 
are responsible ultimately for the deviation of the evolution of the laser held from 
that of an ideal monochromatic field. i.e.. for the quantum mechanical noise. 

Let us consider the effect of one spontaneous emission event on the electro- 
magnetic field of a single oscillanng laser mode. A field such as (10.7-1) can be 
represented by a phasor of length Eo rotating with an angular (radian) rate wy. In a 
frame rotating at wa we would see a constant vector Ea. Since bi x p, the average 
number of quanta in the mode, we shall represent the laser field phasor before a 
spontaneous emission event by a phasor of length \/n as in Figure 10-11. The 
spontaneous emission adds one photon to the field, and this is represented, according 
to our conversion, by an incremental vector of unity length. Since this field increment 
is not correlated in phase with the original field, the angle @ is a random variable 
(i.e., it is distributed uniformly between zero and 277). The resulting change A? of 
the field phase can be approximated for n > | by 


l 
Å one emesi T a OS $ (10.7-3} 
Vn 


Next consider the effect of N spontaneous emissions on the phase of the laser field. 
The problem is one of random walk, since @ may assume with equal probability any 
value between 0 and 27. We can then write 


(LAAN) = À Gne emision)? N (10.7-4) 
and from (10. 7-3} 


* l T 
(ARN = = (cos G) N 


where { ) denotes an ensemble average taken over a very large number of individual 
emission events. 

Equation (10.7-4) is a statement of the fact that in a random waik problem the 
mean squared distance traversed after N steps is the square of the s17e of one step 
times N. The mean deviation (AAN) after N spontaneous emisstons 1s. of course, 
zero. Any one experiment, however, will yield a nonzero result. The mean squared 
deviation is thus nonzero and is a measure of the phase fluctuation. To obtain the 
root-mean-square (rms) phase deviation in a time t. we need to calculate the average 
number of spontaneous emission events M(7} into a single laser mode in a time +. 

The tota! number of spontaneous transitions per second into all modes ts 
N aff ont Where Ny is the total number of atoms tn the upper laser level 2 and ipon 
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Figure 10-11 The phasor model for the effect of a single spontaneous emission event on the 
laser field phase. 


is the spontaneous lifetime of an atom in 2. The total number of transitions per 
second into one mode 18 thus 


Nyu = N (10.7-5) 
second-mode = spent}? 
where 
g 3 
p = ome Ae an (10.76) 


c 


is the number of modes interacting with the laser transition, i.e., partaking in the 
spontaneous emission. V is the mode volume, and Av is the linewidth of the atomic 
transition responsible for the laser gain. We can rewrite (10.7-5) as 


Nym = (* ON) (10.7-7) 
second-mode (AN, tipon” 


where AN, is the population inversion (N; — N) at threshold. Next we use the result 
(á. l-11) 
f M 
AN, = seem 


c 


where t, is the photon lifetime in the resonator, and obtain 


Agon Ky = Wok Ah (10.7-8) 
second-mode ft, AN, (N2— Nik 


The number of spontaneous transitions into a single mode in a time 7 is thus 


Nn == (10.7-9) 
We recall here that in an ideal four-level laser N, = 0 and AN, = No, 1e, y = l. 
In a three-level laser, on the other hand, y can be appreciably larger than unity. In 
a ruby laser at room temperature, for example (see Section 7.2), p = 50. This reflects 
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the fact that for a given gain the total excited population N- of a three-level laser 
must exceed that of a four-level laser by the factor g, since gain is proportional to 
N.-- N. Equation (10.7-8} is also equivalent to stating that above threshold there 
are pt spontaneously emitted photons present in a laser mode. 

Using (10.7-9) in (10.7-4). we obtain for the root-mean-square phase deviation 
after 7 seconds 
Lp 


Y 2A n 


SK) = (LAGE = 


The maximum time f available for such an experiment is the integration time T 
of the measuring apparatus so that 





i uf 
l u 
AKT} = '— — 10.7-10 
AI) \2n t, t ) 
The rms frequency excursion caused by A@ is 
AMT) lp 
A = = | 10.7-11 
(AM@)anis T y Mt T ( 0 ) 
We can cast the last result in a more familiar form by using the relations 
niwy ] 
P, = — B- > 10.7-lla 
t, 2T ; ) 


Here P, 1s the power emitted by the atoms (i.e., the sum of the useful power output 
plus any power lost by scattering and absorption), and & is the bandwidth in hertz 
of the phase-measuring apparatus. The result is 
{pif 
[LER Oy 
Aw = ~— B 10.7-12 
( leas y Pr ( } 


eno 


From the experimental point of view (Aw)pys 18 the root-mean-square deviation 
of the reading of an instrument whose output is the frequency w(r) = défdr. We will 
leave it as an exercise (Problem 10.11) for the student to design an experiment that 
measures (Aw)prys. 

Ring laser gyroscopes sense rotation by comparing the oscillation frequencies 
of (wo counter-propagating modes in a rotating ring resonator. Their sensitivity, i.e., 
the smallest rotation rate that they can sense, is thus limited by any uncertainty åw 
in the laser frequency. Experiments have indeed demonstrated a rotation measuring 
sensitivity approaching the quantum limit as given by (#0.7-12)}. 


The Laser Field Spectrum 


Next we address the case where one measures directly the spectrum of the optical 
field 


EQ) — Re[E(jer* 7] (10.7-13) 


using, say, a scanning Fabry—Perot etalon. If the etalon has a sufficiently high spec- 
tral resolution, the measurement should yield the spectral density function S,(@) of 
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the laser field. We will, consequently, proceed to obtain an expression for this quan- 
tity. We make use of the Wiener—Khintchine theorem (10.2-14) according to which 
5,(@) is the Fourier integral transform of the field autocorrelation function C,(7) 


Sala) = an Calne ™ dr (10.7-14) 
seo) = ew? Gla) =| eoa 

ala) = 7 EA Ea) = 5 |, BE at 

CAD) = (EE + 7) (10.715) 


where the symbol { } represents an ensemble, or time, average. 
‘Using (10.7-13) we obtain 


l | | 
Colt) = g (Eee! + Bx he eA] 
X [EE + jett | pap + pe tott (10,716) 


Now, for example, 
(ENEN + rje Tort rt e+ 1 =- Ô 


since it corresponds to averaging a signal oscillating at twice the optical frequency 
over many periods. So if we keep only the slowly varying terms in Cy(7), we obtain 


] | 
C) = 3 (EDE + rel TAT A-K 4 EAE + geile BOT Her Hy 


= F (ir) + Pr] (10.7-17) 
Ir) = (E*DE(E + DeT DF e071) {10.7-18) 
AKI D = Of + 7) - Kt) (10.7-19) 


The main contributions to the laser noise are due to fluctuations of the phase 
A(t) and not the amplitude E(t), since the amplitude fluctuations are kept negligibly 
small by gain saturation. Taking advantage of this fact, we write (E*()E(t + 7)) = 
(E* = constant so that 


Ir) = (Ee etn (10.7-20) 
Given a (normalized) probability distribution function for A0, g(A@), the ex- 
pectation value of exp {iA G(s, T)} is obtained from 


(eit = r eiA®ira( AG) HAO) (10, 7-21) 


Since the total phase excursion A@ is the net result of many small and statistically 
independent (spontaneous transitions) excursions, the central limit theorem of sta- 
tistics applies, and g(A@) is a Gaussian, which we write as 


i 3 2 
Aa) = —— (AGAB? 10.7-22 
g(Ad) om aay ( ) 
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where 
(ag) = | ABADA (10.723) 
Using (10.7-22) in (10,7-21), we obtain 
‘Cee = a (Aeyye = e PINA.) (10.7-24) 


where in order to obtain the last result, we used (10.7-10) with T = įr]. Using 
(10,7-24) in (10,7-20), 


l a, | 
Cali — 3 (EP eT PN po + e 1o) (10.7-25) 


The spectral density function of the laser field 5,(), the quantity observed by 
a spectral analysis of the field, is given according to (10.7-14) and (10,7-25) by 


E3 [7 O 
S_(w) = D l, eUHI RA Er geot 4 eo de) dr (10.7-26) 


_ (E) ( pAn, , Ait. 
2 (WARY + (@-— wy (e/4ar.? + (a + o 


We have defined in (10.2-7) the spectral density function in such a way that 
only positive frequencies need to be considered. For w > 0 the second term on the 
right side of (10.7-27} contributes negligibly so that 

E” Ant. 
(E) Ĉĉ (10.7-28) 
2r {pAn + (a — ay) 
which corresponds to a Lorentzian-shaped function centered on the nominal laser 
frequency w with a full width at half-maximum of 
ji 

A = — 7- 

( (laser nr. (t0 7 29) 

Recalling that the total power emitted by the electrons is P = ñhwyt, and 
defining the passive resonator linewidth A ry; = (27t), we can rewrite (10.7-29) 
using (10.7-11a) as 


(10.7-27) 


Salo) = 


(A Waser 2h vå TA 
A acer SS SSE ; = 
(Av), on p (10.7-30) 
which, recalling the definition (10.7-8) of u, is half the result of the circuit model 


(10.6-13)."7 





Numerical Exampie: Linewidth of a He-Ne Laser and a Semiconductor Diode Laser 


Fo obtain an order of magnitude estimate of the linewidth (Avhase, predicted by 
(10.7-30). we will calculate it in the case of two largely different types of CW lasers: 
(1) a He-Ne laser and (2) a semiconductor GalnAsP laser. 


"The discrepancy by a factor of 2 should not be taken too seriously considering the very different 
mathematical approaches employed by the two derivations. 
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1. He-Ne laser. 
v = 4.741 X 10" Hz (A = 6328 A) 
i (distance between reflectors) = 100 cm 
Loss = (1 — R} = 1% per pass 
From these numbers we get 
l (1 — R) 


c 
A = —— 5 Cr 5 x 10° 
(Avin) 21. 2am 


(ie, t£ = 3.2 X 1077 s) and from (10.7-30), assuming » = 1 (Le, N, € N3), 
(AV ser = 2 x 10-7 Hz, 


at a power level P = I mW. 

The predicted linewidth is thus so small as to be completely masked in almost 
all experimental situations by contributions due to extraneous causes, such as 
vibrations and temperature fluctuations. 

2. Semiconductor laser, We use as a typical example the case of a GalnAsP 
(A = 1.55 pm) laser with the following pertinent characteristics: 


P=3mW 
y = 1.935 X 10" (Ay = 1.55 um) 





(1 — Re 
A n- 
"ye 2an 
R (reflectivity) = 30% 
f= 300 pm 


a= 3.5 
u = 3 (at T = 300 K) 
This results in Av ~ 3 X 10” (ie. fe = I2TÀv ip) = 5 X 107" s) and 
(A Phasa = 0.817 X 10° Hz 


The experimental curve of Figure 10-12 shows the predicted [Equation (10.7- 
30)] P7! dependence of (A Phaser but the measured values of the linewidth are larger 
by a factor of ~70 than those predicted by the analysis. This discrepancy has been 
studied by a number of investigators [20-22], who have shown that the analysis 
leading to (10.7-30) ignores the modulation of the index of refraction of the laser 
medium, which is due to fluctuations of the electron density caused by spontaneous 
emission. When this effect is included, the result is to multiply Equation (10.7-30) 


by the factor 
\2 
i4 (x) (10,7-31) 
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Figure 10-12 The measured dependence of the spectral linewidth of a semiconductor laser 
on the power output. {After Reference [19]. 


where Aa’ and An” arc, respectively, the changes in the real and imaginary parts of 
the index of refraction ‘‘seen’’ by the laser field due to some change in the electron 
density. The factor | + (An’/An") can be calculated from measured parameters of 
the laser or measured directly [6]. Its value is ~30 in typical cases, enough to 
reconcile the observed data of Figure 10-12 and the prediction of Equation (16.7- 
30). 

The big difference, over nine orders of magnitude, between the limiting line- 
width of conventional lasers, say gas lasers and semiconductor lasers, is due mostly 
to the very short photon lifetime ¢,. in semiconductor laser resonators. At a given 
power output we have from (10.7-30) (å rie © (Ara œ t, 7, In the above ex- 
amples we obtained 1, = 3 xX 107” s in the case of the He-Ne laser, and t, = 5 X 
IO °*s in the semiconductor laser, Since t, ~ in/e(L — R), the main hope for in- 
creasing t, in a semiconductor laser, thus decreasing the linewidth (Av),,.,, is to 
increase / by placing the laser in an external resonator and by using high reflectance 
mirrors R ~ 1. Semiconductor laser linewidths in the kilohertz regime are obtainable. 

An actual (measured) GaAs/GaAlAs semiconductor laser, Lorentzian field spec- 
trum is shown tn Figure 10-13. . 
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Figure 10-13 The measured Lorentzian field spectrum Sẹ(w) of a semiconductor laser. (After 
Reference [19].) 





10.8 COHERENCE AND INTERFERENCE 


In Section 10.7 [Equation (10.7-25)] we have derived the following expression for 
the autocorrelation function of the single-mode laser field 


Clr) = ayée + 1) cos wore MIM 
= c03 tare 7 

4ni, 
t =— (108-1) 

H 
where 7 is the number of photons inside the resonator, u = NN — N,) andi, 18 
the photon lifetime (the decay time constant for the mode optical energy if the gain 

mechanism were turned off). 

The parameter 7, is called the coherence time of the laser field. According to 
(10.7-29) it is equal to ZAA oase Where (Awar 18 the laser output field linewidth. 
In practical terms it is the time duration during which we can count on the laser to 
act as a well-behaved sinusoidal oscillator with a well-defined phase. If we try and 
correlate (by means to be discussed below) the laser field with itself using a time 
delay exceeding 7,, the result approaches zero. One form of a field G(r) that will 
display this behavior is shown in Figure 10-14. The field undergoes a phase memory 
loss on the average every 7, seconds. It is intuitively clear that performing the au- 
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Figure 10-14 A sinusoidal field whose phase coherence is interrupted on the average every 
T, seconds. 


tocorrelation operation as defined by the first equality of (10.8-1) wall yield a result 
whose rough features agree with the form (cos wyr)e 1". 

Next we will consider how the autocorrelation function C,{7} is obtained in 
practice. The configuration used most often is the Michelson interferometer illus- 
trated in Figure 10-15. An input field @,(r) is split into two components. One of 
these fields is delayed relative to the second by a time delay 
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Te Maii (10.8-2} 
Mirror 
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i i | 
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Figure 10-15 A Michelson interferometer *‘splits’’ an input beam into a two-component beam 
and then recombines them with a controlled time delay + = HL, — Lye. 
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The two fields are then incident on a square-law detector whose current constitutes 
the useful output of the experiment. 
Assuming equal division of power, the total optical field at the detector plane 
is 
E = E + E+ 7 (10.8-3) 
According to the discussion of Section 11.1, which the student is advised to preview 
at this point, the output current of the detector is 
ig = GEXO (10,84) 
a is some constant that is irrelevant in the present discussion, and the bar indicates, 
as it does throughout this book, time-averaging. The duration of this averaging de- 
pends on the detector and its associated electrical circuitry and in the very fastest 
detectors may be as short as 10°'' s. It is thus always very long compared to the 
optical field period which is ~107’* s. 
The detector output 1s then 


i, = aft) + St + 7) + ROEE + T) 
= JafS? + SNe + T) (10.8-5) 


since €°(2) = E(t + 7) = €. The output current from the detector is thus made up 
of a de component 26° and a component 2a8(6(¢ + 7). The ratio of these two 
current components is, according to (10.2-9), the (normalized) autocorrelation func- 
tion of the optical field &(r), 


y(r) = Tesreosenteattl oc C (r) (10.84) 
Tindependent part 
The spectral density ‘function S,(w) is obtained, according to (10.2-14}, by a Fourier 
transformation 


Sy(@) = ai Cine T dr (10.8-7) 


The above scheme for obtaining the spectrum (spectral density function) of 
optical fields is termed Fourier transform spectroscopy, and the configuration of 
Figure 10-15 is representative of commercial instruments designed for this purpose. 
These instruments are popular especially in the far infrared (say A > 10 um), since 
the relative inefficiency of detectors in this wavelength region can be compensated 
to some degree by a slow scanning rate (of 7} that allows for long integration times 
and better noise averaging. 

A basic result of the Fourier integral transform relationships {10.2-13} and 
(10.2-14) between C,(7) and S,(w) is that in order to resolve $,(w) to within, say, 
Ôw, ie., to discern structure in §,(@) on the scale of dw, we need to employ time 
delays 7 > n/dw, If we were, as an example, to employ interference spectroscopy 
to measure the output spectrum of a commercial semiconductor laser with a linewidth 
of (Awhe = 2 X 10° Hz, we would need a delay time 7 that could be varied from 
Oto5 x 1077s, 
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In the case of lasers the finite spectral width of the optical field is due predom- 
inantly to phase, rather than amplitude, fluctuations. In this case a rather simple 
technique that involves mixing (heterodyning) the laser field with a delayed version 
of itself is sufficient to obtain the laser spectrum. This method, which employs a 
fixed delay instead of the variable delay of the Fourier transtorm method, 1s described 
next. 


Delayed Self-Heterodyning of Laser Fields 


Consider the configuration of Figure 10-16. An optical field is split into two com- 
ponents that, after a relative path delay ty, are recombined at a detector. The spectrum 
of the resulting photocurrent is displayed by a spectrum analyzer. This detection 
method is referred to as delayed seljf-heterodyning since it involves a “‘mixing’’ of 
the field with a delayed version of itself. 

Since the main fluctuation of laser fields is that of the phase and not the ampli- 
tude (see comment following Equation 10.7-19), we can approximate the field at the 
detector by the (complex) phasor 


] — 
Ewa = 7 Ep” + 7 Egg Art A EN (10.8-8) 


This field is illustrated in Figure 10-17, For delays ty that are considerably shorter 
than the phase coherence time 7, of the laser held (defined by Equation (10.7-24)), 
Kt + t) = KA and the magnitude of the total field phasor is a constant as shown 
in Figure 10-17. Although the phase angle &t} varies randomly, the angle a that 
determines the magnitude of Ena depends only on the difference Af + tz} — AH 
and, in the limit t, = 7., does not change with time. The output current from the 
detector is constant, and nothing can be learned from it about the laser field spectrum. 
It is clear that we need to consider the case of ty > T.. In what follows we will 
consider the general case of arbitrary ty. 








Fiber delay line 






Rf spectrum 
analyzer 





Figure 10-16 An interferometric arrangement employing a fiber delay for obtaining the spec- 
trum Set) of the laser field. (After Reference [23].) 
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Imaginary part of field 





Real part of field 


Figure 10-17 Construction showing the total optical field at the detector. For short delays, 
ti € Ta At + t) = Of) so that œ and, consequently, the total field amplitude are constant. 


The output current i, is proportional to the time average of the square of the 
total optical field incident on the detector. It is thus proportional {see Equation 
f.1-12) to the product of the complex amplitude of this field and its complex con- 
jugate. Using (10.8-8) leads to 


iy = SEs fe + pleotat Artia] x {ei + e Teyat tiah (10.89) 

= SE? {2 + glAN waT tia] 4 g SO wga ra (10.810) 

where $ is a constant depending on the detector. We will derive the spectrum of 1, 

by employing the Wiener-Khintchine theorem (Equation [10.2-14]} so that first we 

need to obtain the autocorrelation function of C, (7) of the current i,. Defining as in 
Equation (10,7-19) 

AQE D = Or + r- OF (10.8-11) 


We have reasoned in the last section (see discussion following Equation {10,7-21)) 
that A&t, D is a random Gaussian variable. It follows that the difference At, T) — 
Að + t, 7) 18s also a Gaussian variable so that, in a manner identical to that used 
to derive Equation (10.7-24), we obtain 

(gAn) Aeta) = gT MIAME -A MEH) (10.812) 


Now 


(AGE, 7) — AM! + ta DP) = ALAA) 
— HAKE DAA + ta 7) (108-13) 


where we used 
(AG, DY) = (Aer + ta AP} = (AKADI) 
From the equation preceding (10.7-10) and putting ¢ = 7 


(LAAT) = au = Ar T, = Ant (10.8-14) 


NOISE IN OPTICAL DETECTION AND GENERATION 


Using (10.8-13} and (10.8-14) in (10.8-12) and (10.8-10), we obtain 
_ 
CAD = (ADA + D) = SEQ [4 + 2e tay pAMAM tam) (10.8-15) 


Special Case h > T. 
In the special, but important, long delay case t > 7,, we have 


lim (At, DAKE + ty, P) — 0 (10.8-16) 
p p 
and 
Cilh ar = SEL (4 + eT) (10.617) 


Employing (10.7-14) or using directly the results of (10.7-28}, we obtain the follow- 
ing expression for the spectral density of the current 1, 


$) 
25°F Te 
=a a + 478(Q) (10.8-18) 


a 
T, 


5; AD), + c = 





5,(Q) 


O.4 


0.2 


0.2 


2 4 
(lt, 
Figure 10-18 The spectral density $; ({2), as given by Equation (10.8-22) of the photocurrent 
in a delayed self-heterodyne detection of the output of a laser. The ratio of the delay time (f,) 
to the laser field coherence time (7,) is a parameter. The frequency abcissa is in units of 77’, 
Ty = (AW gcc 
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The spectrum thus consists of a dc, 4776((2), term plus a Lorentzian distribution 
centered (if we count negative frequencies {2 < 0) on Q = O with a full width at 
half maximum of 


4 
Te 
The last equality, derived from (10.7-29) states that the width of the spectrum of the 
photo-detected current in the limit t, = 7, is twice that of the laser field. 
The rigorous treatment of the general case involving arbitrary values of the delay 
t; is beyond the scope of this book, since it requires a knowledge of the function 
(AAt, TAME + ty, 7)). The derivation of this function involves the solution of the 
nonlinear, noise-driven laser equation. The result is (see Reference [22]) 
Ad 2 
(ARKE, DAKE + tar D) == — — minda, ta) (10.8-20) 
where min(7, t} signifies the smallest of 7 and ty. The last result together with 
(10.8-13) and (10.8-20) when substituted-in (10.8-15) give 


CAD = (iliad + T) = SEa [4 + 2e Arminia) (10.21) 


S (Q) = = F, C, (ner dT 
= BS ER (1 + 0.5 e77) A) 


h: — g d'e (co fit, + ? sin mi) 
(23) Nr. 
+ amn m ummMUMMMŘŘĖŐÓ 
WT, 


2 
J 
Tr 


The integration leading to (10.8-22) is long but straightforward. Equation (10.8-22) 
reduces, as it should, to (10.8-18) when 4/7, —> œ, In summation, we recall that 
only in the case t,/7, > 1, i.e., a long relative delay, is the spectrum $; (02) a Lor- 
entzian. A typical spectrum of a semiconductor laser obtained with a setup similar 
to that of Figure 10-16 is shown in Figure 10-13. A plot of the theoretical spectra 
of (10.8-22) for the cases fy/7, = ©, 1, 0.2 is contained in Figure 10-18. 





(10.822) 





10.9 ERROR PROBABILITY IN A BINARY PULSE CODE MODULATION SYSTEM 


The simplicity and reliability of digital processing by integrated electronic circuits 
has made it increasingly attractive to transmit information in the form of binary pulse 
trains. For optical communication systems, the analog data to be transmitted are 
coded into a train of 1 and 0 electrical pulses so that each pulse cares one bit of 
information. The electrical signal thus generated is impressed, say, by means of a 
modulator, on an optical beam, resulting in an optical train pulse. The optical signal 
having propagated through air or on optical fiber, is detected in the receiving end, 
thus yielding an electrical train of pulses. 
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Now, ideally, the reconstructed train of electrical pulses should be an exact 
replica of (or, more generally, constitute an exact analog of) the input train. The 
intermingling of noise at the detector output with the signal makes this perfect re- 
construction impossible. A figure of merit used to describe the “‘quality’’ of the 
reconstructed signal is the error probability, EP, which is defined as the probability 
that any given pulse in the detected train does not agree with the corresponding pulse 
in the input train. 

Figure 10-19 shows part of a pulse sequence containing three “1” pulses and 
two “‘O" pulses. An ideal noiseless detection should yield the sequence [Figure 
10-19(a)] where the pulse height (say in amperes) is is. The presence of noise, 
however, introduces random fluctuations so that the detected signal may appear as 
in Figure 10-19(b). 

A threshold deciston circuit is usually employed that samples or integrates the 
signal [Figure 10-19(b)] once each period, yielding a 1 pulse if the sample exceeds 
a predetermined value Ar, (A < 1) and a Q pulse if the measured sample is smaller 
than kis {14]. In the case shown in Figure 10-19(b) the choice of the indicated 
threshold value will lead to a correct reconstruction of all pulses, except the last one, 
where a negative noise fluctuation has conspired to keep the pulse below the thresh- 
old value. 


If a given pulse is a *“1,” then an erroneous reconstruction would result if during 
the sampling the noise current i, 1s negative and such that 


is 
A 
A E ET 
{a} 


Signal + noise h 
Ais = threshold value 


N AN 
f ) IIe Pn a 


Current y \ / 
ib) 
Corect | Correct | Correct | Correct | Wrong 
| 0 l 0 0 


Time 


íc) 


Figure 10-19 An ideal noiseless pulse train {a} is contaminated by noise as in (b), A recon- 
struction using a threshold decision level Ais leads to (c). Note that the reconstruction of the 
last ‘“1°’ pulse is tn error because of a large negative noise fluctuation. 
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since in this case is + i 18 smaller than the threshold value kis and ‘O? will result. 
In a like manner the reconstruction of a ‘‘0’’ pulse will be in error if 


iy > kis 
On the average, half the pulses are 0 and half are 1 so that the probability of a wrong 
reconstruction of any given pulse 1s the bit error rate (BER) 


BER = 3[probability that iy < —i,(1 - K) 
+ probability that iy > kis] (10.9-1) 


If the noise current iy is a random Gaussian variable, which is the case in most 
applications, we can use (10.1-5} to evaluate the error probability. In this case o 1s 
the root mean square (rms) value of the noise current iy, so that a* = i, is the mean 
square noise current, as derived in Sections 10.4, 10.5, and 10.6. To simplify the 
result, let us choose k = 4. Using the fact that, according to (10.1-5), pliy) = p(—in) 
(10.9-1} becomes 


BER = probability that iy > > 
- j Plin) diy = = | ee diy (1092) 
ig’? a Dar dit 
1 f" 
— —€ 
g Va ith ler e d (10.93) 


Using the definition of the error function 


2 f° j 
erf z = Va l ef dt and I plin) diy = 4 


we can write (10.9-3) as 





l 


rf _ts = —erf ts 
5° © Vo Ti EN 
where (iy) = g (= (%)"”) is the mms noise current. 

A theoretical plot of BER as a function of the (peak) signal-to-noise ratio isin) 
is shown in Figure 10-20. We recall that i; represents the electrical signal power at 
the detector output and not the optical power. It is interesting to note the extremely 
small error probabilities resulting from even moderate signal-to-noise power ratios. 
As an example, BER = 107° when isiy} = 11.89 (21.5 db). 

Experimental measurement of error probability in a detected optical pulse train 
is described by Reference [15]. Other pertinent discussions are to be found in Ref- 
erences [16, 17]. | 

A detailed example using the results of this section in designing a binary optical 
fiber communication system appears at the end of Chapter 11. 


(10,944) 
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Error probabilty (BER} 





9 10 1112 13 {4 15 16 17 18 19 20 2) 22 73 


ig ig 
20 logn Zi Ts > in db. 


Figure 19-20 Plot of Equation (10.9-4) for the error probability (BER) as a function of the 
(peak) signal to noise current ratio at the detector output. 


Problems 
10.1 Derive Equations (10.4-2) and (10.4-3). [Hint: Apply the relation 


[p-nds=| pd 


to a differential volume containing the charge sheet. | 


10.2 Derive the shot-noise formula without making the restriction (Equation 
(10.4-6)} wt, > |. Assume the carriers move between the electrodes at a constant 


velocity. 
10.3 Derive Equation (10.5-1 14). 
10.4 Complete the missing steps in the derivation of Equation (10.5-20). 


10.5 Estimate the scattering time To of carriers in copper at T = 300°K using a 
tabulated value for its conductivity. At what frequencies is the condition wT, <= ] 
violated? 

10.6 Repeat Problem 10.5 for a material with a carrier density of 107 cm’ * and 
g = 10°* (ohm-cm)“‘ 

10.7 What is the change Av in the resonant frequency of a laser whose cavity 
length changes by Al? 

10.8 


a. Estimate the frequency smearing Av of a laser in which fused-quartz rods are 
used to determine the length of the optical cavity in an environment where the 


REFERENCES 4l? 


temperature stability is +0.5 K. (Caution: Do not forget the dependence of n on 
T.] 
b. What temperature stability is needed to reduce Av to less than 10° Hz? 


10.9 Derive expression (10.5-9), iv) = 4kTAWR, for the Johnson noise by con- 
sidering a high-@ parallel RLC circuit that is shunted by a current source of mean- 
square amplitude (7). The magnitude of i;(¥} is to be chosen so that the resulting 
excitation of the circuit corresponds to a stored electromagnetic energy of AT. [Hint: 
Since the magnetic and electric energies are equal, then 


VAY) 
Av dy 





T= CH =| 





where Vitv) = RAZO. Also assume that BOA is independent of frequency. ] 


10.10 Derive and plot the error probability as a function of i,/{i,,) for (a) k = 0.75, 
(b) k = 0.25. 


10.11 Design an experimental system for measuring the root-mean-square devia- 
tion of the laser frequency (Aw)pus = ((w(t) — wy)! 


10.12 


a. Please write a short report on the fundamentals of laser gyroscopes and of the 
Sagnac interferometer rotation sensor. You may, for example, look up the Journal 
of Quantum Electronics index section for listing of articles on * gyroscopes.” 

b. What is the minimum rotation rate detectable by each of the two types of inter- 
ferometers when the laser field spectral purity is limited by the quantum effects 
discussed in Section 10.7? 
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Detection of 
Optical Radiation 





11.0 INTRODUCTION 





The detection of optical radiation is often accomplished by converting the radiant 
energy into an electric signal whose intensity is measured by conventional tech- 
niques. Some of the physical mechanisms that may be involved in this conversion 
include 


1. The generation of mobile charge carriers in solid-state photoconductive detectors 
Changing through absorption the temperature of thermocouples, thus causing a 
change m the junction voltage 

3. The release by the photoelectric effect of free electrons from photoemissive 
surfaces 


In this chapter we consider in some detail the operation of four of the most 
important detectors: 


1. The photomuitiplier 

2. The photoconductive detector 
3. The photodiode 

4, The avalanche photodiode 


The limiting sensitivity of each is discussed and compared to the theoretical limit. 
We will find that by use of the heterodyne mode of detection the theoretical limit of 
sensitivity may be approached. 
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OPTICALLY INDUCED TRANSITION RATES 


11.1 


A common feature of all the optical detection schemes discussed in this chapter 1s 
that the electric signal is proportional to the rate at which electrons are excited by 
the optical field. This excitation involves a transition of the electron from some initial 
bound state, say a, to a final state (or a group of states) b in which it is free to move 
and contribute to the current flow. For example. in an n-type photoconductive de- 
lector, state a corresponds to electrons in the filled valence band or localized donor 
impurity atoms, while state $ corresponds to electrons in the conduction band. The 
two levels involved are shown schematically in Figure 11-1. A photon of energy Ar 
is absorbed in the process of exciting an electron from a ‘bound’ state a to a ‘‘free”’ 
state b in which the electron can contribute to the current flow. 

An important point to understand before proceeding with the analysis of differ- 
ent detection schemes is the manner of relating the transition rate per electron from 
state a to & to the intensity of the optical field. This rate 1s derived by quantum 
mechanical considerations.’ In our case it can be stated in the following form: Given 
a nearly sinusoidal optical field? 


e(t) = Ee" + E* (e n] = Relvi) (11.1-1) 


where Vii) = E(t) exp(ieof),’ the transition rate per electron induced by this field ts 
proportional to V(t}V*(z#). Denoting the transition rate as We we have 


Woop © VUA)V*(E) (11. 1-2) 


We can easily show that V(i)V*(4) is equal to twice the average value of e"), where 
the averaging is performed over a few optical periods. 


‘More specifically, from first onder time-dependent perturbation theory; see, for example, Reference [1]. 


“By “nearly sinusoidal” we mean a field where Eir} varies slowly compared to ekp(iept) or, equivalently, 
where the Fourier spectrum of Et) occupies a bandwidth that is small compared to wy. Under these 
conditions the variation of the amplitude Eit) during a few optical periods can be neglected. 


Vin is referred to as the “‘analytic signal’ of eit) See Problem 1.1. 


he 


i 


Figure 11-1 Most high-speed optical detectors depend on absorption of photons of energy Av 
accompanied by a simultaneous transition of an electron (or hole} from a quantum state of 
low mobility (a) to one of higher mobility {b}. 
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To illustrate the power of this seemingly simple result, consider the problem of 
determining the transition rate due to a field 


eD = Ey cos(ot + bo) + E, cos(ayt + A) (11.1-3) 
taking £o and £, real and w, — wo = œ < wy. We can rewrite (11.1-3) as 


elf) = Re(Ep efoto + Ey eter ren) 
= Rel Eg ef + Ey ette] (11.154) 
and, using (11.1-1), identify V(7) as 
V(t) = [Ep eff? + Ey error] ive! 
thus, using (11.1-2}, we obtain 
W, wy» œ (Ey ef + E, el Ory, ev ito + E e Kort ou) 
= Fo + Ej + 2EoE, cos(w@t + p, — dbo) (11,1-5) 


This shows that the transition rate has, in addition to a constant term E$ + Ej, a 
component oscillating at the difference frequency with a phase equal to the dif- 
ference of the two original phases. This coherent ‘‘beating’’ effect forms the basis 
of the heterodyne detection scheme, which is discussed in detail in Section 11.4. 


1i.2 PHOTOMULTIPLIER 


The photomultiplier, one of the most common optical detectors, is used to measure 
radiation in the near ultraviolet, visible, and near infrared regions of the spectrum. 
Because of its inherent high current amplification and low noise, the photomuluplier 
is one of the most sensitive instruments devised by man and under optimal opera- 
tion—which involves long integration time, cooling of the photocathode, and pulse- 
height discrimination—has been used to detect power levels as low as about 10° °° 
watt [2]. 

A schematic diagram of a conventional photomultiplier 1s shown in Figure 11-2. 
It consists of a photocathode (C) and a series of electrodes, called dynodes, that are 
labeled 1 through 8. The dynodes are kept at progressively higher potentials with 
respect to the cathode, with a typical potential difference between adjacent dynodes 
of 100 volts. The last electrode (A), the anode, is used to collect the electrons. The 
whole assembly is contained within a vacuum envelope in order to reduce the pos- 
sibility of electronic collisions with gas molecules. 

The photocathode is the most crucial part of the photomultiplier, since it con- 
verts the incident optical radiation to electronic current and thus determines the 
wavelength-response characteristics of the detector and, as will be seen, its limiting 
sensitivity. The photocathode consists of materials with low surface work functions. 
Compounds involving Ag-O-Cs and Sb-Cs are often used; see References [2, 3]. 
These compounds possess work functions as low as 1.5 eV, as compared to 4.5 eV 
in typical metals. As can be seen in Figure 11-3, this makes it possible to detect 
photons with longer wavelengths. It follows from the figure that the low-frequency 
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Figure 11-2 Photocathode and focusing dynode configuration of a typical commercial pho- 
lomultiplier. € = cathode; 1—8 = secondary-emission dynades; A = collecting anode. (After 
Reference [3].) 


detection limit corresponds to Av = $. At present the lowest-work-function materials 
make possible photoemission at wavelengths as long as 1—1.1 um. 

Spectral response curves of a number of commercial photocathodes are shown 
in Figure 11-4. The quantum efficiency (or quantum yield as it is often called) 1s 
defined as the number of electrons released per incident photon. 

The electrons that are emitted from the photocathode are focused electrostati- 
cally and accelerated toward the first dynode, arriving with a kinetic energy of, 
typically, about 100 eV. Secondary emission from dynode surfaces causes a multi- 
plication of the initial current. This process repeats itself at each dynode until the 
initial current emitted by the photocathode is amplified by a very large factor. If the 
average secondary emission multiplication at each dynode is 6 (that is, ô secondary 
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Figure 11-3 Photormultiplier photocathode. The vacuum tevel corresponds to the energy of 
an electron at rest at infinite distance from the cathode. The work function œ ts the minimum 
energy required to lift an electron from the metal into the vacuum level, so only photons with 
hv > ġ can be detected. 
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Figure 11-4 Photoresponse versus wavelength characteristics and quantum efficiency of a, 
number of commercial photocathodes. (After Reference [3], p. 228.) 


electrons for each incident one) and the number of dynodes is X, the total current 
multiplication between the cathode and anode is 


G = § 
which, for typical values" of 6 = 5 and N = 9, gives G = 2 X 10°. 


1.3 NOISE MECHANISMS IN PHOTOMULTIPLIERS 


The random fluctuations observed in the photomultiplier output are due to 
1, Cathode shot noise, given according to (10,4-9) by 

(Ê) = G2 ei, + igAv (11.41) 
“The value of £ depends on the voltage V between dynodes, and valucs of 6 = 10 can be obtained (for 


V = 400 volts). In commercial tubes, values of 6 = 5, achievable with V = 100 volts, are commonly 
used, 
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where i. is the average current emitted by the photocathode duc to the signal 
power that is incident on it. The current ¿4 15 the so-called dark current, which 
is due to random thermal excitation of electrons from the surface as well as to 
excitation hy cosmic rays and radioactive bombardment. 

2. Dynode shot noise, which is the shot noise due to the random nature of the 
secondary emission process at the dynodes. Since current originating at a dynode 
does not exercise the full gain of the tube, the contribution of all the dynodes 
to the total shot noise output is smaller by a factor of ~&~' than that of the 
cathode, since 6 = 5 it amounts to a small correction and will be ignored in the 
following. 

3. Johnson noise, which is the thermal noise associated with the output resistance 
R connected across the anode, Its magnitude is given by (10.5-9) as 


_ AkTAY 


Z 
(in) = 





(11.3-2) 


Minimum Detectable Power in Photomultiptiers—Video Detection 


Photornuluptiers are used primarily in one of two ways. In the first, the optical wave 
to be detected is modulated at some low frequency w, before impinging on the 
photocathode. The signal consists then, of an output current oscillating at wm, which, 
as will be shown below, has an amplitude proportional to the optical intensity. This 
mode of operation ts known as video, or straight, detection. 

In the second mode of operation, the signal to be detected, whose optical fre- 
quency is w,, 15 combined at the photocathode with a much stronger optical wave 
of frequency œ, + w. The output signal is then a current at the offset frequency w. 
This scheme, known as heterodyne detection, will be considered in detail in Section 
11-4. 

The optical signal in the case of video detection may be taken as 


eit) = EY] + m cos af) cos wf 
= RelE (1 + m cos wpe] (11.33) 


where the factor (1 + m cos w,,¢) represents amplitude modulation of the carrier.’ 
The photocathode current is given, according to (11.1-2), by 


i(t) æ [El + m cos w DT 


m? 2 
= f? ( + =| + 2m cos wf + = cos ront (11.34)} 


‘The amplitude modulation can be due to the information carried by the optical wave or, as an example. 
to chopping before detection. 
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To determine the proportionality constant involved in (11.3-4), consider the case of 
m = 0. The average photocathode current due to the signal is then® 


- Pen 


k= T (11.35) 


where r, = w2, P is the average optical power, and 7 (the quantum efficiency) 
is the average number of electrons emitted from the photocathode per incident pho- 
ton. This number depends on the photon frequency, the photocathode surface, and 
in practice (see Figure 11-4) is found to approach 0.3, Using (11.3-5), we rewrite 
(11.3-4) as 





2 z 
ia = EA (1 4) + 2m cos ont + E cos 2ant) (11.38) 
hr, 2 2 


The signal output current at œ is 


GP en 
hy, 





i, = (2m)} COS Ont (11.3-7} 
If the output of the detector is limited by filtering to a bandwidth Av centered on 
Wm It contains a shot-noise current, which, according to (1 1.3-1), has a mean-squared 
amplitude 


(2,) = 2G? efi, + ig) Av (11.38) 


where i, is the average signal current and i, is the dark current. 

The noise and signal equivalent circuit is shown in Figure 11-5, where for the 
sake of definiteness we took the modulation index m = 1. R represents the output 
load of the photomultiplier. T, is chosen so that the term 447.4 1R accounts for the 
thermal noise of R as well as for the noise generated by the amplifier that follows 
the photomultiplier. 


“Pay, is the rate of photon incidence on the photocathode, thus, if it takes 1/4 photons to generate one 
electron, the average current is given by (11.3-5). 









To 
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Figure 11-5 Equivalent circuit of a photomultiplier. 
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The signal-to-noise power ratio at the output is thus 
i; 


So 
NK) +H, 





HPenhr yG 
2G7efi. + ipv + (44T, AWR) 


(11.39) 


Due to the large current gain (G = 10°), the first term in the denominator of (11.3-9), 
which represents amplified cathode shot noise, is much larger than the thermal and 
amplifier noise term 4T, AWR. Neglecting the term 4k7,Ao/R, assuming i, > i, and 
setting S/N = j, we can solve for the minimum detectable optical power as 


hmr” 
mr oa 


re 


(11.3-10) 


Numerical Example: Sensitivity of Photomultiplier 


Consider a typical case of detecting an optical signal under the following conditions: 


v = 6 X 10" Hz (A = 0.5 pm) 


7 = 10 percent 
Av = 1 Hz 
i, = 107’ ampere (a typical value of the dark photocathode current) 
Substitution in (11.3-10) gives 
Pon = 3x 10" watt 


The corresponding cathode signal current is i. ~ 24 xX {07'’ ampere, so the as- 
sumption i; > i is justified. 


Signal-Limited Shot Noise 


If one could, somehow, eliminate the Johnson noise and the dark current altogether, 
so that the only contribution to the average photocathode current is i, which is due 
to the optical signal, then, using (11.3-5) and (11.3-9) to solve self-consistently for 
P mins 

_ Av. Av 


mn 


7 





(113-11) 
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This corresponds to the quantum limit of optical detection. Its significance will be 
discussed in the next section. The practical achievement of this limit in video detec- 
tion is nearly impossible since it depends on near total suppression of the dark current 
and other extraneous noise sources such as background radiation reaching the pho- 


tocathode and causing shot noise. 
The quantum detection limit (11.3-11} can, however, be achieved in the heter- 
odyne mode of optical detection. This 1s discussed in the next section. 


11.4 HETERODYNE DETECTION WITH PHOTOMULTIPLIERS 


In the heterodyne mode of optical detection, the signal to be detected E, cos w, Is 
combined with a second optical feld, referred to as the local-oscillator field, E, 
cos(w, + wX, shifted in frequency by we € w,). The total field incident on the 
photocathode is therefore given by 


e(t) = Re[E, e+ + E, e] = Re[Vin)] (11.41) 


The local-oscillator field originates usually at a laser at the receiving end, so that it 
can be made very large compared to the signal to be detected, In the following we 
will assume that 


E, >E, (11.4-2) 
A schematic diagram of a heterodyne detection scheme is shown in Figure 11-6. 
The current emitted by the photocathode is given, according to (1 !.1-2) and (1 1.4-1), 
by 
L(t) © ViAVe(t) = Ej + El + 2E,£, cos wt 


which, using (11.4-2) can be written as 


2E Ip. 
i) = aE; ( + — cos ar) = aki ( +2 j| cos an) (11.4-3) 
E: P; 


Partially 
reflecting 
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a 


Figure 11-6 Schematic diagram of a heterodyne detector using a photomultiplier. 
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where P, and P; are the signal and local-oscillator powers, respectively. The pro- 
portionality constant a in (1 1.4-3) can be determined as in (11.3-6) by requiring that 
when £, = O the direct current be related to the local-oscillator power P; by i, = 
P,nelhy,,’ so taking v = n, = v, 


Fien P, 
{D = 1+2 j= 44 
IAD) hy | P, cos r) (11.44) 


The total cathode shot noise is thus 








— P 
(È) = 2e (i + 1, (11,45) 


where i, is the average dark current while P,en/hv is the de cathode current due to 
the strong local-oscillator field. The shot-noise current is amplified by G, resulting 
IN an output noise 





“I P 
anode = G2e (i + 27), (11.46) 
Av 
The mean-square signal current at the output is, according to (11.4-4), 
2 

=a Po\{ Pien 
anode = 2G? | =" || , 
(anode (=) hy (11.47) 


The signal-to-noise power ratio at the output is given by 


S 2G? (P Polenihv? 1 48 

N [Gaeli + Penhi + 4kTJ/RlAv (11.48) 
where, as in (11.3-9), the last term in the denominator represents the Iohnson (ther- 
mal) noise generated in the output load, plus the effective input noise of the amplifier 
following the photomultiplier. The big advantage of the heterodyne detection scheme 
is now apparent. By increasing P, the S/N ratio increases until the denominator is 
dominated by the term G*2eP, e7/hv. This corresponds to the point at which the shor 
noise produced by the local oscillator current dwarfs all the other noise contribu- 
tions. When this state of affairs prevails, we have, according to (11.4-8), 

S P, 


-m "r 


N hv Avy 





(11.49) 


which corresponds to the quantum-limited detection limit. The minimum detectable 
signal——that is, the signal input power leading to an output signal-to-noise ratio of 
|—is thus 


hr Av 





(Prin = (1 t 4-10) 


"This is just a statement of the fact that each incident photon has a probability n of releasing an electron. 
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This power corresponds for 7 = 1 to a flux at a rate of one photon per (Ay)! 
seconds—that is, one photon per resolution time of the system.” 


Numerical Example: Minimum Detectable Power with a Heterodyne System 


It is interesting to compare the minimum detectable power for the heterodyne system 
as given by (11.4-10) with that calculated in the example of Section 11.3 for the 
video system. Using the same data, 


v= 6 X 10'* H(A = 0.5 um) 
7 = 10 percent 
Av = f Hz 
we obtain 
(Pin = 4 X 107" watt 


to be compared with Prin = 3 X 107'* watt in the video case. 


Limiting Sensitivity as a Result of the Particle Nature of Light 
The quantum limit to optical detection sensitivity is given by (11.4-10) as 


_ hv Av 


(Pin = (11.411) 





This limit was shown to be due to the shot noise of the photoemitted current. We 
may alternatively attribute this noise to the granularity—that is, the particle nature-— 
of light, according to which the minimum energy increment of an electromagnetic 
wave at frequency vis hv. The average power P of an optical wave can be written 
as 


P = Nhy (11.412) 


where X is the average number of photons arriving at the photocathode per second. 
Next assume a hypothetical noiseless photomultiplier in which exactly one electron 
is produced for each 17 ' incident photons, The measurement of P is performed by 
counting the number of electrons produced during an observation period T and then 
averaging the result over a large number of similar observations. 


"A detection system that is limited in bandwidth to Ay cannot resolve events in time that are separated 
by less than ~(Av)~! second. Thus (A1) ' is the resolution time of the system, 
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The average number of electrons emitted per observation period T is 
N, = NTn (11.413) 
If the photons arrive in a perfectly random manner, then the number of photons 
arriving during the fixed observation period obeys Poissonian statistics’, Since in 
our ideal example, the electrons that are emitted mimic the arriving photons, they 
obey the same statistical distribution law. This leads to a fluctuation 


(AN)? = (N, — NP = N, = NT 


Defining the minimum detectable number of quanta as that for which the rms fluc- 
tuation in the number of emitted photoelectrons equals the average value, we get 


(Nein? 9)? = Noain fN 
or 


] 


(N ho = Tn (11.4-14) 


[f we convert the last result to power by multiplying it by Av and recall that T7? = 
Av, where Av is the bandwidth of the system, we get 


hp Ap 





(Pun = (11.4-15) 
in agreement with {11,4-10). 

The above discussion points to the fact that the noise (fluctuation) in the photo 
current can be blamed on the physica! process that introduces the randomness. In 
the case of Poissonian photon arrival statistics (as is the case with ordinary lasers) 
and perfect photon emission (7 = 1), the fluctuations are due to the photons. The 
opposite, hypothetical, case of no photon fluctuations but random photoemission (7 
< 1) corresponds to pure shot noise. The electrical measurement of noise power will 
yield the same result in either case and cannot distinguish between them. 


*This follows from the assumption that the photon arrival is perfectly random, so the probability of has ing 
N photons arriving in a given time interval is given by the Poisson law 
(Ny o ~ 

Ni 





pin) = 


The mean-square fluctuation is given by 
(ANF = © MNN -NPN 
azi 
where 


N= > Np 
0 


is the average X, 
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11.5 PHOTOCONDUCTIVE DETECTORS 


The operation of photoconductive detectors is illustrated in Figure 11-7. A semi- 
conductor crystal 1s connected in series with a resistance R and a supply voltage V. 
The optical field to be detected 1s incident on and absorbed in the crystal, thereby 
exciting electrons into the conduction band (or, in p-type semiconductors, holes into 
the valence band). Such excitation results in a lowering of the resistance Ry of the 
semiconductor crystal and hence in an increase in the voltage drop across Æ, which, 
for ARR; < 1. is proportional to the incident optical intensity. 

To be specific, we show the energy levels involved in one of the more popular 
semiconductive detectors—mercury-deped germanium [7]. Mercury atoms enter 
germanium as acceptors with an ionization energy of 0.09 eV. It follows that it takes 
a photon energy of at least 0.09 eV (that is, a photon with a wavelength shorter than 
14 ym) to lift an electron from the top of the valence band and have it trapped by 
the Hg (acceptor) atom. Usually the germanium crystal contains a smaller density 
Np of donor atoms, which at low temperatures find it energetically profitable to lose 
their valence electrons to one of the far more numerous Hg acceptor atoms, thereby 
becoming positively ionized and ionizing (negatively) an equal number of acceptors. 

Since the acceptor density V, > Np, most of the acceptor atoms remain neutrally 
charged. 

An incident photon is absorbed and lifts an electron from the valence band onto 
an acceptor atom, as shown in process A in Figure 11-8. The electronic deficiency 
(that is, the hole) thus created is acted upon by the electric field, and its drift along 
the field direction gives rise to the signal current. The contribution of a given hole 
to the current ends when an electron drops from an ionized acceptor level back into 
the valence band, thus eliminating the hole as in #. This process is referred to as 
electron-hole recombination or trapping of a hole by an ionized acceptor atom. 

By choosing impurities with lower ionization energies, even lower-energy pho- 
tons can be detected, and, indeed, photoconductive detectors commonly operate at 
wavelengths up to A = 50 ym. Cu, as an example, enters into Ge as an acceptor 
with an ionization energy of 0,04 eV, which would correspond to long-wavelength 


al beam 





signal 


Figure 11-7 Typical biasing circuit of a photoconductive detector. 
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Figure 11-8 Donor and acceptor impurity levels involved in photoconductive semiconductors 


detection cutoff of A = 32 wm. The response of a number of commercial photocon- 
ductive detectors is shown in Figure 11-9. 

it is clear from this discussion that the main advantage of photoconductors 
compared to photomultipliers is their ability to detect long-wavelength radiation, 
since the creation of mobile carriers does not involve overcoming the large surface 
potential barrier, On the debit side we find the lack of current multiplication and the 
need to cool the semiconductor so that photoexcitation of carriers will not be masked 
by thermal excitation. 

Consider an optical beam, of power P and frequency v, that is incident on a 
photoconductive detector. Taking the probability for excitation of a camier by an 
incident photon—the so-called quantum efficiency —as n. the carrier generation rate 
is G = Prfhkv. If the carriers last on the average Ta seconds before recombining, the 
average number of carriers N, is found by equating the generation rate to the recom- 
bination rate (N, /To), 50 





(11.51) 


Each one of these carriers drifts under the electric field mfuence'” at a velocity E 
giving rise, according to (104-1), to a current in the external circuit of i = etd, 


"The drifl velocity is equal to gE. where ye 1s the mobility and Æ ts the electric held. 
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Figure 11-9 Relative sensitivity of a number of commercial photoconductors. (Courtesy Santa 
Barbara Research Corp.) 


where d ts the length (between electrodes} of the semiconductor crystal. The total 
current is thus the product of i, and the number of carriers present, or, using (11.5-1), 


. PHT Ev eT) (=) 
~ Ni = ie j Tjp 11.5- 
i= Ni hd hv _ Ole) 


where t; = d/v is the drift time for a carrier across the length d. The factor (ToTg) 
is thus the fraction of the crystal length drifted by the average excited carrier before 
recombining. 

Equation (11.5-2) describes the response of a photoconductive detector to a 
consiant optical flux. Our main interest, however, is tn the heterodyne mode of 
photoconductive detection, which, as has been shown in Section 11.4, allows detec- 
tion sensitivities approaching the quantum limit. In order to determine the limiting 
sensitivity of photoconductive detectors, we need first to understand the noise con- 
tribution in these devices. 
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Generation Recombination Noise in Photoconductive Detectors 


The principal noise mechanism in cooled photoconductive detectors reflects the ran- 
domness inherent in current flow. Even tf the incident optical flux were constant in 
time, the generation of individual carriers by the flux would constitute a random 
process. This is exactly the type of randomness involved in photoemission, and we 
may expect, likewise, that the resultmg noise will be shot noise. This is almost true 
except for the fact that in a photoconductive detector a photoexcited carrier lasts 7 
seconds'! (its recombination lifetime) before being captured by an ionized impurity. 
The contribution of the carter to the charge flow in the external circuit 1s thus el T/T), 
as 16 evident from inspection of (11.5-2). Since the lifetime 71s not a constant, but 
must be descrtbed statistically, another element of randomness is introduced into the 
current flow. 

Consider a carrier excited by a photon absorption and lasting 7 seconds. Its 
contribution to the external current ts, according to (10.4-1) 





eV 
— Q#=¢t=r 
i{t) = 44 (11.53) 
E otherwise 
which has a Fourier transform 
ep {" —iev . 
| , = —_ — iti -= — „`iw 
(i, T) Smd of at Snad l! e Y] (11.54) 
so that 
E v — iT iia T 
Fiw, 7 = lah [2 = ger = e] (11.55) 





According to (10.3-10) we need to average |/,(«w, 7)|° over 7. This is done in a manner 
similar to the procedure used in Section 10.5. Taking the probability function! 
g(t) = To exp(—7/To), we average (11.5-5) over all the possible values of 7 ac- 
cording to 


(ew)? = | ia, Delir) dr 


a 


= —— 11.56 
4m dl + wT) oe 


The spectral density function of the current fluctuations is obtained using Carson's 
theorem (10.3-i0) as 


— teirri) 
y= IN — — 11.57 
St) 1+ wre l ) 


''The parameter 7, appearing in {11.5-2) is the value of t averaged over a large number of camiers. 


g(t} dr is the probability that a carier lasts between + and 7 + dr seconds before recombining. 
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where we used 7; = d/ and where N, the average number of carriers generated per 
second, can be expressed in terms of the average current / by use of the relation" 


l=N—e (11.5-8) 


leading to 


4el( T/T) 


Sip) = — a 
W = IF ante 


Therefore, the mean-square current representing the noise power in a frequency 
interval rto x + Avis 


= _ del refs Av 


= = 11.59 
iy = S(v) Av 1 + AR Ta ( ) 


which is the basic result for generation—recombination noise. 





Numerical Example: Generation Recombination Noise in Hg Doped Germanium 
Photoconductive Detector 


To better appreciate the kind of numbers involved in the expression for i? we may 
consider a typical mercury-doped germanium detector operating at 20 K with the 
following characteristics: 


d= 10" cm 

Ta = 107" 5 

V (across the length d) = 10 volts > E = 10° V/cm 
w= 3X 10* cm7/V-s 


The drift velocity is U = uE = 3 X 10° cm/s and 1, = df = 3.3 X 10°* second, 
and therefore Tyt; = 3 X 107°. Thus, on the average, a carrier traverses only 3 
percent of the length (d = t mm) of the sample before recombining. Comparing 
(11.5-9) to the shot-noise result (104-9), we find that for a piven average Curent f 
the generation recombination noise is reduced from the shot-noise value by a factor 





vans 
(Rye reumis _ 2( 2 (11.510) 
(iS eho noise argal \ Ty 


This relation follows from the fact that the average charge per carer flowing through the external 
circuit 1s eiT Tah, which, when multiplied by the generation rate N, gives the current. 


430 DETECTION OF OPTICAL RADIATION 


which, in the foregoing example, bas a value of about 1/15. Unfortunately, as will 
be shown subsequently, the reduced noise is accompanied by a reduction by a factor 
of (Tya) in the magnitude of the signal power, which wipes out the advantage of 
the lower noise. 





Heterodyne Detection in Photoconductors 


The situation here is similar to that described by Figure 11-6 in connection with 
heterodyne detection using photomultipliers. The signal field 


edt) = È, cos at 
is combined with a strong local-oscillator field 
eN = E, cow + a) E RE, 
so the total feid meident on the photoconductor is 
elt) = RelE, e+ E, oe 7) = Revio] (11.511) 


The rate at which carriers are generated is taken, following (11.1-2), as a VN V= 
where a is a constant to be determined. The equation describing the number of 
excited carriers N. is thus 


— = gyy* ~ — (11.512) 


where To 18 the average carrier lifetime, so N,/To corresponds to the carrier's decay 
rate. We assume a solution for N fz) that consists of the sum of dc and a sinusoidal 
component tn the form of 


NAD = Ny + (Ny e! + ce.) (11.5-13) 


where c.c. stands for ‘complex conjugate.” 
Substituaon in {11.5-12) gives 


, ; EE, piel 
Nigh) = aE, + ED + an | -—— + ce. (11,514) 
i + tuU To 
where we took È, and &, as real. The current through the sample is given by the 
number of carriers per unit length N/d times ev, where D is the drift velocity 
N (tet 


i) = = (11.515) 


which, using (11.5-14), gives 


EUATa 2E E, cost — 2) (11.516) 


it) = = (z +E; + 
d l VI+ wr 


where @ = tan” H wTa). 
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The current is thus seen to contain a signal component that oscillates at w and 
is proportional to £,. The constant a in (11.5-16) can be determined by requiring 
that, when P, = 0, the expression for the direct current predicted by (1 1.5-16) agree 
with (11.5-2). This condition is satisfied if we rewrite (11.5-16) as 


. en ft 2V P,P: 
i(t) = hy 2), +P, + Vitor cos(wt — J (11.517) 


where F, and P, refer, respectively, to the incident-signal and local-oscillator powers 
and v = r, = w/2a and y, the quantum efficiency, is the number of carriers excited 
per incident photon. The signal current is thus 


VPP, 
i) = 262 { 70) et ost - 6) (11.518) 
iv (u) Vir oT 


while the dc (average) current is 

~ e¢nfT 

f= a (2e. + Pi) (11.5-19) 
Ta; 


Since the average current / appearing in the expression (11.5-9) for the gener- 
ation recombination noise is given in this case by 


i= (2)(2)p, P, > P; 
hvi \ Ta 


we can, by increasing P,. increase the noise power i, and at the same time, according 
to (11,5-18), the signal i? until the generation recombination noise (11.5-9) is by far 
the largest contribution to the total output noise. When this condition is satisfied, the 
signal-to-noise ratio can be written, using (11.5-9}, (11.5-18), and (11.5-19) and 
taking P; > P,, as 


S 2  AWentofhvsr,)°P,P GO + ws) Pon 
— = «= -5 o; o an an a a 5 49 = — (1l 1.520} 
N B AENT P AW + a rtohr 2hr Ap 


The minimum detectable signal—that which leads to a signal-to-noise ratio of 
unity—is found by setting the left side of (11.5-20) equal to unity and solving for 
P.. It is 


lhv Av 011.521) 





(Podm = 


which, for the same 7, is twice that of the photomultiplier heterodyne detection as 
given by (11.4-10). In practice, however, ņ in photoconductive detectors can ap- 
proach unity, whereas in the best photomultipliers 7 = 30 percent. 
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Numerical Example: Minimum Detectable Power of a Heterodyne Receiver Using a 
Photoconductor at 10.6 um 





Assume the following: 


A = 10.6 pm 
Av = 1 Hz 
=l 


Substitution in (11.5-21} gives a minimum detectable power of 
(Pun = 107' wate 


Experiments ([8, 9]} have demonstrated that the theoretical signal -to-nolse ratio 
as given by (1].5-20) can be realized quite closely in practice; see Figure 11-10. 
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Figure 11-10 Signal-to-noise ratio of heterodyne signal to Ge: Cu detector at a heterodyne 
frequency of 70 MHz. Data points represent observed values. (After Reference [8].) 


11.6 THE p-n JUNCTION 


Before embarking on a description of the p-r diode detector, we need 10 understand 
the operation of the semiconductor p-r junction. Consider the junction illustrated in 
Figure 11-1}. It consists of an abrupt transition from a donor-doped (that 1s, n-type) 
region of a semiconductor, where the charge carriers are predominantly electrons, 
to an acceptor-doped (p-type) region, where the carners are holes. The doping pro- 
* file—that is, the density of excess donor (in the # region) atoms or acceptor atoms 
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Figure 11-11 The abrupt p-n junction. (a) Impurity profile. (b) Energy-band diagram with 
zero apphed bias. (c) Energy-band diagram with reverse applied bias, (d) Net charge density 
in the depletion layer, te) The electric field. The circles in (b) and (c) represent ionized impurity 


ators in the depletion layer. 
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(in the p region)—is shown in Figure {11-1 Ha). This abrupt transition results usually 
from diffusing suitable impurity atoms into a substrate of a semiconductor with the 
opposite type of conductivity. In our slightly idealized abrupt junction we assume 
that the 7 region (x > 0} has a constant (net) donor density Na and the p region 
(x < 0) has a constant acceptor density N,. 

The energy-band diagram at zero applied bias is shown in Figure | 1-1 1{b), The 
top (or bottom) curve can be taken to represent the potential energy of an electron 
as a function of position x, so the minimum energy needed to take an electron from 
the n to the p side of the junction is e¥,. Taking the separations of the Fermi level 
from the respective band edges as &, and @, as shown, we have 


eV, = E, E (h, + Py) 


V4 is referred to as the “‘built-jn’’ junction potential. 

Figure 11-1 1(c) shows the energy band diagram in the junction with an applied 
reverse bias of magnitude V,. This leads to a separation of e¥, between the Fermi 
levels in the p and 7 regions and causes the potential bamier across the junction to 
increase from eV,, to e(V, — Va). The change of potential between the p and n regions 
is due to a sweeping of the mobile charge carriers from the region ~/, <x < h. 
giving rise to a charge double tayer of stationary (ionized) impurity atoms, as shown 
in Figure 11-1 liA). 

In the analytical treatment of the problem we assume that in the depletion layer 
(—i, <x < h) the excess impurity atoms are fully ionized and thus, using VE = 
pie and E = —V¥V, where ¥ is the potential, we have 








aV eM fori <x <0 (11.61 
= — or — x 
dx? € á ) 
and 
ar Dr gexec, (11.62) 
dx € 


where the charge of the electron is —e and the permittivity is €e. The boundary 
conditions are 


dV 
E=-—=0ata=—i, andx= +, (11.63) 
dx 
dV l 
V and — are continuous at x = 0 (11.64) 
i 
Vii Vh) = Va + V, (11.65) 


The solutions of (11.6-1} and (11.6-2) conforming with the arbitrary choice of (0) 
= () ure 


V = < NÈ tU for- <1 <0 (11.64) 
€ 


v= -> Nie - Qe) OK <I, (11.67) 
£ 
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which. using (11.6-4), gives 
Nal, = Nols (11.68) 


so the double layer contains an equal amount of positive and negative charge, 
Condition {11.6-5} gives 


V,+V,= > (Nol? + NAP) (11.69) 


which, together with (11.6-8) leads to 


V2 
= (V; + V| . 
l = (Va + V) i) Ra 5) (11.6-10) 


12 
h = (V+ vj" e) [fee (11.611) 
é Np Na f Npn) 


and, therefore, as before, 

i 

7 = — (11.612) 
Differentiation of (11.6-6) and {(11.6-7) yields 


E=-ÉN a+)  for-l,<x<0 
E 


F=-*N,ll,-) O0<x<l, (11.6-13) 
E 


The field distribution of (11.6-13) is shown in Figure 11-11(e). The maximum feld 
occurs atx = Ô and is given by 


_yv, + A © (Nella) 
eo Ne Na + No 


tl 


E max 


_ 4a + Va) (11.614) 


Lth 
The presence of a charge Q = —eNal, per unit junction area on the p side and an 
equal and opposite charge on the n side leads to a junction capacitance. The reason 
is that /, and /,, depend, according to (11.6-10) and (11.6-11), on the applied voltage 
V,, 50 a change in voltage leads to a change in the charge eN,/, = eNp!, and hence 
to a differential capacitance per unit area,'* given by 








— == = eN,—& 
aea dV, C AAV, 
if? N N lf? l Lf 
~(S} (“see (11.615) 
2 Na + Np Va + Vi 


“The capacitance is defined by C = Q/V,, whereas the differential capacitance C, = dQ/dV, is the 
capacitance ‘‘seen’’ by a small aç voltage when the applied bias is ¥,. 
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Figure 11-12 Equivalent circus of a p-r junction. ln typical Dack-blased diodes. A, 2 A, and 
Å, and A; > A, so the resistance across the junction can be laken as equal to the load 


resistance Ñy. 


which, using (11.6-10} and (11.6-1 1). can be shown to be egual to 


C € 
=A = (11.616) 


aea hoh 





as appropriate to a parallel-plate capacitance of separation / = 4, + d. The equivalent 
circuit of a p-n junction is shown in Figure | 1-12. The capacitance C was discussed 
above. The diode shunt resistance R; in back-biased junctions is usually very targe 
(> 10° ohms) compared to the load impedance R, and can be neglected. The resist- 
ance R, represents ohmic losses in the bulk p and # regions adjacent to the junction. 


11.7 SEMICONDUCTOR PHOTODIODES 


Semiconductor p-r junctions are used widely for optical detection: see Reterences 
[10-12], [n this role they are referred to as junction photodiodes. The main physical 
mechanisms involved in junction photodetection are illustrated m Figure 11-13. At 
A, an incoming photon is absorbed in the p side creating a hole and a free electron. 
If this takes place within a diffuston length {the distance in which an excess minority 
concentration is reduced toe! of its peak value, or in physical terms, the average 
distance a minority carrier traverses before recombining with a carrier of the opposite 
type) of the depletion layer, the electron will. with high probability, reach the layer 
boundary and will drift under the field influence across it. An electron traversing the 
junction contributes a charge e to the current flow in the external circuit, as described 
in Section 10.4, If the photon is absorbed near the n side of the depletton layer, as 
shown at C. the resulting hole will diffuse to the junction and then drift across It 
again, giving rise to a flow of charge e in the external load. The photon may also 
be absorbed in the depletion tayer as at B, m which case both the hole and electron 
that are created drift (in opposite directions) under the feld until they reach the p 
and n sides, respectively, Since in this case each carrier traverses a distance that is 
less than the full junction width, the contribution of this process to charge flow in 
the external circuit is, according lo (10.4-1} and (104-7), e. In practice this last 
process is the most desirable, since each absorption gives rise to a charge e, and 
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Figure 11-13 Fhe three types of electron-hole pair creation by absorbed photons that von- 
tribute to current flow in a p-n photodiode. 


delayed current response caused by finite diffusion time is avoided. As a result, 
photodiodes often use a p-f-1 structure in which an intrinsic high resistivity (2) layer 
is sandwiched between the p and n regions. The potential drop occurs mostly across 
this layer, which can be made long enough to ensure that most of the incident photons 
are absorbed within it. Typical construction of a p-i-n photodiode is shown in Figure 
11-14. 

It is clear from Figure 11-13 that a photodiode is capable ui detecting only 
radiation with photon energy Ar > E,, where E, is the energy gap of the semicon- 
ductor. If, on the other hand, Av > Ep, the absorption, which in a semiconductor 
increases strongly with frequency, will take place entirely near the input face (in the 


Modulated 
light 


Contac! 





Output 


Figure 11-14 A p-i-n photodiode. (After Reference [13].) 
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n region of Figure 11-14) and the minority carriers generated by absorbed photons 
will recombine with majority carriers before diffusing to the depletion layer. This 
event does not contribute to the current flow and, as [ar as the signal 1s concerned, 
is wasted, This is why the photoresponse of diodes drops off when Av > E,. Typical 
frequency response curves of photodiodes are shown in Figure 11-15. The number 
of carriers flowing in the external circuit per incident photon. the so-called quantum 
efficiency, is seen to approach 50 percent in Ge. 


Frequency Response of Photodiodes 


One of the major considerations in optical detectors is their frequency response— 
that is, the ability to respond to variations in the incident intensity such as those 
caused by high-frequency modulation. The three main mechanisms limiting the fre- 
quency response in photodiodes are: 


l. The finite diffusion time of carriers produced in the p and x regions. This factor 
was described in the last section, and its effect can be minimized by a proper 
choice of the length of the depletion layer. 

2. The shunting effect of the signat current by the junction capacitance Cy shown 
in Figure 11-12. This places an upper limit of 
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Figure 11-15 Quantum efficiencies for silicon and germanium photodiodes compared with 
the efficiency of the §-! photodiode used in a photomultiplier tube. Emission wavelengths 
for various lasers are also indicated. (After Reference [13].} 
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on the intensity modulation frequency where R, is the equivalent resistance in 
parallel with the capacitance Ca. 
3. The finite transit time of the carriers drifting across the depletion layer. 


To analyze first the limitation due to transit time, we assume the slightly idealized 
casé in which the carriers are generated in a single plane, say point A in Figure 
11-13, and then drift the ful] width of the depletion layer at a constant velocity t 

For high enough electric fields, the drift velocity of carriers in semiconductors tends 
to saturate, so the constant velocity assumption is not very far from reality even for 
a nonuniform field distribution, such as that shown in Figure 11-1 1{e}, provided the 
field exceeds its saturation value over most of the depletion layer length. The satu- 
ration of the whole velocity in germanium, as an example, 1s illustrated by the data 
of Figure 11-16. 

The incident optical field is taken as 


e(t) = Ef] + m cos w,,f) COS wt 
= on CH. 7-2) 
where 
Vit} = EQ] + mcos wf et (11.73) 


Thus, the amplitude is modulated at a frequency w,/27. Following the discussion 
of Section 11.1 we take the generation rate G(r); that is, the number of carers 
generated per second, as proportional to the average of e*(r) over a time long com- 
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Electric field in thin section, volts per centimeter 
Figure 11-16 Experimental data showing the saturation of the drift velocity of holes in ger- 
manium at high electric fields. (After Reference |i4].) 
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pared to the optical period 2a/w. This average is equal to 3 Vif) V*¢(s), so the gener- 
ation rate is taken as 


| m” m 
G = a (i + 4 + 2M COs tont + > COS vat (11.7-4) 


where a is a proportionality constant to be determined. Dropping the term involving 
cos 2a), and using complex notation, we rewrite GU) as 


7 m“ | 
OH) = aE; [ +> + ame (11.7-5) 
A single carrier drifting at a velocity V contnbutes, according to (10.4-1), an instan- 
taneous current 


j= — (11.76) 


to the externat circuit, where d is the width of the depletion layer. The current due 
to carriers generated between t and it’ + df’ is (ep/d}G(r') at’ but, since each carrier 
spends atime 7, = dU in transit, the instantaneous current at time z is the sum of 
contributions of carriers generated between i and t ~ 7, 


2 ` 


l ef. , , _ evaE; ' m r l 
i= | _, HE) dt a ime ty tame har 





and, after integration, 


mi , { — e Fig 7 
i(t) — ( | + Ne + Imeak? Í “dene (117-7) 


fit, 7. 





The factor (1 — 2 '="S/tu,, 7, represents the phase lag as well as the reduction in 
signal current due to the finite drift time ty. If the drift time is short compared to 
the modulation period, so w,,7, € 1, tt has its maximum value of umity, and the 
signal 1s maximum. This factor is plotted in Figure | 1-17 as a function of the transit 
phase angle w,,7,. We can determine the value of the constant @ in (11.7-7) by 
requiring that (11.7-7) agree with the experimental observation according to which 
in the absence of modulation, m = 0, each incident photon will create 7 carriers. 
Thus the de (average) current is 

j = een (11.78) 

hp 

where F is the optical (signal) power when m = 0. Using (tl 7-8). we can rewrite 
(11.?-7) as 





_. Pex m° Pen ] — g ‘mts 
Ktp=——— ft} + —] + —— Bet — em (11.7-9) 
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Figure 11-17 Phase and magnitude of the transit-time reduction factor (1 — e “="4/@,,7y. 


To evaluate the effect of the other limiting factors on the modulation frequency 
response of a photodiode, we refer to the diode equivalent ac circuit in Figure 11-18. 
Here R, is the diode incremental (ac) resistance, C, the junction capacitance, R, 
represents the contact and series resistance, L, the parasitic inductance associated 
mostly with the contact leads, and C, the parasitic capacitance due to the contact 
leads and the contact pads. 

Recent advances [20-22, 24] have resulted in metal—-GaAs (Schottky) diodes 
with frequency response extending up to 10'' Hz. Figure 11-19 shows a schematic 
diagram of such a diode. This high-frequency limit was achieved by using a very 
small area (5 um X 5 um) that minimizes Cy, by using extremely short contact 
leads to reduce R, and £., by fabricating the diode on semi-insulating GaAs substrate 
[20] to reduce C,, and by using a thin (0.3 um) n GaAs drift region to reduce the 
transit time, The resulting measured frequency response is shown in Figure [1-20. 
The measurement of the frequency response up to 100 GHz is by itself a considerable 
achievement. This was accomplished by first obtaining the impulse response of the 


Figure 11-18 The equivalent high-frequency circuit of a semiconductor photodipde. 
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Figure 11-19 (a) Planar GaAs Schottky photodiode. (h) Cross section along A-A. The 
n GaAs layer {0.3 ym thick) and the n° GaAs (0.4 jem thick) are grown by hguid-phase 
epitaxy on semi-insulating GaAs substrate. The semitransparent Schottky consists of 100 A 
of Pt (After Reference [22].} 


photodiode by exciting it with picosecond pulses (which. for the range of frequencies 
of interest, may be considered as delta functions) from a mode-locked laser [21]. 
The diode response, which is unly a few picoseconds long, is measured by a new 
electrooptic sampling technique (23, 24]. The frequency response, as plotted m Fig- 
ure 1-20, is obtained by taking the Fourier transform of the measured impulse 
response. 
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Figure 11-20 The modulation frequency response of the Schottky photodiode shown in Figure 
11-19. (After Reference [22}.) 
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Numerical Example: Modulation Response of a GaAs p-n Junction Photodiode 





Let us calculate the upper limit on the frequency response of the diode shown in 
Figure 11-19, The following data apply. 


Area = 5 pm X 5 pm 
E = 12.256, 
d = 0.3 pm (= thickness of drift region) 
v = 10’ cm/s (saturation velocity of electron in GaAs) 
R, = 10 ohms 


The transit-time limit f,, is obtained from the condition 27f „Tg = 2. This, according 
to Figure 11-17, is the frequency where the response is down to 84 percent of its 
maximum (zero-frequency) value. The result is 


fa ~ — ~ 1.06 X 10" Hz 
md 


The junction capacitance, based on the above data, is ~107'* farad. The parasitic 
capacitance can be kept in this case to ~107/? farad. Since the resistance R; of the 
reverse-biased junction is very large, it is usually neglected. 

The circuit limit to the frequency response is f, ~ l/(2#R,C,) = 1.59 x 10"! 
Hz. Since this value ts larger than the transit-time limit, we conclude that the fre- 
quency response is transit-time limited to a value ~10'' Hz, which is in agreement 
with the value obtained from Figure 11-20. 


Detection Sensitivity of Photodiodes 


We assume that the modulation frequency of the light to be detected is low enough 
that the transit time factor is unity and that the condition 


l 
R Ly 





wn = (11.7-10) 


is fulfilled and, therefore, according to (11.7-), the shunting of signal current by 
the diode capacitance Cy can be neglected. The diode current is given by (11.7-9) 
as l 
P *\ P 
uo = EED (1 a ZE) a Pam oo (11.7-11) 
Ap 2 Ap 
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The noise equivalent circuit of a diode connected to a load resistance R; is shown 
in Figure 11-21. The signal power is proportional to the mean-square value of the 
sinusoidal current component, which, for = 1, 15 


— Peny 
P= 2 (= (11.7-12) 
hy 


Two roisc sources are shown. The first is the shot noise associated with the random 
generation of carriers. Using (10.4-9), this is represented by a noise generator if, = 
2ef Av, where f is the average current as given by the first term on the right side of 
(Li.7-11). Taking m = i, we obtain 
— 3e(P + Pan Av 
iy, = — 
My hy 
where Pz is the background optical power entering the detector {in addition to the 
signal power) and iy 15 the ‘‘dark’’ direct current that exists even when P, = Py = 


0. The second noise contribution is the thermal (Johnson noise) generated by the 
output load, which, using {10.5-9), is given by 


= _ AkT.Av 


Iy = 
; R 
E 


+ Del Av (11.7-13} 





(11.7-14) 


where F. 1s chosen to include the equivalent input noise power of the amplifier 
following the diode.'* The signal-to-noise power ratio at the amplifier output is thus 


5 i? 2(Penihvy 


—_-_ — 


Seen TS 
N in, + the 3e°(P + Py)nAvthy + JetAv + AKTAR, ( 


“In practice ii is imperative that the signal-to-noise ratto take account of the noise power contnbuted by 
the amplifier, This is done by characterizing the “‘noisiness"' of the amplifier by an effective input nnise 
“temperature Fa. The ampltfter noise power measured at its output is taken as GAT, Ay, where C is the 
power gain. (A hypothencal noiseless amplifier will thus be characterized by 7, = 0.) This power can 
be referred to the input by dividing by G, thus becoming AT Av. The total effective noise power at the 
ampliher input i: the sum of this power and the Johnson noise &7Av due to the diode toad resistance, 
that is, 7 + Tár = AT Ar. The amplifier nose temperature Fa 16 related to its “noise Agure” F by 
the definition 
Ta 


Fel 3p 


I) follows that the noise power generated within the amplifier and measured al its output is 
N, = GkT,Av- GF- MFA 
where Fa 290. The ratio of the signal-to-noise power ratio at the input of the amphher to the same 
ratio at the oulput is thus 
ASN in Sml GF- Dake Ay ~ Gk Ae 


(SAN ha ETAG Sn 


This ratio becomes equal to the * noise Ggwe’ F when the temperature T of the detector output load is 
equal io Ta (Note that the choice T, = 290 is a matter of, universal. convention.) 


SEMICONDUCTOR PECTODIODES 445 


7. Zet {P + Fg) når 2 _ 44 7 Ap 
yy ky Re 
+ PTT 





Figure 11-21 Noise equivalent circuit of a photodiode operating in the direct (video) mode. 
The modulation index 7 is taken as unity, and it is assumed that the modulation frequency 
is low enough that the junction capacitance and transit-time effects can be neglected. The 
resistance R, is assumed to be much smaller than the shunt resistance Ry of the diode, so the 
latter is neglected. Also neglected is the series diode resistance, which is assumed small 
compared with Kz. 


In most practical systems the need to satisfy Equation (11.7-10) forces one to use 
small values of load resistance &,. Under these conditions and for values of F that 
are near the detectability limit (S/V = 1), the noise term (11.7-14) is much larger 
than the shot noise (11.7-13) and the detector is consequently not operating near its 
quantum limit, Under these conditions we have 


S  2(Penfhvy 
— >= , -] 
N ARTAR | C718) 


The ‘minimum detectable optical power’ is by definition that yielding S/N = | and 
is, from (11.7-16), 


2kT A 
{Pin = ila o sk (11.7-17} 
eny Ai 


which is to be compared to the theoretical timit of Av Avy, which, according to 
(11.3-11), obtains when the signal shot-noise term predominates. In practice, the 
value of R, is related to the desired modulation bandwidth Av and the junction 
capacitance C, by 


l 








Ap= 11.7-18 
"T TaR,C, N ) 
which, when used in {11.7-16), gives 
hvAp 
Pan = 2V 9 VLC (11,7-19) 
en 


This shows that sensitive detection requires the use of small area junctions so that 
C will be at a minimum. 
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Numerical Example: Minimum Detectable Power in the Case of Amplifier Limited 
Detection 





Assume a typical Ge photodiode operating at A = 1.4 zm with C; = | pF. Av = 1 
GHz, and y = 50 percent. Let the amplifier following the diode have an effective 
noise temperature 7, = 1200 + 290 = 1490 K (see footnote 15) [14-15]. Substi- 


tution in {11.7-19) gives 
Pan = 3.34 X 1077 watt 


for the minimum detectable signal power. 





11.8 THE AVALANCHE PHOTODIODE 


By increasing the reverse bias across a p-n junction, the field in the depletion layer 
can increase to a point at which carriers (electrons or holes) that are accelerated 
across the depletion layer can gain enough kinetic energy to ‘kick new electrons 
from the valence to the conduction band, while still traversing the layer. This process, 
illustrated in Figure 11-22, is referred to as avalanche multiplication. An absorbed 
photon (A) creates an electron-hole pair. The electron is accelerated until at point 
C it has gained sufficient energy to excite an electron from the valence to the con- 
duction band, thus creating a new electron-hole pair. The newly generated carriers 
drift in turn in opposite directions. The hole (F) can also cause camer multiplication 
as in G. The result is a dramatic increase (avalanche) in junction current that sets in 
when the electric field becomes high enough. This cftect. discovered first in gaseous 
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Figure 11-22 Energy-position diagram showing the carrer multiplication following a photon 


absorption in a reverse-hiased avalanche photodiode. 
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plasmas and more recently in p-n junctions (References [15, 16), gives rise to a 
multiplication of the current over its value in an ordinary (nonavalanching) photo- 
diode. An experimental plot of the current gain M as a function of the junction field 
is shown in Figure 11-23.'° 

Avalanche photodiodes are similar in their construction to ordinary photodiodes 
except that, because of the steep dependence of M on the applied field in the ava- 
lanche region, special care must be exercised to obtain very uniform junctions. A 
sketch of an avalanche photodiode is shown in Figure | 1-24. 

Since an avalanche photodiode is basically similar to a photodiode, its equivalent 
circuit elements are given by expressions similar to those given above for the pho- 
todiode. Its frequency response is similarly limited by diffusion, drift across the 
depletion layer, and capacitive loading, as discussed in Section 11.7, 

A multiplication by a factor M of the photocurrent leads to an increase by M” 


IF the probability that a photo-excited electron-hole pair will create another pair during its drift is 
denoted by p, the current multiplication is 


| 
l= p 





M=(ltprpitpt. = 


Multiplication factor, Af 





Figure 11-23 Current multiplication factor in an avalanche diode as a function of the electric 
field. (After Reference [16].) 
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Figure 11-24 Planar avalanche photodiode. (After Reference | 13}.) 


of the signal power $ over that which is available from a photodiode so that. using 
(11,7-12), we get 


AY 


= _{Pen\ 
be ate (11.81) 


where P is the optical power incident on the diode. This result is reminiscent of the 
signal power from a photomultiplier as given by the numerator of (11.3-9), where 
the avalanche gain M plays the role of the secondary electron multiplication gain G. 
We may expect that, similarly, the shot-noise power will also increase by M *, The 
shot noise, however, is observed to increase as M”, where 2 < n < 3.'" Experimental 
observation of a near ideal M>! behavior 1s shown in Figure | 1-25. 

The signal-to-noise power ratio at the output of the diode is thus given, following 
(11.7-15), by 


a 2M*(Penfhvy 1182 

N (3e(P + PainAvhy|M" + 2eighvM” + AkT AUR, Me) 
The advantage of using an avalanche photodiode over an ordinary photodiode 15 
now apparent. When M = 1, the situation Is identical to that at the photodiode as 
described by (11.7-15). Under these conditions the thermal term 447,402, in the 
denominator of (11.8-2) is typically much larger than the shot-noise terms. This 
causes S/N to increase with M. This improvement continues until the shot-noise terms 
become comparable with 4k7,A #/R,. Further increases in M result in a reduction of 
S/N since n > 2, and the denominator of (11.8-2) grows faster than the numerator. 
if we assume that M is adjusted optimally so that the denominator of (118-2) 38 
equal to twice the thermal term 447,A WR, we can solve for the minimum detectable 
power (that is, the power input for which S/N = 1) obtaining 


_ thy RT Aw 
M'en \ Ri 








ci (11.8-3) 





"4 theoretical study by MeEntyre |17] predicts that if the multipheatian ts due t either holes or electrons. 
n= 2. whereas it both carers are cqually eflective in producing electron-hole pairs, a = 3 
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Figure 11-25 Notse power (measured at 30 MHz) as a function of photocurrent multiplication 
for an avalanche Schottky-barner photodiode. (After Reference [18].} 


where M’ is the optimum value of M as discussed previously. The improvement in 
sensitivity over the photodiode result (11.7-17) is thus approximately M’. Values of 
M' between 30 and 100 are commonly employed, so the use of avalanche photo- 
diodes affords considerable improvement in sensitivity over that available from pho- 


todiodes. 


11.9 POWER FLUCTUATION NOISE IN LASERS 


The power output from lasers is ever fluctuating. Thts fluctuation may be due to 
temperature variations, acoustic vibrations, and other man-made causes. Even tf all 
of these extraneous effects are eliminated, there remains a basic (quantum mechan- 
ical) contribution that is due to spontaneous emission of radiation into the laser mode 
by atoms dropping from the upper transition level into the lower level. The field due 
to this spontaneous emission is not coherent with that of the laser mode, thus causing 
phase and amplitude fluctuations [1]. Since these fluctuations are random, they are 
described and quantified in terms of the statistical noise tools developed earlier in 
this chapter and in Chapter 10. 
Let the power output of the laser be 


Pi) = Py + APH) (11.913 
where the time-averaging value of the fluctuation is zero. 


AP(t) =0 
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so that Py is the average optical power, Using (10.2-6) and (10.2-8) we characterize 
the ‘‘power’’ of the fluctuation via the mean of the squared deviation" 


a 


(Pit) — Po) = (APOY = f S sp Pdf (11.9-2) 
Ssp(f} 1s related to the spectral density function $,,(w), defined by (10.2-8) and 
(10.2-14), by 


Saf) = 278sew) (w = 2af) (11.9-3) 


If an optical field at frequency » with a power Pfr) is incident on a detector whose 
quantum efficiency (electrons per photon) is 7, the output current is 


_ enr(t) 


Mn hy 


so that according to Equation (11.9-1) the optical power fluctuation AP(r) causes a 
fluctuating current component Ai(t) = enAP(tVhy with a mean square 


7.3 7 F 


č 
m APOP = CG SAPA (1194) 








BD) = [AD = 


where Af is the bandwidth of the electronic detection circuit. 
The relative intensity noise (RIN), is defined as the relative fluctuation ‘‘power" 
ina Af = 1Hz bandwidth 


— SypAf(=1Hz) 
= a 


RIN (11.9-5) 
A single-mode semiconductor laser might possess a value of RIN = 107'* (or - 160 
db). Assuming that the detector circuit has a bandwidth of, say, Af = 10° Hz, the 
relative mean-squared fluctuation in the detected current is 

(Aig)? _ (APY? _ Syolf) Af 


n = = 107" x 10° = 1077 
$A P? P? 


The RMS value of the power fluctuation is thus 


(APC) } 


= 3.16 x 10% 
P, 6 x 10 


The mean-squared noise current in the output of the detector due to these fluctuations 
i$ given by (11.9-4) 


2 a 


e 7 5 
(hv)? (RIN) Poaf (11.94) 





GZ ena 
iyli) = 


"*In this section, we will use f to denote “low” (RF) frequencies and v for optical frequencies. 
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Assuming as an example that A = 1.3 wm, Pp = 3 mW, RIN = 107° Hz7!, Af = 
10° Hz, and 4 = 0.6, we obtain 


(iy)? = 5.95 X 107 A 


Example: Optical Fiber Link Design 





Our task here ts to determine the maximum allowed repeater spacing for an optical 
fiber communication link. We will assume that the optical source is a 1.3 um Ga- 
InAsP laser (v = cA = 2.31 X 10°* Hz) and that the fiber possesses an attentuation 
of 0.3 db/km (corresponding to an attenuation constant œ = 0.3/4.343 = 0.0691 
(km) '). The optical power launched into the fiber is Po = 3 mW. The channel is 
to transmit 10° bits/s so that the bandwidth of the detector circuit is taken as Af = 
l/period = 10° Hz. The system considerations dictate that the bit error probability 
at the detector output not exceed 107". The detector output impedance is R, = 
1,000 1), and the amplifier (following the detector} noise figure is 6 db, i.e., F = 4 
(see footnote 15). 

From Figure 10-20 we determine that the signal-to-noise power ratio at the 
amplifier output must exceed 22 db to assure a bit error probability upon detection 
that is smaller than 107". Our task is thus to calculate the signal power i? and the 
total noise power i, at the output of the detector as a function of the length Z of the 


link. 
The signal power is obtained from (11.7-11}, assuming a modulation index 
m = 0.5, as 
feet 2 žal 
= P 
P= Me o (119-7) 
2hr) 
The total noise power at the output of the amplifier referred to its input is 
22.2 , 7 ne 2-2 
in = tne + ins ting = orea (RIN) Poe” “Af 
(in order) (AV) (11.9-8) 
tne AKT 
+ —— Poe “Af +——A 
hy P f R, f 


The first noise term is that due to power fluctuation (11.9-6); the second 15 the shot 
noise associated with the average current at the output of the detector 4, = nP 
exp- aLi. The third term represents, as in (11.7-15), both the Johnson noise 
of the output resistor R; as well as the amplifier output noise power (referred to its 
input, see footnote 15). If the temperature of the output resistor R; is T = 290 K, 
T, = T+ (F — 1290 = 1160 K. 
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Figure 11-26{a) shows the main elements of an optical fiber link. Figure 
11-26fb) shows a plot of #7, iiy, is, and i, as well as the total noise power as a 
function of the link length £. The important thing to note is the relative change of 
the various powers with distance. The distance La where the detected signal-io- 
noise power ratio is down to 22 db, is read off as La = 87 km.'” This distance is 
thus chosen as the link length. Notice, as an example, that the dominant noise con- 
tibution at £ >> 33 km is the amplifier-detector noise 14:4. If the latter were reduced 
by. say, 3 db, the link length could be increased by 5 km, as indicated by the dashed 
line. 

The signal-to-noise power ratio of a p-n diode detector 1s given by (1 1.7-16} in 
the case where the dominant contributions to the noise power are the amplifier noise 


~ and the Johnson (thermal) noise of the load resistance R, in the diode output circuit. 


The mean-square noise current is then 


=  4kT,A 
iy = HIAS (11.9-9} 
Ri. 
The signal peak current is given by (11.7-8) for the case m = i$ 
_ Pen 
i = sy (11.9-10) 


where P, is the peak pulsed optical power incident on the detector. The signal-to- 
noise current ratio at the amplifier output is thus 
is Penh 
(G2)! (ARTAIR) 





(11.9-11) 


Our next problem is that of finding the minimum value of the signal power P, 
so that iyi)" in (11.9-11) exceeds the needed value of 12.59. We thus need to 
know 7,, R}, and Af. T, is obtained from the given value of the amplifier noise 
figure (F = 6 dB). Taking T = 290 K, we obtain, using footnote 15, T, = 290 + 


That is, 10 log GYE) = 22. 


Figure 11-26 (a) An optical fiber communication link consisting of a laser, an optical coupling 
system c, a fiber Lkm long), a detector D, an output resistance R, and an amplifier A with 
a current gain © and a noise figure F. {b) The signai (i$), laser fluctuation (2, }, detector shot 
noise (if), combined Johnson-amplifier noise (£), and the total noise 





R= By + By + iy 
currents as a function of the link length £, The currents are referred to the amplifier input 


plane §, Le., they correspond to output currents divided by the current gain G of the output 
amplifier, 


Detector 
f= fy + fy COS yf f 
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(4 — 1)290 = 1160. In order to achieve this bandwidth, the load resistance A, must 
not éxceed {see }1.7+18) the value 


R, = 
“  QeAfC 





(11.9-12} 


where C is the total output capacitance given as 3 X 107? F. Using the above value 
of Àf and C, we obtain 


R, = 53 ohms 


We return now to (11.9-11), which, using 7 = 0.5, A= 1.35 um, HEJ” = 12.59, 
yields 


P; = 2,55 X 107° watt 


for the minimum power input to the photodiode. 

The total transmission loss in the 50 km fiber is 20 dB. We will assume that an 
additional 4 dB loss is caused by coupling the laser ‘output to the fiber and at the 
fiber output so that the total loss 1s 24 dB (that is, 251). The laser power output must 
thus exceed 


Praser = 6.4 Xx 10°? walt 


which is a reasonable power level for CW diode lasers, 
If the fiber had been substantially lossier than in the above example, we could 
still have met our design specifications by using an avalanche photodiode. 


11.10 __ INFRARED IMAGING AND BACKGROUND-LIMITED DETECTION (25-28) 


Arrays of cooled infrared detectors based mostly on photoconductive semiconductors 
such as mercury cadmium teliunde (HgCdTe) have become increasingly important 
elements in the fast developing technology of infrared imaging and detection. The 
application areas served by this new technology include tumor detection, the map- 
ping of earth resources by orbiting satellites, ‘‘spy’’ satellites, and nighttime ‘‘see- 
ing.’ We wili not concern ourselves here with the system aspects of these applica- 
tions but rather with the basic noise physics of a single element that is prerequisite 
to system considerations. The concepts involved here are the same as those we have 
encountered in the early sections of this chapter, but the operational considerations 
merit a dedicated treatment. To be specific, we will focus our discussion to doped, 
say, n-type, photoconductors, such as HgCdTe, in which the optical input field causes 
excitation of electrons to the conduction band so that the signal current is due to the 
drift of the excited carriers. 

Consider the photoconductive detector shown in Figure 11-27. The detected 
radiation is incident on the *‘face’’ whose area is A. The thickness of the detector is 
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Figure 11-27 (a) A schematic diagram of an infrared detecting element intercepting radiation 
from an acceptance angle @. (b} A detailed view of the photoconductor. 


t. The optical signal power input to the detector is P,. This power gives rise to a 
signal current given according to (11.5-2) by 


i, = me (2) (11.101) 


AYop \ Ta 


where 7, is the lifetime of the photo-excited carriers. Tg = — 1$ the transit time for 
U 


a carrier with a velocity T. Vp is the frequency of the optical beam. 7 is the fraction 
of the incoming photons that are usefully absorbed in the photoconductor. 7, 18 the 
average lifetime of a photo-excited camer. In addition to the signal current, we have 
two other major sources of noise currents that are not related to the signal. 

The first is the shot noise associated with the drift under the influence of the 
applied external field of thermally excited (minority) carriers, while the second Is 
the shot noise due to carriers excited by the ever present incoming background 
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optical radiation, Referring to Figure 11-27(b), we distinguish in our photoconductor 
three populations of carriers: n, (em~ *) duc to the signal, n, due to thermal excitation, 
and #, due to mcoming background radiation. The density a, of carriers excited by 
the background radiation is 


~ EAMT (11.102) 


if: 
AV opl 


This last expression can be obtained by setting the rate of photon absorption per unit 





(P } ip . . . a S 
volume i equal to the rate — of minority cartier recombination. The incident 
Fop Ty 
background power P, is most often that of the background blackbody radiation, in 
which case 
Pa 2ahvi Arisin W? 
Jp = 2 = TAT) (11.103) 
A Ce rn e 1) 


where A is the cross-sectional area of the detector, Av is the optical bandwidth of 
the radiation allowed into the detector, Tg is the background temperature, while 9 is 
the angle [see Figure 11-27(a}] within which radiation is accepted by the detector. 
Jn practice the acceptance angle @ and the background temperature 7, are dictated 
by the application. A reasonable strategy in such a case is to cool the detector to the 
point where #, < ng. This renders the contribution of n, to the shot noise equal to 
that of fy so that additional cooling will not materially improve the signal-to-noise 
ratio at the output. Since the signal-to-noise ratio under this condition is determined 
by the background radiation, it is referred to as background limited infrared perfor- 
mance {BLIP}. 

Let us assume that a BLIP condition has been achieved and proceed to calculate 
the resulting detector performance. From (11.5-9) the mean-squared output noise 
current 1s (mm the limit rry <= 1) 


= ~ {7 
is = del, (2) Af 
Ta 


7 
= detnye A) — Af (11. 10-4) 
Ta 
Where Ip = ngeDA is the average current due to the background radiation-excited 
carriers and Af is the bandwidth of the (electronic) detection circuit. Substituting 
for ng from (11.10-2) gives 


2 
z 4e Pan T 
Ba = —— a2) Af (11.105) 


The minimum detectable signal, also known as the noise equivalent power (NEP) 
of the detector, is that value of the signal power P, for which 


4 
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Using (11.10-1} and (11.10-5) we can solve for the minimum detectable power when 
the main noise contribution is due to the background radiation, i.¢., n, < ng 


— — AP ahr A 
(NEP); = P(2 = Bp) = 2 [airo (11.106) 
7} 


A common figure of merit used in the infrared imaging community to describe 
detector sensitivity is the specific peak detectivity D* ("Dee star) defined as 
VAA 

NEP 


When the detector is cooled sufficiently so that it is background limited, D* becomes 


DË = AAJ 1l a 11.1060 
” INEP) 2V Bends (11.1000) 








where, to remind us, the B subscript stands for the background limited condition and 
Af is bandwidth of the detection circuit mcluding the photoconductive element. 
In a detector hmited by thermal excitation of carriers, 1.e., one where 2, > ng 


we have 


I, = neva (11.107) 


z= at” o) ap = senera 2 e) ay (11.10-8) 


Equating 2, to 2 as in {11.10-6}, we obtain 


(NEP), = a (z e) Baas 


_ VAA 7 brlta 


and 


11.10-9 
(NEP), 2hron ad Em Vo \ Me (11.169 
where, in the last expression, we used T; = HU. 
It is obvious that the condition n, = na is equivalent to 
(NEP), = (NEP), o Dt = D} (11.1010) 


A key issue in infrared detection is to determine to what temperature a detector 
element need be cooled to be background limited. To answer this question we need 
to know rg and the dependence of n, on the material parameters and the temperature. 

As an example consider an infrared detector as shown in Figure 11-28(a) in 
which the photoconductive medium is a GaAs/GaAIAs superlattice [29]. It is based 
on excitation of electrons trom a confined ‘‘quantum-well”’ state (see Section 16.1) 
to continuum (unconfined) states where they are free to conduct. These wells consist 
of thin layers (~ 100A) of crystalline GaAs layers sandwiched between higher energy 
gap Ga,_,Al,As crystalline layers. 
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(b) 


Figure 11-28 Schematic illustration of a typical quantum well detector structure (only two 
wells are shown) with the relavant energies, In the upper part of the figure (a), the quanmum 
well detector under bias is Shown. The second part of the figure (b) shows the relevant 
distances and energies. The sub-band levels are given by £, and £. 


In this case [25], 


` m*kT o 
n = par (WOE VAP (11.1011) 
where Z is the width of the unit cell m Figure 11-28(a), m* is the carner (electron) 


effective mass, £r the Fermi energy of the material, and V the depth of the quantum 
To 


c 
well, Using the data of Figure J1-28(b} and m* = 0.067m,, — = 0.5, A = = 


Ta lop 
10 um, we can use (11.10-9) to plot D* vs. the detector temperature T. The result 
is shown in Figure | £-29(a). 

To use this curve we need first to obtain a value for DÌ using (11.10-3)} and 
(11.10-6a). We then find the temperature in Figure 11-29(a) where D} = Dg. As an 
example, given D} = 10° we find from the figure that the quantum-well detector 
needs to be cooled to T < 48 K in order to become background limited.” Figure 











"Tn practice cooling the detector below the liquid N, temperature, 77.7°K, is expensive and is reserved 
to very demanding applications. 
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Figure 11-29 Curve (a) is a plot of the thermal-excitation-limited detectivity D? at A = 10 


pm vs. temperature of the GaAs quantum well detector. Curve (b) is a plot of the acceptance 
angle @, which results in D} = DY (BLIP) for the background conditions stated in the figure. 


11-29 curve (b) is a plot based on Equations (11.10-3, 11.10-6, 11.10-9) of the 
acceptance angle @y for which D% is equal to D}. Further increases of 6, will thus 
cause the detector to be background limited. In the figure we used a background 
temperature Ty = 300 K, va = 3 X 10° (A = 10 pm), Av = 0.13%, As an 
example, if our detector has a D7 of 10%, then the BLIP condition obtains when 
fa = 4.6". 

We can also use the curves of Figure 11-29 in reverse to find D5 for a given 
z. For instance, for fa = 4.6° we follow the sequence W — X > Y — Z to find 
Df = 10°; in the process we also learn that the detector temperature must be below 
48 K in order to be background limited. 

The most widely used material for infrared imaging near A = 10 yum is the 
semiconductor HgCdTe [28} (MCT) whose composition can be adjusted to yield an 
energy of a photon with A ~ 10 um. The photoconduction in this case 1s due to 
excitation across the energy gap of the semiconductor. Typical MCT photoconduc- 
tive detectors use N-type material so that the carriers responsible for the signal (and 
noise) are the (minority) holes. Our theoretical discussion up to this point apphes if 
we merely take ns, n, and n,, respectively, as the density of holes excited by the 
background radiation, thermal process, and the ‘‘signal’’ radiation. 

The most important task that confronts the infrared detector scientist is to de- 
velop materials that enable background-limited performance at the highest possible 
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temperaiure. The background limit condition n, = np can be written using ($1.10-2) 
as 


PANT a (11,1012) 
Alap! 
Since n, myariábly increases with F, it follows from (11. 10-12) that the temperature 
for background-limited operation increases with the carrier lifetime Ta. In the ex- 
ample given above, the temperature F for background-limtted detection condition n, 
= Ay 18 given, according to (11.10-11). by the condition ng = n,, 1e., by the value 
of T satisfying 


$ *KE 
— — et ee (11.1013) 
opt 


In a typical HgCdTe at 77 K, the carrier lifetime is Tọ ~ 10 °° s while in our 
quantum well detector ra ~ 107'' s [the time for an excited carrier to drop in energy 
below the top of the well thus becoming immobile (trapped). This happens after the 
emission of only a few optical-branch phonons by the excited carrter. ] 

It follows that HgCdTe is background limited and thus has an NEP, described 
by (11.10-6), at a higher temperature than a GaAs/GaAlAs detector used in the above 
example. To illustrate this point, we show in Figure 11-30 a plot of the thermal 
generation current that 1s the rate of decay (per unit of incidence area) of thermally 
excited carriers” 


i, = = [photons/icm” — s} (11.1014) 
il 
where n, is the density of thermally excited carriers (for HgCdTe it is the minonty 
carrier density [26~28]). /,_, is commonly used in the infrared imaging community 
to compare different materials since at the background limit (BLIP) it ts equa! to the 
rate 4$ ahv p of (absorbed) background photons (per cm’) incident on the detector. 
Since the latter rate 1s determined by system considerations (see Equation (11.10-3) 
and the followimg discussion), given the background absorbed photon flux nÍ ahr sp 
we can determine at a glance the temperature to which our detector needs to be 
cooled to achieve BLIP condition or, equivalently, the temperature to which the 
detector needs to be cooled for BLIP operation at a given background photon flux, 
We note by comparing Figure 11-30(a) to 11-30(b} that at given T, f,- in 
HgCdTe is ~6 orders of magnitudes smaller than in the GaAs/GaAlAs detector, 
reflecting mainly the difference in carrier lifetime tp. It is ~ 107'' s in GaAs/GaAlAs 
[25] and ~10~°s in HgCdTe. As an example consider a system subject ta a back- 
ground photon flux near A = 10 um of 3 X 10''cm™* -s |. The HgCdTe detector 
becomes, according to Figure [1-30(a), background limited at ~80 K while the 
GaAs/GaAlAs detector [Figure (b)} needs to be cooled to ~45 K, If we calculate 
the D? corresponding to this incoming background flux, we obtain using, for ex- 
ample, Figure | t-29(a) at 45 K, D* = 2.2 X 10°° em-Hz'*-W"' 


*'This rate 1s equal, al thermal equilibrium, to the cate at which the thermal” carriers are generated. 
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Figure 11-30 (a) Thermal equivalent current for HgCdTe IR devices. On the left ordinate it 
is expressed in A/cm” while on the right ordinate it is expressed in the equivalent arrival rate 
of (10 um} photons/cm’. (b) Thermal equivalent generation current for GaAs/AlGaas, 


11.11 OPTICAL AMPLIFICATION IN FIBER LINKS 


Optical amplification in fiber links [31-33] has recently been recognized as having 
major system implications for very long distance transmission of information 
(> 1000 km) using optical fibers and for distribution systems involving a large num- 
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ber of subscribers. These purely optical repeaters may, in most cases, obviate the 
need for the repeater stations currently used that involve detection, electronic am- 
plification, and remodulation of a (new) launched optical beam. 

The raison d’étre for the optical amplifiers is that they make it possible to 
maintain the optical power at sufficiently high levels along the path so that the signal- 
to-noise ratie (SNR) degradation due to signal shot noise and receiver noise 15 re- 
duced to practical inconsequence. 

A new and dominant noise source, amplified spontaneous emission, however, 
is introduced by the optical amplifier [35], and tts effect on the signal-to-noise ratio 
(SNR) of the detected signal current will be considered below. Before doing so, we 
will briefly review the relevant physics of the amplifier. 

The most common amplifier uses a transition at A = 1.535 wm in an Ej“ ion 
introduced as a dopant into a silica fiber [34, 35]. This wavelength has assumed a 
very exalted status because of the low optical losses of silica fibers, in this spectral 
region (see Figure 3-19). The pertinent energy levels are shown in Figure ]1-31(a). 
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Figure 11-31 (a) The pertinent energy level diagram of E>" in silica for pumping at A = .98 
pm (preferred). (b) A schematic diagram showing the amplifying fiber spliced into the trans- 
mission fiber and the method for coupling the pump radiation inte the fiber, 
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The laser transition can be pumped by radiation at A ~ 0.98 yam or A ~ 1.49 
yin as shown. This pumping field is usually obtained from semiconductor lasers and 
is coupled into the amplifying fiber whose length is typically between a few meters 
and a few tens of meters. A schematic diagram of the amplifier configuration 1s 
shown in Figure 11-31(b). The fiber amplifier section can be spliced smoothly into 
the fiber. A plot of the gain vs. signal wavelength is shown in Figure | 1-32(a). 

The main effect of the optical amplifier on the SNR of the detected signal is to 
add, upon detection, a noise current component, at frequencies near that of the signal 
current. This noise is due to beating between the amplified (optical) spontaneous 
emission (ASE) power of the amplifier and the signal optical field. 

Figure | 1-32(b) shows the two spectral windows of the amplified output spon- 
taneous émission power that beat (at the detector) with the optical signal field Sy at 
æg to generate an output noise current at some arbitrary frequency ia. This mech- 
anism thus gives rise to a spectral continuum of RF noise current extending from de 
to approximately Aw,,;,. the width of the (amplified) spontaneous emission spec- 
trum. To estimate this current we first need to obtain an expression for the optical 
spontaneous emission power at the output of an optical amplifier. This topic is the 
subject of Appendix C. The main result, Equation C-8, is that the (amplified) spon- 
taneous emission power in a single mode within a spectral bandwidth A rw at the 
output of an optical amplifier is [36] 


Fy = phy Av.(G — 1) (11.11-1) 
where G = exp(y/) is the power gain of the optical amplifier with a distributed gain 
y and length / and 


y= ——_ (11.112) 
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Figure 11-32(a) Noise factor and gain spectrum of the silica E$ ' fiber amplifier for a constant 
pump power of 34.2 mW at 0.98 um. (After Reference [35].) 
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Figure 11-32 (b) At the output of the laser, the amplified spontaneous emission fields near 
ay + w,, and near wy ~ w,, will, each, beat (mix) at the detector with the amplified optical 
signal field at wg to yield radio frequency (RF) currents with frequencies near w. These 
currents, which occupy a spectral width of wap, cannot be separated from those due to 
intentional (signal) modulation of the intensity at wn and thus constitute RF noise. 


is the atomic inversion factor of the transition. It accounts for the larger value of N3, 
and hence larger spontaneous emission power, in atomic (amplifier) systems in which 
N, #0.” 

If we denote the output optical power at œ as $ and that of the spontaneous 
emission at w; as F, then the beat current component with a frequency wm = a — 
a, Is (see Equation |] .4-4) 

i= se + - + T cos(w_f + Pace — 2| (11.11-3) 


where @asp and @, are the phases of the ASE field and the signal optical field, 
respectively. The mean-squared beat current is then 


(P \aseaugnar = 2FS (2) (11.1144) 
hr 
which, using (11.11-1) and putting Av,,, = Aw 2T = 2Af,;,, yields” 
E de? (G 7 1) lg 
(i Vasé-signal = 4 hy pas, (1 1.1 1-5} 


In the remainder we will drop the subscript ‘‘sig’’ and use Af only. 


HIn a laser the gain per pass is given by G = expla(N; — N Empl Where Limp is the length and a is a 
constant depending on the atoms. A large X, thus causes a larger N, for a given gain. The SE power is 
proportional to V3, 


“Two ASE frequency bands, each with a width Å tug one above and one below the signal frequency 
contribute incoherently to the beat power so that the effective Av,,, = 24f,,,. 
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Consider an optical in-line amplifier as shown in Figure 11-33. The input signal 
power 1s Sp, and it enters the amplifier in a single transverse (usually the fundamen- 
tal) fiber mode. The amplified output signal is GSg, while Fp, as given by (11.1I-1), 
represents the (optical) amplified spontaneous emission power at the output, which 
is generated within the amplifier in a band Av. If we were to detect the signal at the 
input to the amplifier, the main noise contribution would, in an ideal case, i.e., a 
noiseless receiver, be that of the signal shot noise so that the signal-to-noise power 
ratto (SNR) at the input to the amplifier is 


Sse) 
hv, So 





SNR, = = (11.11%) 
s So Af 2hvAf 
Av 
where we assume 100% detection efficiency 7 = | for simplicity. 
The detected signal “power’’” at the output is 
a 
-= GS 
ou = (Se) (11.11-7) 
hp 
while the noise power is that of the ASE-signal noise (11.11-5) and the shot noise 
2e°GS 
(iho out = = - Af (1 1,11-8) 
F 


The noise current component that is due to beating of ASE frequencies with them- 
selves is proportional to FÅ and can be made to be negligible compared to the ASE- 
signal current if the signal power S(z) 1s not allowed to drop too far and/or by optical 
filtering. We have neglected for similar reasons the shot noise due to the ASE. The 
(S/N) ratio at the output of the amplifier is thus 


Z 
Se) 
( hy 
2e°GSo . 4e’G(G — 1)S uAf 


hy Af hv 


SNRou = (11.11-9) 


The ‘‘power"’ everywhere is taken as the mean square of the current. Since our final results involve 
only (signal-to-noise! power ratios, this procedure is justified. 


S, GS, 
Fo 


Figure 11-33 An optical amplifier with a power gain G and an input signal power So. Fo is 
the total power of the amplified spontaneous emission (ASE) at the output of the amplifier in 
the appropriate bandwidth Ar. 
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where we assumed a 100 percent detector quantum efficiency. For large gain G > 1. 
the second term in the denominator of (11.11-9), dominates, and 


(11.11-10) 





The ratio of the input (SNR) to the output value is thus 


SNR n 
SN Rou 


which in an ideal, four-level (Ni = 0, u = 1) amplifier is equal to 2. The single 
high-gain optical amplifier will thus degrade the SNR of the detected output by a 
factor of 2 (3 db). We recall that this degradation is tolerated only in order to save 
the signal from the, far worse, fate of succumbing, in its attenuated state, to the noise 
of the receiver. An experimental verification of the 3 db limit is shown in Figure 
F1-32{a). 

In a very long (100 km) fiber ink, we will need to amplify the signal a number 
of times We will consequently develop in what follows a formalism for treating 
systematically cascades of amplifiers. 

A generalization of the expression (11,11-9) for the SNR of the detected signal 
at an arbitrary point z along the link is to write 


hy 
NRO = WeSaaF , ROS, TAR CUND 


hr (hey R 


= Dae 


where the last term in the denominator represents the mean-squared thermal noise 
current of the receiver (at point z) whose effective noise temperature is 7,. R is the 
output impedance of the detector including the receiver's input impedance. Equation 
(11.12-11) neglects, again, the shot noise due to the ASE, the ASE-ASE beat noise, 
and intensity fluctuation noise of the source laser. If the signal power 5(z) can be 
maintained above a certain level by repeated amplification, we can neglect the re- 
ceiver noise term. Under these realistic circumstances, the SNR expression 
(11.11-11) becomes 
q 
SNR(z) = Pe) O (11.11-12) 
Se AhvrAf + ASF) 

S{z2} is the signal power at z, while Fiz) is the total ASE power at z onginating in 
all the preceding amplifiers (3° < z}. 

Let us next consider the realistic scenario of a long fiber with amplifiers em- 
ployed serially at fixed and equal intervals (zy), as illustrated in Figure 11-34. 

The signal power level 5§(z) at the fiber input and at the output of each amplifier 
is Sy. The signal is attenuated by a factor of L = exp(—az,) in the distance zo 
between amplifiers and is boasted back up by the gain G = L7' = e™* at each 
amplifier to the initial level Sg. The spontaneous emission power F(z) is attenuated 
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Figure 11-34 A fiber link with periodic amplification. The spontaneous emission power F(z) 
and the signal power S(z) at the amplifiers’ input and output pianes are indicated. 


by a factor L between two neighboring amplifiers and increases by an increment of 
Fy at the output of each amplifier. We employ Equation (11.11-1)} to calculate the 
SNR of the detected current at the output of the nth amplifier. Assuming G > 1, the 
result is 
SNR, = ——— (11.11-13) 
"  QhvAfll + 2nple™ — 1)] l 

where, because of the high short noise and ASE levels, we neglected the thermal 
receiver noise. When exp(az,) = G > 1, we find a z`? (more exactly an a`’) 
dependence of the SNR rather than the exp(— az) dependence of a fiber without 
amplification in which the main noise mechanism is shot noise. The physical reason 
for this difference is that the repeated amplification keeps the signal level high as 
well as the level of the signal-ASE beat noise. The latter is kept well above the signal 
shot noise. A fixed amount of beat noise power is thus added at each stage leading 
to the inverse distance denendence of the SNR. 

Equation (11.11-13) suggests that the SNR at z can be improved by reducing 
Zo 1e., by using smaller intervals between the amplifiers which, of course, entails 
reducing the gain G = exp(azp) of each. Let us take the limit of Equation (11.11- 
13) as z, > 0, i.e., the separation between amplifiers tends to zero. In this limit the 
whole length of the fiber acts as a distributed amplifier with a gain constant g = a, 
just enough to maintain the signal at a constant value. Since S{z) is a constant, we 
need only evaluate the ASE optical power F(z) in order to obtain, using (1 1.11-12), an 
expression for the SNR at z. To find how much noise power is added by the amplifying 
fiber, we consider a differential length dz. It may be viewed as a discrete amplifier 
with a gain of exp( gdz) so that its contribution to F(z) is given by (1 1.11-1} as 


dF = (e8'@ — ljuhråf (11.11-14) 


Or 
dF 
m = puhråf, F(z) = guhvàfz (11.11-15) 


where, since no spontaneous emission is present at the input, we used F(0) = 0. 
Using (11.11-15) in (11.11-11) and taking S(z) = So g = æ results in 
So 


s 11.11-16 
2f1 + Qpaz|avaf ( 


SNR(z) = 
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We can also obtain {11.1 1-16) as the limit of (f1.11-13) when zy > O. It is interesting 
to compare the (ideal) distributed amplifier to the discrete amplifier case of Equation 


{11.11-13) 


So 


2[1 + 2(z/zou(e™ — 1)) AvAf (11.11-17) 


(SNR}{z) = 


where we used G = exp(az,) and n = zz. 

Figure 11-35 shows plots of the ideal continuous amplification case described 
by Equation (11,11-16) as well as two cases of discrete amplifier cascades [Equation 
(11.11-13)]. The advantage of continuous amplification compared to, say, amplifi- 
cation every æ`! is seen to be less than 2 db so that the latter may be taken as a 
practical optimum configuration. In a low-loss optical fiber, say with a = 0.2 db/ 
km, the distance between amplifiers that are placed every a~' km would be 21.7 
km. Figure ! 1-36 shows the SNR of the detected signal along a realistic link for the 
case of (a) continuous amplification: (b) discrete amplifiers spaced by zy = ay '; and 
(c) for the case of no amplification at all. The launched power is Pp = 5 mW, A = 
1.55 um, Af = 10° Hz, and æ = 0,2 db/km. Curve (b) is to be read only at multiples 
of z= a! = 21.7 km, which are the output planes of the optical amplifiers. Curve 
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Figure 11-35 A universal plot of the degradation of the SNR compared to the initial (z = 0) 
valve in the cases of (a) continuous amplification (g = a), (a = 1); (b) penodic amplification 
every za = g '(2’ = 1,2,3,...), (u = 1), (curve is to be read only atz’ = 1,2,3...) and 
(c) periodic amplification every zo = 2a7!' (z’ = 2, 4,6,...), Ga = L), (curve is to be read 
only at z’ = 2, 4,6... .}. 
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Figure 11-36 SNR of detected signal in a fiber link with {a} a continuous amplifier g = a, 
(4 = 1); (b) discrete amplifiers employed every absorption length a‘ = 21.7 km (0.2 db/km 
fiber loss}, (j2 = 1) (curve is to be read only at multiples of 21.7 km); and (c) no optical 
amplification and detection with a receiver with a noise figure of 4 db. The power launched 
into the fiber is 5 mW, the fiber loss is 0.2 db/km, A = 1.55 yam, the detection bandwidth is 
Af = 10°, and the detector load impedance is 1000 ohms. 


(c) assumes detection with a receiver with T, = 725 K (F = 4 db) and an input 
impedance of 1000 {1. 

We note that if, for example, we need to maintain a SNR exceeding 50 db, we 
must use a fiber link shorter than 100 km if no amplifier is used, but if laser amplifiers 
are used every, Say, Zp = a | (=21.7 km), fiber length in excess of 1000 km can 
be employed. 

Serious consideration has also been devoted to the use of semiconductor (SC) 
laser amplifiers [31]. These are identical in their construction to semiconductor laser 
oscillators, which are discussed in Chapter 15, except that the facets are coated with- 
antireflection layers to reduce optical feedback and thus prevent oscillation from 
taking place, The main advantage is the possibility of very large gains (> 20 db) in 
a short (< ~400 ym) semiconductor chip. The main disadvantages of the SC am- 
plifier compared to the fiber amplifier is the presence of residual reflections and the 
resulting need for optical isolators, The presence of even minute reflection (R < 
1075) can give rise to instabilities and excess noise in the source laser oscillator. 
Impressive results, however, have been demonstrated [36]. 

The above discussion centers on the use of optical amplification in long distance 
transmission of data. A second class of applications, no less important, is that of 
distribution systems with a very large number of subscribers. The use of optical 
amplifiers makes it possible to maintain the power arriving at a subscriber's premises 
at sufficiently high levels so as‘not to be degraded by the receiver noise, The number 
of subscribers that can thus be served by a single laser can be increased by anywhere 
from 1 to 3 orders of magnitude. This topic is the subject of Problem 11.13. 
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Problems 


11.1 Show that the total output shot-noise power m a photomultiplier including 
that originating in the dynodes 1s given by 

PEN O07 t- 6" 

(i) = Gle + LAT Toe 
where 6 is the secondary-emission multiplication factor and N is the number of 
stages. 


11.2 Calculate the minimum power that can be detected by a photoconductor in 
the presence of a strong optical background power Pp. Answer’ 


(Ps)min = (Pea 
T} 


11.3 Derive the expression for the minimum detectable power using a photocon- 
ductor in the video mode (that is, no local-oscillator power) and assuming that the 
main noise contribution is the generation—recombination noise. The optical field is 
given by e(#) = E(1 + cos wt} cos wi, and the signal is taken as the component of 
the photocurrent at im. 


11.4 Derive the minimum detectable power of a Ge: Hg detector with character- 
istics similar to those described in Section 11.7 when the average current is due 
mostly to blackbody radiation incident on the photocathode, Assume T = 295 K, an 
acceptance solid angle 2 = 7 and a photocathode area of 1 mm”. Assume that the 
quantum yield y for blackbody radiation at A < 14 jum is unity and that for A > 14 
um, 7 = 0. (Hint: Find the flux of photons with wavelengths 14 um > A > O using 
blackbody radiation formulas or, more easily, tables or a blackbody ‘‘slide rule. '] 


11.5 Find the minimum detectable power in Problem 11.4 when the input field of 
view is at T = 4,2 K. 


11.6 Derive Equations (11.6-15) and (11.6-16). 


11.7 Show that the transit time reduction factor (1 — e “»"Viw,,7, in Equation 
(11.7-7} can be wnitten as 


a — ip 
where 
Sin w,,T. _ 1 = COS Onta 
OmT a Con Tat 


Plot a and B as functions of @,,7,. 


11.8 Derive the minimum detectable optical power for a photodiode operated in 
the heterodyne mode. (Answer: P nin = Av Aw.) 
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11.9 Discuss the limiting sensitivity of an avalanche photodiode in which the noise 
increases as M’. Compare it with that of a photomultiplier. What is the minimum 
detectable power in the limit of M > 1, and of zero background radiation and no 
dark current? 


11.10 Derive an expression for the magnitude of the output current in a heterodyne 
detection scheme as a function of the angle @ between the signal and local-oscillator 
propagation directions. Taking the aperture diameter (see Figure 11-6} as D, show 
that if the output is to remain near its maximum (¢ = 0°) value, @ should not exceed 
A/D, [Hint: You may replace the lens in Figure 11-6 by the photoemussive surface. } 
Show that instead of Equation (11.4-4) the current from an element dx dy of the 
detector is 


dix, Ñ = ji +2 2 cos(w@f + kx sin J dx dy 


hy z DODI 
The propagation directions lie in the z-x plane. The contribution of dx dy to the 
(complex) signal current is thus 

2V PP, 


kesme 
— dx d 
hy(aD*/4) e 7 


dix, Ò = 


11.12 Show that for a Poisson distribution (footnote 9) (ANY = N 


11.12 Calculate the smallest temperature increment that can be measured by an 
infrared detector ‘‘looking’’ at an object at T = 350 K with a background temperature 
of T = 300 K. The detector has a DY = 10"! cm (Hz)'*/W and responds to AA ~ 
0.14 centered on A = 10 jam. The output circuit bandwidth is Af = 10° Hz. 


1t.13 Assume a fiber distribution network fed by a single semiconductor laser at 
A = 1.55 pm with a power output Po = 10 mW. The power is divided into N 
branches, amplified by an optical fiber amplifier (in each branch) and then divided 
again into M branches. 

Determine the maximum number of ‘‘subscribers’’ NM that can be serviced by 
the system assuming: Af = 10° Hz; R {receiver input impedance) is 10° ohms, 
T, = 1000 K; and a minimum SNR at the subscriber of 42 db. The maximum power 
level at the output of the amplifiers is 10 mW. 
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12.1 


Interaction of 
Light and Sound 


INTRODUCTION 


ee 


Diffraction of light by sound’ waves was predicted by Brillouin in 1922 [1] and 
demonstrated experimentally some ten years later [2]. Recent developments tn high- 
frequency acoustics [3] and in lasers caused a renewed interest in this field hecause 
the scattering of light from sound affords a convenient means of controlling the 
frequency, intensity, and direction of an optical beam. This type of contro] enables 
a large number of applications involving the transmission, display. and processing 
of information [4]. 
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A sound wave consists of a sinusotdal perturbation of the density of the material, or 
strain, that travels at the sound velocity v,, as shown in Figure 12-1. A change in 
the density of the medium causes a change in its index of refraction, which, to first 
order, is proportional to it. We can, consequently, represent the sound wave shown 
in Figure 12-1 by 


An(z, D = An sinw — kaz) (12.1-1) 


where w/k, = v,. 


'Tn this chapter we use the word wound lo describe acoustic waves with frequencies that in practice may 


range through the microwave region (f = 10!" Hz). 


“This w easily understood in the case where each alom (or molecule) contributes a constant amount to 
the index. m, $0 the latter is proportional io the material density. 
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Average 
index Distance 





Index of refrachen 


Figure 12-1 Traveling sound wave *‘frozen’’ at some instant of ume. It consists of alternating 
regions of compression (dark) and rarefaction (white), which travel at the sound velocity v, 
Also shown is the instantaneous spatial variation of the index of refraction that accompanies 


the sound wave. 


Next consider an optical beam incident on a sound wave at an angle @; as in 
Figure 12-2. For the purpose of the immediate discussion, we can charactenze the 
sound wave as a series of partially reflecting mirrors,” separated by the sound wave- 
length A,, that are moving at a velocity v,. Ignoring, for the moment, the motion of 
the mirrors, let us consider the diffracted wave and take the diffraction angle as @,. 
A necessary condition for diffraction in a given direction is that aff the points on a 
given mirror contribute in phase to the diffraction along this direction. Considering 
the diffraction from two points, such as C and & in Figure 12-2, it is the+ necessary 
that the optical path difference AC — BD be some multiple of the c,. . . wavelength 
Ain for diffraction along @ to occur. This condition takes the form 


x(cos 8, — cos 4) = mA (12.1-2) 
l FH " 


“This is due to the fact that the index of refraction is higher in the compressed portions of the sound 
wave and lower in the rarefied regions. Sinct a change im index causes reflection, the mirrors’ analogy 


follows. 
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Figure 12-2 Diffraction of an incident optical beam from an array of equispaced reflectors. 


where m = 0, £1, +2,.... The only way in which (12.1-2) can be satisfied si- 
multaneously for all points x along a given reflector is if m = 0, from which tt 
follows that 

6, = 6, (12. 1-3) 


In addition to the requirement that the different parts of a given acoustic phase front 
interfere constructively, which leads to (12.1-3), we require that the diffraction from 
any two acoustic phase fronts add up in phase along the direction of the reflected 
beam. The path difference, AO + OB shown in Figure 12-3, of a given optical 
wavefront resulting from reflection from two equivalent acoustic wavefronts (that 
is, planes separated by A,) must thus be equal to the optical wavelength A. Using 
(12.1-3) and Figure 12-3 we find that this condition can be written as’ 


2A, sin 6 = Mn (12.1-4) 


where ĝ = ĝ, = @ 

The diffraction of light that satisfies (12.1-4) is known as Bragg diffraction after 
a similar law applying in X-ray diffraction from crystals. To get an idea of the order 
of magnitude of the angle 6, consider the case of diffraction of light with A/n = 0.5 
um from a 500-MHz sound wave. Taking the sound velocity as v, = 3 X 10° cm/ 
sec, we have A, = v/v, = 6 X 1074 cm and, from (12.1-4), 


@= 4X 1077 rad = 3.5° 


"The reader may justly wonder why path differences of 2A/n, 3A/n, and so on, do not lead to maximum 
diffraction as well as a path difference of A/a. This point is considered in Problem 12.6. 
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Figure 12-3 The reflections from twe equivalent planes in the sound beam (that is, planes 
separated by the sound wavelength A,}, which add up in phase along the direction @ if the 
optical path difference AO + OB is equal to one optical wavelength. 


122 PARTICLE PICTURE OF BRAGG DIFFRACTION OF LIGHT BY SOUND 


Many of the features of Bragg diffraction of light by sound can be deduced if we 
take advantage of the dual particle-wave nature of light and of sound. According to 
this picture a light beam with a propagation vector k° and frequency wœ can be 
considered to consist of a stream of particles (photons) with momentum Ak and 
energy kw. The sound wave, likewise, can be thought of as made up of particles 
(phonons) with momentum #k, and energy Aiw,. The diffraction of light by an ap- 
proaching sound beam illustrated in Figure 12-3 can be described as a series of 
collisions, each of which involves an annihilation of ong incident photon at œ; and 
one phonon and a simultaneous creation of a new (diffracted) photon at a frequency 
ig, Which propagates along the direction of the scattered beam. The conservation 
of momentum requires that the momentum Atk, + k) of the colliding particles be 
equal to the momentum Ak, of the scattered photon, so 


k, = k, +k (12.213 
The conservation of energy takes the form 
iy = a; t @, (12.22) 


From (12.2-2) we learn that the diffracted beam is shifted in frequency by an amount 
equal to the sound frequency. Since the interaction involves the annihilation of a 
phonon, conservation of energy decrees that the shift in frequency is such that 
a, > w, and the phonon energy is added to that of the annihilated photon to form 
anew photon, Using this argument it follows that if the direction of the sound beam 


*The beam is of the form costwt ~ k- rì, $0 it propagates in a direction parallel to k with a wavelength 
2mk. 
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in Figure 12-3 were reversed so that it was receding from the incident optical wave, 
the scattering process could be considered as one tn which a new photon (diffracted 
photon) and a new phonon are generated while the incident photon ts annihilated. 
In this case, the conservation-of-energy principle yields 


Gq = OT Oy 


The relation between the sign of the frequency change and the sound propagation 
direction will become clearer using Doppler-shift arguments, as is done at the end 
of this section. 

The conservation-of-momentum condition (12.2-1) is equivalent to the Bragg 
condition (12.!-4). To show why this is true, consider Figure 12-4. Since the sound 
frequencies of interest are below 10° Hz and those of the optical beams are usually 
above 10" Hz, we have 


Oz, = a, + Ww, = O; s0 ky = k; 


and the magnitude of the two optical wave vectors is taken as k (see also Problem 
12.4), The magnitude of the sound wave vector is thus 


k, = 2k sin @ (12.2-3) 
Using k, = 2a/k,, this equation becomes 
2A, sin 9 = Àf (12.24) 


which is the same as the Bragg-diffraction condition (12.1-4). 


Doppler Derivation of the Frequency Shift 


The frequency-shift condition (12.2-2) can also be derived by considering the Dopp- 
ler shift exercised by an optical beam incident on a mirror moving at the sound 
velocity v, at an angle satisfying the Bragg condition (12.1-4), The formula for the 
Doppler frequency shift of a wave reflected from a moving object is 


U 
Aw = 2e-—- 





Figure 12-4 The momentum-conservation relation, Equation ( 12.2-1), used to derive the 
Bragg condition 2A, sin @ = A/n, for an optical beam that is diffracted by an approaching 
sound wave. @is the angle between the incident or diffracted beam and the acoustic wavefront. 
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where æ is the optical frequency and v is the component of the object velocity that 
is parallel to the wave propagation direction. From Figure 12-3 we have v = y, sin 





ð, and thus 
Aw = 2o 2S 8 (12.25) 
c/n 
Using (12.1-4) for sin @ we obtain 
Aw = = = w, (12.2-6) 


and, therefore, a, = a + w, 

If the direction of propagation of the sound beam is reversed so that, in Figure 
12-3, the sound recedes from the optical beam, the Doppler shift changes sign and 
the diffracted beam has a frequency w — w, 


12.3 BRAGG DIFFRACTION OF LIGHT BY ACOUSTIC WAVES—ANALYSIS 


In treating the diffraction of light by acoustic waves, we assume a long interaction 
path so that higher diffraction orders [5] are missing and the only two waves coupled 
by the sound are the incident wave at w; and a diffracted wave at w, =w; + w, OF 
at w; — w, depending on the direction of the Doppler shift as discussed in Section 
12.2. 

According to the discussion in Section 12.1, the sound wave causes a traveling 
modulanon of the index of refraction given by 


An(r, t) = An cos(w,t — k,» r) 


This modulation interacts with the fields at œ; and w, to give rise to additional electric 
polarization in the medium, which is given by° 


Ap(r, À = 2V ee An(r, He(r, t) (12.41) 


where e(r, t) is the sum of the fields at w, and w,. The polarization term Ane in 
(12.3-1} will be shown, in what follows, to cause exchange of power between the 
fields at w; and w,. 
We start with the wave equation (8.2-5) modified for the case of no losses 
{g = 0). 
2 2 


de à 
Vre(r, f) = pe a2 + ho Puls t) (12.32) 


Equation (12.3-1) can be derived using the relations d = eye + p = e, p = eye, and n? = efe. This 
leads to p = eint — Le, whence Equation (12.3-1). 
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Py (Fr, $) is given in our case by Ap(r, t). Equation (12.3-2) must be satisfied sepa- 
rately for the fields at w; and w,. Writing it for the former case and assuming that 
both the incident and diffracted fields are linearly polanzed results in 


4 d'e; ae 
Ve, = meme + 5 (Ap) (12.33) 


where e, is the magnitude of the vector e; and (Ap), is the component of Ap(r, 1) 
parallel to e,, which oscillates at a frequency w,. The polarization components os- 
cillating at other frequencies are nonsynchronous, and their contribution to e; aver- 
ages out to zero. The total field e(r, t) is taken as the sum of two traveling waves 
e(r, 0) = 48,07) et + cc. 
elr, D = HEr eee he? + oe. (12.34) 
where k, and k, are parallel to the direction of propagation of the incident and 


diffracted waves, respectively. Two differentiations of the first of Equations (12.3-4} 
lead to 
l dE, oy. 
Ver, ġ = --| CE, + 2k, —! — VE, | eee 
2 dr. 


Assuming ‘‘slow” variation of £,(r,) so that VE, << kdEJdr,, we combine (12.3-3) 
with the last equation and, recalling that 7 = we, obtain 


dE; j -ifor kyr) 
— = jul — Kermi 12.45 
ki Ẹ (Ap J ° 01249) 


Using the relation Ap = 2V ee An(r, t) - [e(r, t) + e(r, À], (Ap); is given by 
[Ap(r, Ol; = #V eeg AnkE,[eetee Bho) + coc, (12.3-6) 


Note that in taking the product Aa(r, t)e(r, t) we assumed that œ; = w, + wg and 
therefore neglected nonsynchronous terms with frequencies wy — w, and w; £ w. 
Substituting (12.3-6) for (Ap), in (12.3-5} leads to 


dE ik -k 
d = -inyE; e Hk, k, kar 


dry 
and similarly 
= = -in€, eS hs hr (12.37) 
r; 
with 
Wd An 
Tha = Fora Vue An = Ea (12.3-8) 
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where c is the velocity of light in vacuum. An inspection of (12.3-7) reveals that a 
prerequisite for continuous cumulative interaction between the incident field (£,) and 
the diffracted field (£,,} is that 


k, = k, +k, (12.39) 


Otherwise, 1t follows from (12.3-7) that contributions to £;, as an example, from 
different path elements do not add in phase and no sustamed spatial growth of E; is 
possible. 

Equation (12,3-9) is, as shown in Section 12.2, the Bragg condition for scattering 
of light by sound, The difference between (12.3-9) and (12.2-1) is due to the fact 
that the latter was derived for the case of diffraction from an approaching sound 
beam so that w; = w; + w, resulting in a ‘momentum’ condition k; = k; + k,, 
while in the treatment leading to (12.3-9} we recall that the sound wave is taken as 
receding from the incident field so that wy = w; — w. 

Assuming that the Bragg condition (£2,3-9) is satisfied, (12,3-7) becomes 


dE; 

dr, = -ink, 

dEa = —ink;, (12.310) 
ar, 


where, since w, = wy, we took 4; = ny = 1. 

Equations (12.3-10) are our main result. An apparent difficulty in solving 
(12.3-10) is the fact that they involve two different spatial coordinates r; and r, 
measured along the two respective ray directions. This difficulty can be resolved by 
transforming to a coordinate ¢ measured along the bisector of the angle formed 
between k; and k,, as shown in Figure 12-5. Defining the values of r; and r;, which 
correspond to a given ¢ as the respective projections of ¢ along k; and k;, we have 


r= eos ry = {cos (12.311) 
a ky 
ao tars 
7 k; 


Figure 12-5 The directions and angles appearing in the diffraction equations (12.3-12). 


INTERACTION OF LIGHT AND SOUND 


so that (12.3-10) become 





dE, dE, os A= —ink 6 

it dr, = —inE, cos 

dba —ink i 

d THE; COS (12.3-12) 


whose solutions are 
E(f) = E,(0) cos(yg cos @) — IEO) sin(yg cos #) 
EQ = E0) cos(né cos @) — i£{0) sin(ng cos 8} 


Using the correspondence between ¢, r, and rz defined above, we can rewrite the 
solutions as 


E,(r) = E(O) cos (qr) — iEa(0) sin (nr) 
Era) = E,(0) cos (yra) — tE(0) sin (7ra) (12.3-13} 


which is the desired result. It is of sufficient generality to describe the interaction 
between two input fields at œw, and w, with arbitrary phases (E.(0) and £,,(0) are 
complex], and arbitrary amplitudes as long as the Bragg condition (12.3-9) and the 
frequency condition œ, = w, + wy are fulfilled. In the special case of a single 
frequency input at œ; (0) = 0, and 


Er) = E0) cos (r) 
Era = —tE{O) sin (7ra) (12.3-14) 


we note that 
IE (rah + [Eata = D = |E, (0)? (12.3-15) 


so that the total optical power carried by both waves is conserved. 

If the interaction distance between the two beams is such that yr; = Yra = 72, 
the total power of the incident beam is transferred into the diffracted beam. Since 
this process is used in a large number of technological and scientific applications, 1t 
may be worthwhile to gain some appreciation for the diffraction efficiencies possible 
using known acoustic media and conveniently available acoustic power levels. 

The fraction of the power of the incident beam transferred in a distance f info 
the diffracted beam is given, using (12.3-8) and (12.3-14), by 


i diffracted E diffracted . a? aH 
i incident E i(0) j 2c i 


It is advantageous to express the diffraction efficiency (12.3-16) in terms of the 
acoustic intensity / scoustic( W/m") in the diffraction medium. First we relate the index 


change An to the strain s (see Section 12. D by [4-5] 


An = Ss (12.417) 
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where p, the photoelastic constant of the medium,’ is defined by (12.3-17). The 
strain s is related to the acoustic intensity Z,coustie bY’ 


2I “PUSLE 
p= [m (12.3-18) 


where v, is the velocity of sound in the medium and p is the mass density (kg/m*). 
Combining (12.3-17) and (12.3-18) in (12.3-16) we obtain 


Í aittrucued . mio p 
To = sin’ E pun ete (12.3-19) 
and using the following definition for the diffraction figure of merit 
ón? 
n 
= = (12.320) 
pv; 
(12.3-19) becomes 
i frac ` mi 
ike sin (= Vila (12.3-21) 
i incident V2A 


Taking water as an example, an optical wavelength of A = 0.6328 ym, and the 
constants (taken from Table 12-1) 


n= 1.33 

p= 031 

v, = 1.5 X 10 mis 
p = 1000 kg/m’ 


"In the case of interactions using crystals, (12.3-17) becomes a tensor relation and p becomes a fourth 
rank tensor. In this case we can often simplify the problem in such a way that only one tensor element 
is important so that (12.3-17) can be used. 


BThe (elastic) potential energy per unit volume due to an instantaneous strain sfr) is 
Frs i) 


where T is the bulk modulus (elastic stiffness constant), The time averaged energy per unit volume due 
to the propagation of a sound wave with a strain amplitude s is the sum of the (equal) average potential 
and kinetic energy densities 


£ — 
— = 2b) Trit) = {Is 
vol 
since s(n) = ts, the bar denoting time-averaging. Using the relation Faousue = U,6/vol and T/p = pi 
where p is the mass density and v, the velocity of sound, we gel 
j cousty = hous? 
or 


LF oust 


ay = 
3 
pu; 


which is the result stated in (12.3-18). 
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Equation (12,.3-2]) gives 


H 
(aes) = sin? (LAIN eo) (12.3-22) 
imeident 


a A=36233 um 


For other materials and at other wavelengths we can combine the last two equations 
to obtain a convenient working formula 


Asie gi (14 oon VM Fuse (12.3-23) 
i incident A Hm 

where Mo = M maei Muo 18 the diffraction figure of merit of the material relative 
to water. Values of M and M,, for some common materials are listed tn Tables 12-1 
and 12-2. 

According to (12.3-19), at small diffraction efficiencies, the diffracted light in- 
tensity 1s proportional to the acoustic intensity. This fact is used in acoustic modu- 
lation of optical radiation. The information signal is used to modulate the intensity 
of the acoustic beam, This modulation 1s then transferred, according to (12.3-19), as 
intensity modulation onto the diffracted optical beam. 


Table 12-1 A List of Some Materials Commonly Used in the Diffraction of 
Light by Sound and Some of Their Relevant Properties. p Is the Density, v, the 
Velocity of Sound, z the Index of Refraction, p the Photoelastic Constant as 
Defined by Equation (12.3-7), and M. Is the Relative Diffraction Constant 
Defined Above (After Reference [4].) 


pP V, 

Material (mg/m* (kms) n p M,, 
Water 1,0 1.5 1.33 0.3] 1g 
Extra-dense flint glass 63 3.1 1.92 0.25 0.12 
Fused quartz (8:0,) 2.2 5.97 1.46 0.20 0.006 
Polystyrene 1.06 2.35 1.59 0.31 0.8 
KRS-5 7.4 2.11 2.60 0.21 1.6 
Lithium niobate (LINbOs} 47 7.40 2.25 0.45 0.02 
Lithium fluoride (LiF) 2.6 6.00 1.39 0.13 0.00 
Rutile (TiO) 4.26 19.30 2.60 0.05 0.001 
Sapphire (Al,05) 4.0 11.00 1.76 0.17 0.001 
Lead molybdate (PbMO,) 6.95 375 2.30 0.28 0.22 
Alpha iodic acid (HIO) 4.63 2.44 1.90 0.41 0.5 
Tellunum dioxice (TeQ,} 5.99 0.617 2.35 0.09 5.0 


(Slow shear wave) 
nd 
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Numerical Example: Scattering in Fused Quartz 





—a 
| it. 


Calculate the fraction of 0.633 pm light that is diffracted under Bragg conditions 
from a sound wave in PbMQO, with the following characteristics 


Acoustic power = | watt 
Acoustic beam cross section = 1 mm X | mm 
l = optical path in acoustic beam = | mm 
M (from Table 12-1} = 0.22 

Substituting these data into (12.3-23) yields 


Í dittracied = 37% 


incident 


4 DEFLECTION OF LIGHT BY SOUND 


One of the most important applications of acoustooptic interactions is in the deflec- 
tion of optical beams. This can be achieved by changing the sound frequency while 
operating near the Bragg-diffraction condition. The situation is depicted in Figure 
12-6 and can be understood using Figure 12-7. Let us assume first that the Bragg 
condition (12.1-4) is satisfied. The momentum vector diagram originally introduced 
in Figure 12-4 is closed, and the beam is diffracted along the direction @ as given 
by (12.1-4). Now let the sound frequency change from v, to », + Av, Since k, = 
2av/u,. this causes a change of Ak, = 2a(Av,/v, in the magnitude of the sound 
wave vector as shown. Since the angle of incidence remains @ and the magnitude of 
the diffracted & vector is unchanged,” so its tip is constrained to the circle locus 
shown in Figure 12-7, we can no longer close the momentum diagram and thus 
momentum is no longer strictly conserved. The beam will be diffracted along the 
direction that least violates the momentum conservation.’® This takes place along 


—er: 


"The smal! change in the diffracted wave vector that is attributable to the frequency change is typically 
about Akk = 10 7 and is neglected. (See Probiem 12.4.) 





The violation of momentum conservation is equivalent to destructive interference in the diffracted beam, 
su the beam intensity will be less than under Bragg condition, where momentum is conserved. The 
diffracted beam will thus have its maximum value along the direction in which the destructive interference 
1s smallest. This corresponds to the direction that minimizes the momentum mismatch, as shown in Figure 


}2-7, 
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Diffracted 
beam at 
sound frequency 


Incident ee ptá 
hight be —— o M A 
ight beam a AG . 
ae = Diffracted beam 


"> al sound frequency 





Variable-frequency 
sound wave 


Figure 12-6 A change of frequency of the sound wave from n, tO v; + Av, causes a change 
A@ in the direction of the diffracted beam, according to Equation {12.4-1). 


the direction OB, causing a deflection of the beam by Aé. Recalling that the angles 
@and A@ are all small and that k, = 2arvJ/v,, we obtain 


Ak, À 
Aé@ = = —— Ap, (12.41) 
k nv, 





so that the deflection angle is proportional to the change of the sound frequency. 
As in the case of electrooptic deflection, we are not interested so much in the 
absolute deflection A@ as we are in the number of resolvable spots—that is, the 
factor by which A@ exceeds the beam divergence angle. If we take the diffraction 
angle as ~ A/nD, where D is the beam diameter,” the number of resolvable spots is 


y- _ 2) as 
Ü diffrucied U, MD 





= Ap, (2) = Avt (12.4-2) 


4 


where 7 = Div, is the time it takes the sound to cross the optical-beam diameter. 


U According to (2.5-18), beam = ATAO is the half-apex diffraction angle, so the full-beam diffraction 
angle can be taken as 
AÀ 


Sartirecton = focam = TaD 


where 2 = 2e» is the Gaussian spot diameter. 
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Circle of radius k 
centered on O 





Figure 12-7 Momentum diagram, illustrating how the change in sound frequency from », to 
v, + Av, deflects the diffracted light beam from 0 to @+ Ag. 








Numerical Example: Beam Deflection 


Consider a deflection system using fint glass and a sound beam that can be varied 
in frequency from 80 MHz to 120 MHz; thus, Av, = 40 MHz, Let the optical beam 
diameter be D = | cm. From Table 12-1 we obtain v, = 3.1 X 10° em/s; therefore, 
t = Div, = 3.23 X 107° seconds and the number of resolvable spots is N = Ap,t 
= 130. 






Bragg interactions have recently been demonstrated [15] between surface acous- 
tic waves and optical modes confined in thin film dielectric waveguides. Since the 
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Figure 12-8 Guided-wave accustooptic Bragg diffraction from two tilted surface acoustic 
waves. (Reference |16}) 
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modulation efficiency depends, according to (12.3-19), on the acoustic intensity. the 
confinement of the acoustic power near the surface (to a distance. ~ Àp) leads to low 
modulation or switching power. 

Figure 12-8 shows an experimental setup in which both the acoustic surface 
wave and the optical wave are guided in a single crystal of LINDO . The dielectric 
waveguide is produced by out-diffusion from a layer of ~10 am near the surface, 
which raises the index of refraction. 

For a more advanced treatment of the subject of light and sound interaction in 
crystals and for some new devices that are based upon it, the student should consult 
Reference [17]. 


Problems 


12.1 Derive the expression of the frequency shift, under Bragg conditions, from a 
receding sound wave. 


12.2 Design an acoustic modulation system for transferring the output of a mag- 
netic-cartridge phonograph onto an optical beam with Ag = 0.0328 yam and fincden 
= 0} watt. Specify the power levels involved and the essential characteristics of 
all the key components. (Hint: Use the audio output of the cartridge to modulate a 
high-frequency (100 MHz, say) carrier, which is then used to transduce an acoustic 
beam. | 


12.3 What happens in Bragg diffraction of light from a standing sound wave? 
Describe the frequency shifts and direction of diffraction. 


12.4 Using Figure (12-4) show that under Bragg conditions the change in wave 
vector of the diffracted wave is 


K diffracted — K =? sin gts 
k 


12.5 Consult the literature (see References [4, 5], for example) and describe the 
difference between Bragg diffraction and Debye-Sears diffraction. Under what con- 
ditions is each observed? 


12.6 Bragg’s law for diffraction of X-rays in crystals is [7] 
A 
2d sin # = m= m=1,2,3,.,. 


where d is the distance between equivalent atomic planes, @ is the angle of incidence, 
and A/n is the wavelength of the diffracted radiation. Bragg diffraction of light from 
. sound [see Equation (12.1-4}] takes place when 


A 
2A, sin @ = — 
Fi 


Thus, if we compare it to the X-ray result and take A, = g, only the case of m = i 
is allowed. Explain the difference. Why don’t we get light diffracted along directions 
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8 corresponding tom = 2. 3,...? [Hint The diflaction of X-ravs takes place ut 
discrete atomic planes, which can be ideahzed as infinitely thin sheets, w hereas the 


sound wave ts continuous m z see Figure | 2-3. | 


12.7 Design an acoustic deflection system: using LiTaO, ta be used in scanning an 
optical beam in a manner compatible with that of commercial television receivers. 
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13.0 INTRODUCTION 





In this chapter we discuss a number of topics that invalve propagation of optical 
modes in dielectric films with thicknesses comparable to the wavelength. 

The ability to generate, guide, modulate, and detect light in such thin film con- 
hgurations [1-3] opens up new possibilities for monolithic ‘‘optical circuits” [4]— 
an endeavor going under the name of integrated opties [5], 

We will first consider the basic problem of TE and TM mode propagation in 
slab dielectric waveguides. A coupled-mode formalism is then developed to describe 
situations involving exchange of power between modes. These include (a) periodic 
(corrugated) optical waveguides and filters, (b) distributed feedback lasers, (c) elec- 
trooptic mode coupling, and {d) directional couplers. 
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13.1 WAVEGUIDE MODES—-A GENERAL DISCUSSION 


A prerequisite to understanding guided wave interactions is a knowledge of the 
properties of the guided modes. A mode of a dielectric waveguide at a (radian) 
frequency w is a solution of the wave equation 


VE) + Ber HE = 0 (13.1-1) 


where ki = wpe, = (2af/k) and n is the index of refraction. The solutions are 
subject to the continuity of the tangential components of E and H at the dielectric 
interfaces. In (13.1-1) the form of the field is taken as 


Eir, ) = E(x, yje” # (13. 1-2) 


The basic features of the behavior of dielectric waveguides can be elucidated with 
the help of a slab (planar) model in which no variation exists in one (for example, 
y) dimension. Channel waveguides, in which the waveguide dimensions are finite in 
both the x and y directions, approach the behavior of the planar guide when one 
dimension is considerably larger than the other [6, 7]. Even when this is not the case, 
most of the phenomena of interest are only modified in a simple quantitative way 
when going from a planar to a channel waveguide, Because of the immense math- 
ematical simplification that results, we will limit most of the following treatment to 
planar waveguides such as the one shown in Figure 13-1. 

Putting ð/ðy = 0 in (13.1-3) and writing it separately for regions I, II, and IH 
yields 


a 

Region I ve F(x, y} + (kant — BEG, y) = 0 (13.1-40) 
37 

Region II 3 E(x, y) + (krè - BEL, y) = 0 (13.1-4b) 
~ 
a 

Region H] = E(x, y) + (kandi -— BEC, vy) = 0 (13.1-de) 

x 
[ ny r= 


H ied tale | 
Vt) 


Figure 13-1 \slanbie Ottley ten waote 
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where F(x, y) is a Cartesian component of E(x, y). Before embarking on a formal 
solution of (13.1-4), we may learn a great deal about the physical nature of the 
solutions by simple arguments. Let us consider the nature of the solutions as a 
function of the propagation constant B at a fixed frequency w. Let us assume that 7 
> ħa > A. For B > kgr [that is, regime (a) in Figure 13-2], it follows directly 
from (13,1-4) that (1/E)\(@*E/dx"} > 0 everywhere, and E(x) is exponential in all 
three layers (I, IL IID} of the waveguides. Because of the need to match both E(x) 
and its derivatives at the two interfaces, the resulting field distribution is as shown 
in Figure 13-2(a). The field increases without bound away from the waveguide so 
that the solution 1s not physically realizable and thus does not correspond to a real 
wave. 

For kon; < B < kota as in points (b) and (c), it follows from (13.1-4) that the 
solution is sinusoidal in region II, since (1/E)(a?E/ax*) < 0, but is exponential in 
regions I and IM. This makes it possible to have a solution A(x) that satisfies the 
boundary conditions while decaying exponentially in regions I and II. Two such 
solutions are shown in Figure 13-2(b) and (c). The energy carmed by these modes 
is confined to the vicinity of the guiding layer I, and we will, consequently, refer 
to them as confined, or guided, modes. From the above discussion it follows that a 
necessary condition for their existence is that Kon), Kot, < 8 < kon, 50 that confined 
modes are possible only when n. > Ai, Aa that is, the inner layer possesses the 
highest index of refraction. 

Mode solutions for kg, < 8 < kon, regime (d), correspond according to (13.1- 
4) to exponential behavior in region I and to sinusoidal behavior in regions JI and 
II as illustrated in Figure 13-2(d). We will refer to these modes as substrate radiation 
modes. For 0 < 8 < kyin as in (e), the solution for E(x) becomes sinusoidal in all 
three regions. These are the so-called radiation modes of the waveguides. 

A solution of (13. 1-4) subject to the boundary conditions at the interfaces piven 
in the next section shows that while in regimes (d) and (e) £ is a continuous vanable, 
the values of allowed $ in the propagation regime kyr, < B < Kon, are discrete. 
The number of confined modes depends on the width,-t, the frequency, and the 
indices of refraction n 13,23. Ata given wavelength the number of confined modes 
increases from 0 with increasing t. At some t, the mode TE, becomes confined. 
Further increases in ż will allow TE, to exist as well, and so on. 

A useful point of view is one of considering the wave propagation in the inner 
layer 2 as that of a plane wave propagating at some angle @ to the horizontal axis 
and undergoing a series of total internal reflections at the interfaces I-I and H-H. 
This is based on (13.1-4b), Assuming a solution in the form of E œ sin (Ax + a) 
exp (—ifz), we obtain 


B +E = ky (13.155) 


The resulting right-angle triangles with sides 8, A, and Zona are shown in Figure 13- 
2. Note that since the frequency is constant, Ap. = (act, is the same for cases 
(b), (c), (d), and (¢). The propagation can thus be considered formally as that of a 
plane wave along the direction of the hypotenuse with a constant propagation con- 
stant kyr. As § decreases, @ increases until, at 8 = kata, the wave ceases to be 
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Figure 13-2 {rop} The different regimes (a, b, c, d, e) of the propagation constant, 8, of the 
waveguide shown in Figure 13-1. (middle) The field distributions corresponding to the dif- 


ferent value of 8. (bottom) The propagation triangles corresponding to the different propa- 
gation regimes, 





totally internally reflected at the interface HI-II. This follows from the fact that the 
guiding condition 8 > kyr; leads, using 8 = kon, cos 6, to @ < cos’ (nana) = 
a, where 6, is the total internal reflection angle at the interface between layers I- 
Il]. Since n, > na, total internal reflection at the II-IIE interface guarantees total 
internal reflection at the I-II interface. 


Confined Modes in a Symmetric Slab Waveguide 


Before considering the more general, and difficult, case of asymmetric waveguides, 
we will solve in some detail the case of the symmetric slab waveguide where n) = 


ny. The guiding layer of index n, > n, occupies the region —d < x < d, as in Figure 
13-3. 
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E = Ni Eg 


E = M Eo 


Figure 13-3 A symmetric slab waveguide. 


We consider the case of harmonic time behavior in the form of exp (iwt) and 
in infinite slab geometry so that there is no variation in the y directions (o/dy = 0). 
Maxwell's curl equations (1.2-1) and (1.2-2) become 


ÎE 


pn = iwut, (13, 1-6a) 
aE, òE, 
—_—-s=- i} 13.1-6b 
z a Oe (13.140) 
JE l 
P = —iwpH, (13.16c) 
ðH 
Ti = —iwsk, (13.1-4d) 
az 
oH, gH 
— - — = iweL, 13.1 
z a iweE, (13.1-6e) 
åH 
— = iweE, (13.16) 


Next we assume that the modes propagate in the z direction with the z depen- 
dence in the form of exp (—ißz) so that in (13.1-6) we can replace a/dz by —iß. An 
inspection of (13,1-6) reveals that we may obtain two self-consistent types of solu- 
tions. The first contains only Z,, #,, and F, and is referred to as transverse electric 
(TE) modes, since the electric field (£,) is restricted to the transverse (that is, normal 
to the direction of propagation) plane. Maxwell’s equattons (13.1-6) for the TE 


modes reduce to 


E, = -Œ x, (13.1-7a) 
B 

aE 

= = —iopH, (13.1-7b) 


The second type of mode ts transverse magnetic (TM) and involves H,, E., and 
E.. These are related, according to (13.1-6), by 


H, =" E (13.180) 
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oH, (13.1-8b) 


! 
we ox 


zz 

The solutions for the TE and TM modes are basically similar, so that in order 

to be specific we will consider the case of TE modes. Since the waveguide is sym- 

metric about the plane x = 0, the mode solutions must be either even or odd in x, 
that is, 


Ex, z t) = E{-x, z t) 


in the case of even modes, and 
EG, z t) = -B—2,z t) 
for the odd modes. The solution for the even modes is taken in the form 
E, = A exp [-p(x| - d- ig) had (13.19) 
and 
E, = B cos (Ax) exp (-i8z} pled (13.1-10) 


where p and f are positive real constants to be determined. From (13.1-7b) we obtain 
ipA 
= Fi exp pth] ~~ iB] ded (138.41) 
The (—) sign is used with x = d and (+) forx = —d 
inB 
H, = OM sin (Ax) exp (—iBz) h| = d (13.1-12) 
Next we require that the tangential field components E, and H, be continuous 


across the interfaces.’ The continuity of E, atx = +d leads according to (13.1-9) 
and (13.1-10) to 


A = B cos (hd) (131-13) 
while the continuity of H, results in 
pA = AB sin (hd) (13.1-14) 
From (13.1-13) and (13.1-14) it follows that 
pd = hd tan (hd) (13.1-15) 


since the field solutions (13.1-9) and (13.1-10) must satisfy the wave equation 
(13.1-4a,b), the following relations are obeyed 


P = kins -— he 
B= kint + p’ (13.1-18) 


'The reasons for these conditions are discussed in any elementary text on electromagnetic theory. 
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The last two equations can be combined to give 
(pdy + (hd? = (ng — nki (13.1-17) 


The propagation constants p and + of a given mode need to satisfy, simulta- 
neously, (13.1-15) and (13.1-17). A straightforward graphical solution is illustrated 
by Figure 13-4 and consists of finding the intersections in the pd-hd plane of the 
circle (pd)? + (hd)? = (n4 — ni)kod? with the curve pd = Ad tan (hd). Each inter- 
section with a p > 0 corresponds to a confined mode. The propagation constant 8 
of a given mode can be obtained, once p and h are given, from (13.1-16). 

To appreciate the nature of the solutions, let us consider what happens in a given 
waveguide (that is, fixed n;, na, and d) as the frequency increases gradually from 
zero. Since ky = ac, the effect of increasing the frequency is to increase the radius 
of the circle (pd)? + (hd)? = (nå — nikad”. At low frequencies such that 


OLVE- nthod < 9 (13.1-18) 
only one intersection (point A) exists between the circle and the curve pd = Ad tan 
(hd) with p > 0. This is evident from an inspection of Figure 13-4. The mode is 
designated as TE, and has a tranverse h parameter falling within the range 

T 
O< hd <7 (13.1-19) 


so that it has no zero crossings in the interior of the slab |x! = g, 





Figure 13-4 Plot of eigenvalue equations pd = Ad tan (hd) for even TE modes, pd = -hd 
cot (Ad) for odd TE modes, and the supplementary relationship (pd? + (hd? = 
(nå — of \kod* = u*. (After Reference [8).) 
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When the parameter u = Vn? — n kad falls within the range 
m EN — ntkad < 2r (13.1-20) 


we obtain two intersections with p > 0. One (point B) corresponds to a value of Ad 
< m2 and is thus that of the lowest order TE, mode. In the second mode (point C) 


r< hyd <— (13.1-21) 


and consequently this mode has two zero crossings (that 1s, points where £, = 0) in 
the region |x| < a. This is the so-called TE, mode (m = 3 in Figure 13-4). Both of 
these modes correspond to the same frequency and can thus be excited simulta- 
neously by the same input field. We notice, however, that the TE, mode has a larger 
value of p (that is, p, > p>) and is therefore more highly confined to the interior 
slab. It also follows from (13.1-16) that 6, > B, so that the phase velocity v; = 
av, of the TE, mode 1s smaller than that of the TE, mode. 

From (13.1-19) and (13.1-21) one would conclude that no mode exists with 7/2 
< Ad < 7, This is due to the fact that up to this point, we considered only modes 
with even x symmetry as in (13.1-10). Another family of modes—the odd TE 
modes—exists and is described by 


_ fA exp [7p > d) — if] x2d 
= fee ee xx -d (19.122) 
E, = B sin (hx) exp (—i82) Ix] sd (13.1-23) 


Applying the continuity conditions at |x| = d leads to 
pd = —hd cot (hd) (13.1-24) 


instead of (13.1-15). The mode solutions correspond to the intersection of (13.1-24) 
with the circle (13.1-17). Reference to Figure 13-4 shows that the corresponding 
values of A do indeed fill the gaps ‘‘avoided”’ by the even TE modes. 

The lowest order odd TE mode is designated TE, (m = 2), since its 4 parameter 
hə satisfies 


5 Ad <a (13,1-25) 


thus falling between A, (of TE,) and A; (of TE,). We can now generalize and state 
that the mth (TE or TM) mode satisfies 


(m = D3 < hnd < m3 (13.1-26) 


and has m — 1 zero crossings in the internal region jx| = d. The modes with m 1, 
3, 5,... are even symmetric, while those with m = 2,4,6., . are odd. We note that 
all the modes except the fundamental (m = 1} can exist (that is, are confined} only 
above a ‘‘cutoff’’ frequency. The higher the mode index, the higher its cutoff fre- 
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quency. The fundamental mode can exist at any frequency, as is evident from Figure 
13-4. If the dielectric waveguide is asymmetric (n; # na), the lowest order (mm = 1) 
modes also possess a cutoff frequency. This case will be taken up in the next section. 

The general features of TM modes are similar to those of TE modes except that 
the corresponding values of p are somewhat smaller, indicating a lesser degree of 
confinement. A larger fraction of the total TM mode power thus propagates in the 
outer media compared to a TE mode of the same order. This point is taken up in 
Problem 13.7. 


13.2 TE AND TM MODES IN AN ASYMMETRIC SLAB WAVEGUIDE 


In this section we will derive the mode solutions for the general asymmetric (a, # 
n) slab waveguide shown in Figure 13-1. We limit the derivation to the guided 
modes that according to Figure 13-2 have propagation constants 8 


kota < B < Kona 
where, to be specific, n; > n). 
TE modes 
The field component E, of the TE modes obeys the wave equation 
VEX y z) + openly, =0 i= 1,2,3 (13,2-1) 


where i refers to the layer and the (real) electric field 1s given by 
E, Ax, y, Zt) = RefE,G, y, De] 
For waves propagating along the z direction and for &/ðy = 0 we have 


EV (x, y, Z) = E (ne ™ (13.2-2) 
The transverse function @,,(x) is taken as 
C exp (—qx) QSr 
€ = C (co h = sin a) —-~=x=0 
¥ 


C (co ht + 7 sin exe +l- <x = -t (13.23) 


Applying (13.2-1) to (13.2-3) results in 
h = (rako — BI” 
q = (B° — nko” 
p = (B° ~ nako)” 


koe (13.24) 
c 
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The acceptable solutions for €, and X, = (/wp\(06,/dx) should be continuous 
at both x = QO and x = —t. The choice of coefficients in (13.2-3) is such as to make 
€, continuous at both interfaces as well as (d@,/dx) at x = 0. By imposing the 
continuity requirement on dé,/dx atx = —4, we get from (13.2-3) 


h sin At — g cos At = p( cos ht + ; sin n) 


or 


ptq 
tan kp = —P = 4 _ 13.25 
men — pal) (13:29) 


In the symmetric case (n, = n) the field (13.2-3) must be odd or even about 
the midplane x = —t/2. This special case was treated in Section 13.1 and leads to 
the eigenvalue equations (13.1-15) and (13.1-24). The last equation in conjunction 
with (13.2-4) is used to obtain the eigenvalues 8 for the confined TE modes. An 
example of such a solution is shown in Figure 13-5. 

The constant, C, appearing in (13.2-3) is arbitrary, yet for many applications, 
especially those in which propagation and exchange of power involve more than one 
mode, it is advantageous to define C in such a way that it is simply related to total 
power in the mode. This point will become clear in Section 13.3. We choose C so 
that the held @,(x) in (13.2-3) comesponds to a power flow of one watt (per unit 


Fhickness f at k = 0.6328 em 
0.08 .] 0.2 03 04650.6 0.8 1.0 15 2.0 3.0 um) 


form, = 1.77 





0.46 02 03 040506 08 1.0 > 3 4 § 678910 
tik 


Figure 13-5 Dispersion curves for the confined modes of ZrO on sapphire waveguide 4, = 
1. (After Reference [10].) 
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width in y direction) in the mode. A mode for which E, = AS (x) will thus corre- 
spond to a power flow of Al’ watts/m. The normalization condition becomes 


_ i Y - Bo f int} 2 = 
| E,H* Soa J-e EF dx = | (13.2-4) 


where the symbol m denotes the mth confined TE mode [corresponding to the mth 
eigenvalue of (13.2-5)] and H, = —i(wy)* aE z. 

Using (13.2-3) in (13.2-6) leads, after substantial but straightforward calcula- 
tion, to 


Cp = 2h (aa ae) (13.27) 
NB milt + lga) + Pad Ain + a) | 
Since the modes ee" are orthogonal (see Problem 13.6), we have 


s 2 
|. 88" de = a 


H 





5; mn (13.2-8) 


TM modes 


The derivation of the confined TM modes is similar in principle to that of the TE 
modes. Using (13.1-6) the field components are 


Hx, z, D) = dye’? 


; aH | 
E g N = — 2 = É g eer” (13.29) 
We az OE 
aH 
E(x, z ù) = -—— 
we ax 


The transverse function, #,(x), is taken as 


h 
-C (+ cos At + sin hero xi -t 
q 
h 
d(x) = {C (-+ cos Ax + sin r) —t=x20 (13.210) 
q 
h 
-— CeT x20 


The continuity of H, and E, at the two interfaces leads, in a manner similar to 
(13.2-5), to the eigenvalue equation 


tan At = up * 4 (13.2-11} 
k — pq 
where 
__ É -_ h 
Pom aP 1 2! 


502 


PROPAGATION AND COUPLING OF MODES IN OPTICAL DIELECTRIC WAVEGUIDES 


The normalization constant, C, is chosen so that the field represented by (13.2-9) 
and (13.2-10) carries one watt per unit width in the y direction 


an # -Ef Ha) _ 
9 — HE dx 2i ~ se g(x) dx ! 


or, using n? = &,€o, 
* HME]? 2 
| 1a ol dy = weg (13,2-12) 
-e n(x) Bm 
Carrying out the integration using (13.2-10} gives 
ay) 
Brat ett 
gGtrfr gtr l pth | 
att a: 202 
ny OG th’ aq Ptk np 





Cn = 2 











feet = 


a 
a 


q 


The general properties of the TE and TM mode solutions are illustrated in Figure 
13-5, In general a mode becomes confined above a certain (cutoff) value of t/A. At 
the cutoff value p = 0, and the mode extends to x = — ©, For increasing values of 
tih, p > 0, and the mode becomes increasingly confined to layer 2. This 1s reflected 
in the effective mode index BA/2 7 that, at cutoff, is equal to n4, and which, for large 
tfh, approaches n. In a symmetric waveguide (4, = n) the lowest order mode TE, 
has no cutoff and is confined for all values of #/A. The selective excitation of wave- 
guide modes by means of prism couplers and a determination of their propagation 
constants §,, are described in Reference [1]. 


(13.2-13) 


13.3 A PERTURBATION THEORY OF COUPLED MODES IN 
DIELECTRIC OPTICAL WAVEGUIDES 


In Section 13.2 we obtained solutions for the confined modes supported by a slab 
dielectric waveguide such as that shown in Figure 13-1. An increasingly large num- 
ber of experiments and devices involve coupling between such modes (12, 13, 17]. 
Typical examples are TM-to-TE mode conversion by the electrooptic or acoustoeptic 
effect [12] or coupling of forward-to-backward modes by means of a corrugation in 
one of the waveguides interfaces [15, 16}. In this section we will develop a formalism 
for describing such coupling. 
We start with the wave equation in the form 


YEr, t a? 
VET, 1) = pe ot +u PE Fir, i) (13.41) 


The total medium polarization can be taken as the sum 


Pir, n) = Par, O + Pool. £) (13.3-2) 
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where 
P(r, t) = [e(r) — el E(r, #) (13.3-3) 


is the polarization induced by E(r, t) in the unperturbed waveguide whose dielectric 
constant is e(r). The perturbation polarization P en (r, £) is then defined by (13.3-2) 
and represents any deviation of the-polarization from that of the unperturbed wave- 
ouide. Using (13.3-2) and (13.3-3) in (13.3-1) gives 


: PE, _ 
VE, — welt) SF = u = [Pron Œ, D), (13.3-4) 


and similar expressions for Æ, and £,. 

Ignoring the possibility of coupling to the continuum of radiation modes, re- 
gimes d and e in Figure 13-2, we expand the total field in the ‘perturbed’? waveguide 
as a superposition of confined modes 


Er, 1) = 4 >, A Ee Fm + ee, (13.35) 
where m indicates the mth discrete eigenmode of (13.2-5), which satisfies 
a’ 
= - ajero + a? pelryë r) = 0 (13.34) 


where e(r) = &i™(r). 
Substitution of (13.3-5) in (13.3-4) leads to 
A, ree 
g" 2 f (- Bey” + 52 + auena) eB nt 


l dA, dA 
+i f -23g Se + Eim) gm giel tee (13.37 
( 2i8., FE ) Em e | cc, (1353-7) 





2 
J? 
= BG [P pen (Fs t), 


First we note that in view of (13.3-6) the sum of the first three terms m (13.3-7} is 
zero, We assume ‘‘slow” variation so that 


d’An| q p |in 
dř "jad 














and obtain from (13.3-7) 
2 
> - iB ae EM pP + oc. = — [Poon (KD, (13.3) 
= Z 


We take the product of (13,3-8) with €£°(x) and integrate from —% to œ. The result, 
using (13.2-8), is 
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Heft oz) 





= a ca f {s} 
= -5 | Pe E DEPO d (1339) 


The presence of two terms on the left side of Equation (13.3-9) is due to the fact 
that the summation over m in (13.3-8) contains two terms involving €!"(x) for each 
value of m—one, designated as (—), traveling in the —z direction, and the other (+), 
traveling in the +z direction. 

Equation 13.3-9 can be used to treat a large variety of mode interactions [12]. 
Each physical example involves, in general, a different perturbation polarization P per 
(r, £}. They all, however, lead to the same set of ‘‘coupled mode’’ equations of the 
form of Equation (13.5-1}. Some important examples are considered in the following 
sections. 


13.4 PERIODIC WAVEGUIDE 


Consider a periodic dielectric waveguide in which the periodicity ts due to a cor- 
rugation of one of the interfaces as shown in Figure 13-6. Such periodic waveguides 
are used for optical filtering [16} as well as in the distributed feedback laser [17— 
19}. These two applications will be described further below. 

The corrugation is described by the dielectric perturbation Ae(r) = gg An’(r) 
such that the total dielectric constant 1s 


e'(r) = elr) + Ae(r) 
The perturbation polarization is from (13.3-2} and (13.3-3) 
Poa (T, Ò = Ac(ryE(r, À = An eE, 1 (13.41) 


a os 


Guiding layer fs 





Substrate iy 


Figure 13-6 A corrugated periodic waveguide. 
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Since An’(r) is a scalar, it follows, from (13,3-4), that the corrugation couples 
only TE to TE modes and TM to TM, but not TE to TM. 
To be specific consider TE mode propagation. Using (13.3-5) in (13.4-1} gives 
An'(r | 
[Pen (T OL, = — > [AmE (xe Bm? + ece] (13.42) 


which, when used in (13.3-9), leads to 





(-} } 
dA; alert Bz) a= £ ghut— Bz) — tg, 
a 
iEg g? ” 4 (m (s) (wip 
= “7 pA 5 Åm |_ An, De; EPI) dxe m + ee. | (13.43) 


We may consider the right side of (13.4-3) as a source wave term driving the 
forward wave AS") exp [i(a@t — 8,z)] and the backward wave AS” exp [i(wt + B3] 
on the left side. In order for a wave to be driven by a source, both source wave and 
driven wave must have the same frequency so that the interaction will not average 
out to zero over a long time (long compared to a period of their difference frequency). 
Equally important: Both source and wave need to have nearly the same phase de- 
pendence exp (182) so that the interaction does not average out to zero with distance 
of propagation z. If, for example, it is desired that the forward wave AS” exp [i(wt 
— P.) be excited, it is necessary that at least one term on the right side of (13.4- 
3), say the ith one, vary as exp [iert — B2] with 8 = 8,. If no other terms on the 
night side of (13.4-3) satisfy this condition, we simplify the equation by keeping 
only the forward wave on the left side and the ‘th on the right. We describe this 
situation by saying that the perturbation An’(x, z) couples the forward ( +s} mode to 
the Ath mode and vice versa. 

To be specific, let us assume that the period A in the z direction of the pertur- 
bation An’(x, z) is so chosen that mA = B, for some integer I. We can expand 
An’(x, z) of a square wave perturbation as a Fourier series 


An*(x, z) = An*(x) > a giramian (13.4-4) 
qs 
The right side of (13.4-3} now contains a term (g = $, m = s} proportional to 
AS exp [i(Qia/A — Bz}. But 


oii 
A B, = B, 


so that this term is capable of driving synchronously the amplitude Ab” exp (8,2) 
on the left side of (13.4-3) with the result 


(=) 
dA; 


F — eo ypa l AOE dige N-A (13.45) 
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The coupling between the backward A‘? and the forward AS”? by the /th harmonic 
of An*(x, z) can thus be described by 





o = KAW e Abn (13,44) 
and reciprocally 
a = pt At pare 
where 
K= vee l. An (BPP dx (13.47) 
AB = B,~ = B, ~ By (13.48) 


Some General Properties of the Coupled Mode Equations 


The coupled mode equations (13.4-6), first encountered here, play a major 
role in guided wave optics [12]. They describe not only coupling between 
modes due to a spatially periodic index perturbation but also, as we shall show 
later, many other situations, including electrooptic and acoustooptic coupling 
between modes in neighboring waveguides and within the same waveguide. 
It is thus worthwhile to pause and consider some of the basic properties of 
these equations, which are independent of the specific application. 

To simplify our notation, we replace the amplitude AS” of the backward 
propagating mode by A, and that of the forward mode by B. The coupled mode 
equations (13.4-6) now read 


dA = Kð exp [—12(AB)z] 


ad 
(13.49) 
dB 
z7 KA expiiè(A pz] 
z 
27 
AAB = |B + lad -ET = 123... 3 40) 
Epa = Kip 


for modes carrying power in opposite directions. The phase of x,, 15 
immaterial since it depends, according to Equation (13.4-4, 5), on the arbitrary 
choice of our z = 0 reference plane. It follows straightforwardly from (13.4- 
9) that 


d 
i (BoP — |A@)?) = 0 (13,4-9b) 
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so that the total electromagnetic power carried by the two modes is con- 
served, A more detailed example of this type of coupling is treated in Section 
13.5. 

If the two modes A and E carry power in the same direction, say z, the 
coupling coefficients in Equations 13.4-9 must obey 


Kan = -Kia (13.4-9c) 
p27 
(13.490) 
ë = Ô, +1, +2,... 
| Perturbed | 
| section of | 
Aj t waveguide | 
| | 
| | 
a TPS 
x=-a 


Agee K i e oe oes oe a, o, 
or Bee Pe O FS A 
OE e a aan “ote “as on cor coat + fF Le 
l Perturbation 


causes mode 
coupling here 





IB(z) 1? 


“PERTURBATION” REGION 


= zai 
Figure 13-7 (upper) A corrugated section of a dielectric waveguide. (lower) The incident and 
reflected intensities inside the corrugated section. 
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The power conservation takes the form of 


^ =0 (13.4-9e) 





2 (AD + IBG) 
dz ~ - 


An example of this type of codirectional coupling is discussed in Section 
13.7. A comparison of Figure 13-7 with Figure 13-11 reveals the fundamental 
difference in the nature of codirectional and contradirectional coupling. While 
the first case involves a spatially periodic exchange of power between A and 
B, the second one admits a continuous, one-sense exchange. 





Let us consider the specific ‘“square-wave’’ corrugation of Figure 13-6. In this case 
the periodicity (period = A) in the z direction is accounted for by taking 


1 2/. Ll, 
Anir, z) = An) E + (sin nz + 3 sin 3yz + za 





2 xr 
= Anrix) ` ag™ 1=1,3,5,... (13.4-10) 
l 
where 
2. 2 _ a a 
Ania = 471 TaS (13.411) 
0 elsewhere 
27 
TK 
-i 
— lodd 
B mi 
so that M 0 i even 
4 l= 0 
and for { odd we obtain from (13.4-7) and (13.4-10) 
+ > 
K= nk f APOENA) dx (13.4-12) 


In practice the period A is chosen so that, for some particular /, AB ~ 0. We 
note that for AB = 0 


Al 
A= z (13.4-13) 
where A‘ = 2/8. is the guide wavelength of the sth mode. 


We can now use the field expansion (13.2-3) plus (13.4-11) to perform the 
integration of {13.4-12). 
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= ü 
i AOE dr = (ni — n3) iS EPON? dx 


+ 2 
= (nt — nC? | oo hx - = sin ix dx 
(13.4-14) 
Although the mtegral can be calculated exactly using (13.2-3) and (13.2-5}, an es- 


pecially simple result follows if we consider that operation is sufficiently above 
propagation cutoff, tin, — maVsA > 1 so that from (13.2-4) and (13,2-5) 


B, = nko 
TA 
h, — 7 s= 1,2... = transverse mode number 
d: TENTE 2 
= = (ns -nN — 13.415 
ea -ap (2) asan 


The results can be verified using (13.2-4} and (13.2-5). In addition since g, > 
ħa we have, from (13.2-7}, 


Ah? wp 
Big; 
in the well-confined regime and for ha < | the integral of (13.4-14} becomes 


3 
4n? 4r wp 3 
=a {s} 2 dy — 2 
(ni 2 | [EPO] dx = (ni — 23) ——— 3noke k ) s € + Ja + 7 


Z = 
, = 


(13.416) 





and, using (13.4-15), 
Sha £) f +> g t a l O91) 


K, = 
“SIA Ny 2a (m5 nF Ag? Gi- i) 





The problem of two-wave coupling by a corrugation has thus been reduced to 
a pair of coupled differential equations (13.4-6) and an expression (13.4-17) for the 
coupling constant. 


13.5 COUPLED-MODE SOLUTIONS 


Let us retum to the coupled-mode equations (13.4-6). For simplicity let us put 
AC) = A, A”) = B and write them as 


g T KaBe "A 
z = p” Ae? ABk (13.51) 
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Consider a waveguide with a corrugated section of length L as in Figure 13-6. A 
wave with an amplitude B(Q) is incident from the left on the corrugated section. 
The solution of (13.5-1) for this case subject to ALL) = 015 


r ‘Oy 
A(e® = (0) ———““#-____-- z — 
z) (0 Ag sinh SL4 i5 cosh SLO ~ Al 
| e Pr 
Boje” = BO) 


—A sinh SE + iS cosh SE 
* {AB sinh |S(z — Li] + iS cosh [Stz — £)]} (13.5-2) 


where 

S= VK? — (apy 

K = |K,s| (13.53) 
Under the matching condition A£ = 0, we have 


Ate) = BO) Ka» Sinh [a(z — L) 
K cosh «KL 


cosh [kiz — £)] 
p = KO) ————_ 
Blz) (0) cosh Kh (13.94) 





A plot of the mode powers |B{z)/ and |A(z)[° for this case is shown m Figure 
13-7. For sufficiently large arguments of the cosh and sinh functions in (13.5-4}, the 
incident mode power drops off exponentially along the perturbation region. This 
behavior, however, is due not to absorption but to reflection of power into ihe bavk- 
ward traveling mode, A. 

From (13.3-5) and (13.5-2) we find that the z-dependent parts of the wave so- 
lutions in the periodic waveguide are exponentials with propagation constants 


pP = By + iS = = + Vie — [Bw — Bol? (13.55) 


where we used AB = £ — Bo, Bo = THA. 

We note that for a range of frequencies such that AB(w) < «, B" has an imag- 
inary part. This is the so-called '‘forbidden™ region in which the evanescence be- 
havior shown in Figure 13-7 occurs and which is formally analogous to the energy 
gap in semiconductors where the periodic crystal potential causes the electron prop- 
agation constants to become complex. Note that for each value of i= 1], 2,3.. 
there exists a gap whose center frequency wy satisfies Siwy) = i7/A. The exceptions 
are values of Z for which « is zero. We can approximate Pte) near its Bragg value 
(alt A) by B(w) = (ove ynen (tor is an effective index of refraction). The result is 


ki liz 
g= = + e _ (= (w -un (13.64) 


E 
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where wo, the midgap frequency, is the value of w for which the unperturbed is 
equal to By = Im/A. 

A plot of Re 8’ and Im 8' (for / = 1} versus œ, based on (13.3-6), is shown in 
Figure 13-8. We note that the height of the “‘forbidden’’ frequency zone is 


2 
(AW) gp = — (13.57) 
M -eF 
where x is according to (13.4-17} a function of the integer /. It follows from (13.5- 


6) that 
(Im B"}nex = K (13.58) 


In solid-state physics, it is well known that the behavior of electrons is described by 
means of electron wave functions that are of the form 


Y= utvero| ~ = + Kk; + e) 


There exist regions of electron energy £, where the propagation constant k; is com- 
plex independently of the direction of k, in complete formal analogy with (13.5-6). 
These are the so-called forbidden energy gaps of the crystal. Recent proposals and 
experiments [16,22] suggest that it should be possible to engineer ‘optical crystals” 
that have a three-dimensional periodicity that will possess a forbidden frequency 
gap for which optical propagation will be evanescent (i.e., with a complex propa- 
gation constant that is a three-dimensional generalization of (13.5-6)). 






vA = 0.0057 
He = 3.4 





T 3.]5 3.20 


Figure 13-8 Dependence of the real and imaginary parts of the mode propagation constant, 
B', of the modes in a periodic waveguide. At frequencies w < w < w,, Im{8°) + 0 and the 
modes are evanescent. At these frequencies, Re 8’ = InfA. 
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Numerical Example 


To appreciate the significance of An = 1077, which is achievable in a periodic index 
optical fiber in which the index perturbation is caused by ultraviolet exposure, we 
will calculate the coupling coefficient « that results from an index perturbation 


2 
n (Xy) = (na + Any = nå + mån sin = 7 


where no is the average index of refraction of the fiber. We use this result in (13.4- 
7) with An?(x) = 2a An and af = 1) = Xy. Using the normalization integral 
(13.2-8) and the approximation B = œW j2€qMt, leads to 
_ 2A 
A 

If the filter is to be used at the communication wavelength of A = 1.55 ym ina 
fiber with An = 1077, the result is x = (2 X 1071.55 X 107%) = 12.9em™' A 
length of a periodic index fiber 3 mm long can thus result in a reflection of 


Ir(w)|? = |tanh(xZ)? = 0,998 


K 


(13.5-9) 


13.6 PERIODIC WAVEGUIDES AS OPTICAL FILTERS AND REFLECTORS—PERIODIC FIBERS 





One of the most interesting and potentially important applications of spatially peri- 
odic optical waveguides is their use as optical reflectors [16] and filters. These ap- 
plications owe much of their impetus to advances in fabricating high-efficiency index 
gratings in spatially doped (and treated) silica fibers by means of exposure to standing 
wave patterns of ultraviolet light [17, 18, 19, 20, 21]. This is illustrated in Figure 
13-9. The index perturbation is in the form 





2 
An(x,y,z) = Amy sin < Z (13.61) 
À 
— 13.62 
A 2 sin @ í ) 


where ĝis the incidence angle of the two interfering beams. Practical systems employ 
excimer lasers (A = 0.244 pm) or doubled argon laser (A = 0.488 um) as the 
radiation source. 

The basic feature of the periodic waveguide is that at frequencies near the Bragg 
frequency wo, an incident mode is strongly reflected as indicated by Figure 13-7 
Frequencies not near @ are transmitted with essentially no loss. 

The field reflectance of a periodic waveguide of length L is obtained from Equa- 
tions (13.5-2). 

A(0) ~ixsinh(V x? — (ABY’L) 
ro) = 30) —Apsinh(Ve — (AB)L) + iVe — (By cosh Ve — (ABL) 


AB = Blw) - By =— — nen Bo = P= 1,2,3,... (13.63) 





where n.e is the effective mode index of refraction. 
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Figure 13-9 The irradiation of a silica fiber by the interferometric standing wave pattern of 
an ultraviolet light beam causes a periodic index perturbation in the fiber, The period is A = 
M2 sin & Doping with phosphorus and molecular hydrogen-loading of the fiber increase the 
sensitivity of the fiber to the ultraviolet radiation. The dip shown in the transmitted optical 
spectrum is due to the strong reflection for frequencies within the “‘forbidden gap.”’ 


Figure 13-10(a) shows a calculated plot of the power reflectivity hæ) vs. 
frequency detuning (w — w )/277. We note the extremely high mode reflectivities 
(|r? = .93 in this example) that are attainable. The filter selectivity indicates a 
resolution of ~10 GHz, Figure 13-10(b) shows a plot of the phase shift of the 
reflected wave. This (phase) information is of importance in applications such as 
vertical cavity lasers, which will be discussed in Chapter 16, and in calculating the 
effect of the filter on incident optical pulses. A useful technique for analyzing pe- 
riodic structures employs a transfer matrix approach and is outlined in Problem 13. 
The frequency dependence of r(w) is due to the dependence of Af on w (Eq. 
13.6-3). We can use the separation between the two nearest zero crossings of r(«), 
one on each side of wo, as a measure of the width of the reflectivity peak. These 
zero crossings occur when AB = x. Using (13.6-3) gives 


Å Hiter = zke (13.64) 
Ref 
The value of A wane is equal to the forbidden ‘‘frequency gap’’ shown in Figure 13- 
8. This is not surprising since the evanescent exponential decay, ie, Imp’ + 0, 
behavior characteristic of the gap is due to strong reflection of the wave at these 
frequencies. 


DISTRIBUTED FEEDBACK LASERS 


If a periodic medium is provided with sufficient gain at frequencies near the Bragg 
frequency wg (where [7/A = B), oscillation can result without the benefit of end 
reflectors. The feedback is now provided by the continuous coherent backscattenng 
from the periodic perturbation, In the following discussion we will consider two 
generic cases: (1) the bulk properties of a medium are perturbed periodically [17]; 
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Figure 13-10 The reflection characteristics of a periodic waveguide. (a} The reflectivity vs. 
frequency deviation from the Bragg frequency. The plot is in db (= 10 log |r”). (b) The phase 
of the reflected wave (phase of r} vs, frequency deviation. The center frequency is ry = 
1.9354 x 10’? Hz (Ap = 1.55 pm), «= 2cm |, LE = i cm. [Courtesy of A. 5. Kewitsch.] 
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(2) the boundary of a waveguide laser is perturbed periodically [18]. Both cases will 
be found to lead to the same set of equations. 

Semiconductor lasers with built-in monolithic gratings, the so-called distributed 
feedback lasers, ate the topic of Chapter 16. 


13.7 ELECTROOPTIC MODULATION AND MODE COUPLING 
IN DIELECTRIC WAVEGUIDES 


One of the most important applications of thin film waveguiding is in optical mod- 
ulation and switching. The reason is twofold: (1) The confinement of the optical 
radiation to dimensions comparable to A makes it possible to achieve the magnitude 
of electric fields that is necessary for modulation (see Section 9.5) with relatively 
small applied voltages. This leads to smaller modulation powers, (2) The absence 
of diffraction in a guided optical beam makes it possible to use longer modulation 
paths. 

The main principle of electrooptic modulation in dielectric waveguides involves 
the diversion of all or part of the power from an input TE (or TM) mode to an output 
TM (or TE} mode that is caused by an applied de (that is, low-frequency) field. To 
be specific we consider next the case of TM — TE mode conversion, This coupling 
is due to a perturbation polarization’ 


[Poort (D], & FE CEM (xe Pm? (13.7-1) 
pe ¥ 


caused by the TM mode at w whose field is E(x} in the presence of the de field 
E®, The symbol r is an appropriate linear combination of electrooptic coefficients, 
which will be discussed below. This polarization, acting as a source, can excite, 
according to (13.3-9), a TE wave A‘’’. The application of a de field thus causes a 
TM — TE power transfer. 

The complex amplitude of the y polarization at w produced by the TM field 


EO xeon Bm (13, 7-2) 


in the presence of a de field E® is” 





0} 
[Peel = — Are Ee (Pm (13.7-3) 


ü 


2This follows from the wave equation (13.3-1) or (13.3-4), according to which a TE mode with a field 
E, can be excited by P,. An input TM mode with a field E, can thus excite the TE wave (E, # 0) if the 
medium has an off-diagonal £, dielectric tensor component that generates P, = £E. In the electrooptic 
case ey, is induced by and is proportional to the applied dc field EÙ as in (13.7-1), 

>The origin of relation (13.7+3} is as follows: From the basic definition of the electrooptic tensor elements 
(Lin), in (9.1-3) it follows that a change in the indicatrix constant (1/n°)y is related to the corresponding 
change in the elements of the dielectric tensor €; by 


Ae, = -2af D) 
Ey Ay 
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Using (13.2-9) we take the TM input field EX(xjexp[i(et — Bywmz)] as that of 
the /th mode 


E (r, D) = B B, Höper TEA + ge, (13.7-4) 
DWE(X) 
where #€‘(x) is given by (13.2-10) and [B,° is the mode power per unit width in the 
y direction. The polarization (13.7-3) can thus be written as 
_ etre, QE” 


5 T BBAT? + cc, (13.78) 


[Pen T, Hh = 


Substitution of (13.7-5) into the wave equation (13.3-9} leads to 


(+) (=) 





mi _inTE., _ Ht ATE 
ie exp (— ipm 2) y GR 2) 
. © (i) 
=] B EOE ED gw. at ey 8014) de exp (iA 
a 


(13.76) 


If A™ ~ AE the coupling excites only the AS? wave, that is, it is codirectional, 
Dropping the plus and minus superscripts we can rewrite (13.7-6) as 


= = ~ik,{2)Be ier Pa Y (13,7-7) 
Pi 


_ 6 f euro DE a D gmd 0378) 


Kat T A 


Equation (13.7-8) is general enough to apply to a large variety of cases. The depen-- 
dence of E'° and r(x, z) on x accounts for coupling by electrooptic material in the 
guiding or in the bounding layers. The z dependence allows for situations where E% 
or r depends on the longitudinal position. To be specific, we consider first the case 
where the guiding layer -t < x < 0 is uniformly electrooptic and where E® is 


—t 


Eg 


Using (9.1-3) we thus relate Ae, to an applied de field EY by 


eit 0} 
Aii = — P r aE 
ù 


where r,, is the electrooptic tensor and where we sum over repeated indices. From the relation D; = e,£, 
+ P, we obtain 


£ 
[PSEA], = AE = E 1 BED 
Į] 
for the change in the ith component of the complex amplitude of the polarization at w induced by an 
optical field with amplitude Æ” at w in the presence of a de field Ey”. This last relation appears above 
in the form of (13.7-3) where the z and x dependence of E” are expressed explicitly and where 


3 il; iJi 
ETEY —— 68% pEr 
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uniform over the same region so that the integration in (13.7-8) is from —ż to 9, In 
that case, the overlap integral of (13.7-8) is maximum when the TE(m) and TM(/} 
modes are well confined and of the same order so that } = m. Under well-confined 
conditions, p, g > h and the expressions (£3.2-3), (13.2-7) for €0(x), (13.2-10) and 
(13.2-13) for (x) in the guiding layer become 


‘Boe 


172 
daen 
mo (a a 


where for well-confined mode 6" = B = B = kyna. In this case the overlap 
integral in (13.7-8) becomes 


Awu K , MAX 
6") — | 





4wV Me, f 4 MTX ZOV ME 
——_ | sm &k& = —— 
7 p 

since the integral approaches ¢/2. The coupling coefficient (13.7-8) achieves a max- 
imum value of 


f, HPE) dx = 


skore 
k— Tee (13.7-9) 


The coupling is thus described by 


dA, = —jxR Pa ed 
dz m 
and (13.7-10) 
dbn _ iA ebr PaE 
dz " 


The second equation of (13.7-10) can be obtained by a process similar to that leading 
to the first equation or by invoking the conservation of total power [12], which shows 
that the above expression for dB,/dz is needed to satisfy 


d 
T (An + Bal) = 0 
For the phase-matched condition fp" = Bw the solution of (13.7-10) in the 
case of a single input (8,,(0) = Bo, A,,(Q) = 0) is 
Baz) = Bo cos (xz) 
A(z) = —iBy sin (Kz) (13.7-11) 


Using (13.7-9) we can show that the field length product EL for which xL = 
m2, which is necessary to effect a complete TM +> TE power transfer in a distance 
L, is the same as that needed to go from ‘‘on'’ to “‘off’’ in the bulk modulator shown 
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in Figure 9-4. This result applies only in the limit of tight confinement. In general 
the coupling coefficient x is smaller than the value given by (13.7-9), and the E®™L 
product needed to achieve a complete power transfer is correspondingly larger. 

When SIM + BIF, the solution of (13.7-10), subject to boundary conditions 
B,{0) = Bo, Ant) = 0, is 


id. 
BD = B” co (sz) — F sit 3 


A(z) = -iB Ë ~ sin (s2) (13.7-12) 


where 
Sstt Bs BM — pr = Re (13.7-13) 


In contrast to the phase-matched case (13.7-11), the maximum fraction of the 
power that can be coupled from the input mode, Bm. to A, is 
2 
Fraction of power exchanged = ——_, (13.7-14) 
K+ 
and becomes negligible once ô 2 x, 
A plot of the mode power for the phase-matched (6 = 0) and ô # 0 case 1s 
shown in Figure 13-11. 
A deliberate periodic variation of E'(z) or r(z), in this case, with a spatial period 
2af( Bt - B™)| can be used, according to (13.7-8), to compensate for the mismatch 
factor exp [-i(8," — BF] in (13.7-10), thus leading again to a phase-matched 


operation. 


Example: GaAs Thin-Film Modulator at A = 1 ym 





To appreciate the order of magnitude of the coupling, consider a case where the 
guiding layer is GaAs and A = 1 ym. In this case (see Table 9-2} 


na =35 tr = 60 X 107 — 
volt 


Assuming an applied field £ = 10° volt/m, we obtain, from (13.7-9), 


x = 1.88 cm! 


7 
rey = 0.83 cm 


for the coupling constant and the power-exchange distance, respectively. 


ELECTROOPTIC MODULATION AND MODE COUPLING IN DIELECTRIC WAVEGUIDES $19 


lq Biz}! 





Mode power 





IB(z) 1? 





0 


(b) 


Figure 13-1] Power exchange between two coupled modes under (a) phase-matched condi- 
tions (BI! = ATB) as described by Equation (13.7- 11); (b) BTM + BT, Equation (13.7-12). 


An experimental setup used in one of the earliest demonstrations [3] of elec- 
trooptic thin film modulation is depicted in Figure 13-12. The modulation scheme 
is identical to that illustrated in Figure 9-8 and depends on an electrooptic induced 
phase retardation (9.5-1) 


I = (Arm - Brel 
. TH hal 
ay (13.7-18) 


where V is the applied voltage, t and / are the height and length of the waveguide, 
respectively. 
The ratio of the transmitted to the input intensities is given by (9.3-4), or, equiv- 
alently by (13.7-11) [note that I of (9.2-4) is the same as « in (13.7-9)] as 
lbo T 
a sin 5 (13.7-16) 


An experimental transmission plot is shown in Figure 13-13. 


Oy 
tiigh » GaAs Ny 
Low p GaAs 






fy 





Chopper 
[mage scanning slit 
Figure 13-12 The first demonstration of electrooptic modulation in a dielectric waveguide. 
An electrooptic modulator in a GaAs epitaxial film. The modulation field is due to a reverse- 
bias voltage applied to the metal semiconductor junction [3]. 


T 
L- n {EL + 
h T 5( 84 
6 
t 
5 
+ 
+ 
= 4 
a + 
3 
+ 
a 
l 
4 
+ : we 
10 20 30 40 50 ü 
F (volts) 


Figura 13-13 Transmittance of the waveguide, placed between crossed polarizers, as a func- 
tion of the applied reverse voltage [3]. 
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13.8 DIRECTIONAL COUPLING 


Exchange of power between guided modes of adjacent waveguides is known as 
directional coupling. Waveguide directional couplers perform a number of useful 
functions in thin-film devices, including power division, modulation, switching, fre- 
quency selection, and polarization selection. 

Waveguide coupling can be treated by the coupled-mode theory. Consider the 
case of the two planar waveguides illustrated in Figure 13-14. Refractive index 
distributions for the two guides in the absence of coupling are given by nix) and 
n,(x). The transverse electric field distribution for a particular guided mode of wave- 
guide a alone and a particular mode of waveguide b alone will be denoted by @5"(x) 
and €x), and their propagation constants by 8, and 8,. The field in the coupled- 
guide structure with an index n,(x) (for propagation in the positive z direction} is 
approximated by the sum of the unperturbed fields 


E, = AJE (ae Fe? = BE aee (13.61) 


In the absence of coupling—that is, if the distance between guides a and b were 
infinite—A(z) and A(z) do not depend on z and will be independent of each other, 
since each of the two terms on the right side of (13.8-1) satisfies the wave equation 
(13.3-1) separately. 

The perturbation polarization responsible for the coupling 1s calculated by sub- 
stituting (13.8-1) into (13.3-2) and (13.3-3). The result is 

Prea = EE By"AG)ac(x) — EEEE + EPB) — mae A] 

(13.8-2) 


where ní} is the index profile of the two-guide structure. Substituting (13.8-2) in 
(13.3-9) and integrating over x gives 


dA — — İK Be “Pe Pak — iM A 


dz 
= = — {Kpag “Pa Bort — iM,B (13.6-3) 
F 
Hy = 
f ae 
Ah n3 
F] ii A | i X 
Ne n? 


ny 
Figure 13-14 Spatial variation of the refractive index for uncoupled waveguides nlx) and 
n(x) and for a parallel waveguide structure m(x). 
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where 
_ (WEY ° 2 2 (upih) 
K haab T 4 I. [-(x) - Nia hE iF dx (13.8-4) 
_ eG j J _ 3 gliabh? dx 134-5 
M iab) 4 J-e [nw Riu p ¥ ) (15.80) 


The terms M, and M, represent a small correction to the propagation constants £, 
and f, respectively, due to the presence of the second guide. So if we take the total 


field as 


E, — AJE Ap (At Az] + BiB ele Be Mak] 


instead of (13.8-1), Equations (13.8-3} become 


dA 

dz = — ik phe 2% 

dB 

de —ix,Ae?* (13.86) 


where 
26 = (B + M,) 7” (Ba + Ma) 
The solution of (13.8-6) subject to a single input at guide b (B(0)} = Bo, A(O) 


= 0), and assuming Kae = Kao, is given by (13.7-12}. In terms of powers P, = AA* 
and P, = B8* in the two guides, the solution becomes 


2 
K 
P (2) = Py ares sin? {(«? + 857] 
Pilz) = Py — PAD) (13.8-7) 


where P, = |B(0)|* is the input power to guide b. Complete power transfer from b 
to a occurs in a distance L = a/2« provided 6 = Q (that is, equal phase velocities 
in both modes). For & # 0, the maximum fraction of power that can be transferred 
is from (13.8-7)} 


K? 


ya (13.88) 


The coupling constant « is given by (13.8-4). It can be evaltated straightfor- 
wardly using the field expressions (13,2-3) in the case of TE modes. In the special 
case of identical waveguides, 4, = A, and p, = pin Figure 13-14, one obtains 

2 Ps 
= — 2 (13.8-9) 
B(w + Upik? + p°) 
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The extension to channel waveguide couplers that are confined in the y, as well 
as in the x, direction is straightforward. In the weil-confined case w 2 2/p and (13.8- 
9} simplifies to 

z — ps 
= RE (13.610) 
Pwi + p) 

A typical value of « obtained at A ~ 1 am with w, s ~ 3 pm, and An ~ 5 X 107° 
is x ~ 5cm”! so that coupling distances are of the order of magnitude of x7’ = 2 
mm. 

A form of an electrooptic switch based on directional coupling [23] is as follows. 

The length L of the coupler is chosén so that for 6 = 0 (that is, synchronous 
case) KL = n/2. From (13.8-7) it follows that all the input power to guide b exits 
from guide a at z = L. The switching is achieved by applying an electric field to 
guide a (or 6} in such a way as to change its propagation constant unt! 


V3 
ôL = 4(8, — BL = 57 (13.811) 


that 15, 6 = V/3x. It follows from (13.8-7} that at this value of 6 
P, = 0 P, = Py 


that is, the power reappears at the output of guide b. A control of 6 can thus be used 
to achieve any division of the powers between the outputs of guides a and b. 

In practice a convenient way to control å is to fabricate the directional coupler 
in an electrooptic crystal. In this case, according to (9.1-11), the application of an 
electric field £ across one of the two waveguides will cause the index of refraction 
to change by 


An x nrE 


where r is the appropriate electrooptic tensor element. The change An will give rise 
to a change in propagation constant 


in a 
3 
~ — ån ~ — nE 
c € 


The control of the power output from both arms of a directional coupler by 
means of an applied voltage is iflustrated in Figure 13-15, The electrode geometry 
for applying a field to the waveguide is illustrated in Figure 13-16. 

One of the interesting applications for electrooptically switched directional cou- 
plers is in the area of very high-frequency (>5 X 10° Hz) sampling and of multi- 
plexing and demultiplexing of optical binary pulse trains. An example of the latter 
is demonstrated by Figure 13-16. Two independent, but synchronized, data pulse 
trains A and B are fed into legs a and b, respectively, of a directional coupler. The 
length of the coupling section satisfies the power transfer condition KL = a/2. The 
phase mismatch 4 between the two waveguides is controlled, as discussed above, by 
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Figure 13-15 The dependence of the power output from the arms of a directional coupler on 
the (voltage-controlled} phase constant mismalch ô. (After Reference (241 ) 


an electric field applied across one of the waveguides, This electric field is due to a 
microwave signal at a frequency w,,. The resulting peak phase constant mismatch, 
which occurs at the maxima and minima of the applied voltage, satisfies the condition 
(13.8-11) 








[Binal = (13.8-12) 


2E 
so that the 8 pulses, which are synchronized to arrive during the extrema of the 
microwave signal, exit from arm b. Pulses A. on the other hand, arrive when the 
applied field, hence 6, is zero, and since kL = 7/2, cross over and exit from guide 
h. The result is that both pulse trains A and B are interleaved, or in the electrical 
engineering parlance, multiplexed in the output of guide & The (combined) output 


Multiplexing and Demultiplexing 





Figure 13-16 Multiplexing and demultiplexing in a directional coupling configuration. 
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from $ can be fed into the input of a second directional coupler fed with a signal at 
2w,, 4nd multiplexed thereby with a second data train, and so on. 

The device can, of course, be operated in reverse, right to left in the figure, and 
act as a demultiplexer for separating the dense bit train A + B entering b into the 
individual trams A and B. 

A multiguide directional coupler such as that shown in Figure 13-17 is described 
by a set of equations 


dA, 
= —ixA,_, — ind, , (13.8-13) 
dz 





which ts an obvious extension of (13.8-6) to the multimode synchronous case (6 = 
0) when only adjacent channels couple to each other. The solution of (13.8-13) in 
the case of a single input, that is, A, (0) = 1, a = 0,A,(0) =On # Ois [23] 


Ay (2) = (~ia (22) (13.8-14) 


where J, is the Bessel function of order n. 
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GaAs 
(a) ; íb) 
Figure 13-17 (a) Sketch of channel optical waveguide directional coupler showing flow of 
light energy into adjacent channels. (b) Measured guided-light intensity profiles at various 
lengths. The profiles have been displayed relative to the sketch at the proper value of z. 
Intensity scale 1s arbitrary. The guides were produced by proton implantation into p” -GaAs 
crystal. (After Reference [23].) 
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A directional coupler based on this principle is shown in Figure 13-1 ?#(a). The 
predicted Bessel function distribution of the intensity at various propagation dis- 
tances ts shown in Figure 13-17(b). 


—————— ee oe 


In the preceding section we treated the important case of directional coupling be- 
tween two parallel waveguides (Figure 13-14} by means of the coupled-mode for- 
malism. The same problem may be approached from a different, and equivalent, 
point of view that is better suited for the treatment of certain important classes of 
experimental and device configurations. In this new point of view, we seek to obtain 
the propagating eigenmodes of the two-waveguide (in general, the multiwaveguide) 
system shown in Figure 13-14. The eigenmode is, by definition, that propagating 
field solution of the waveguiding structure that, except for a propagation delay factor, 
does not depend on the propagation coordinate z. We can obtain these mode solutions 
by a straightforward extension of the formalism of Section 13.1 to the more complex 
waveguide whose index profile n (x) 1s given at the bottom of Figure 13-14. This 
procedure, although exact, is laborious and does not submit itself readily to the 
intuitive understanding that characterizes the method of solution that starts with the 
coupled-mode equations. The following analysis follows closely that of Reference 
[12]. 

We recall that, according to (13.8-6), the normalized, individual waveguide, 
mode amplitudes obey the coupied-mode equations 


aA 

P = «Be 

= —ykAgt® (13.9-1) 
z 


20 = (Ps — Ba + (M, T Ma) 


These equations are equivalent to (13.8-6) except that here k = —ix,,. These equa- 
tions subject to boundary conditions A(O) and B(0) at z = O specify as in (13.8-1), 
the total field in terms of the individual waveguides’ fields. 


a(x, z, t) = A(z atM in guide a 
bix, z, O = ByE iena Pa Mai in guide b (13.9-2) 


with m and / denoting the transverse mode order. Since the individual mode field 
profiles 6"'(x) and (x) are known as well as Ba, By, Mas Mp, and the frequency 
w, the total field is specified once the (complex) amplitudes A(z) and B(z) are given. 
We thus may uniquely describe the field al z by means of a column vector’ 





“The term vector is due merely to the fact that Elz) is specified by two numbers that can be wewed as 
Lwo components and can thus be viewed formally as a vector in 4 two-dimensional space. 
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Rize Pe E (z) 
ro =|" “ip ( (13.9-3) 
A(zje a" E4(z) 
with 
By = By + M; 
The evolution of E(z) is obtained from equations (13.9-1) as 
dE . 
— = CẸ (13.9-4) 
dz 
with the matrix C given by 
~i" _ ak 
c- t (13.9-5) 
k -ipa 








Since an eigenmode depends on z only through a propagation phase factor, we 
postulate a solution 


K(z) = Ee” (13.9-6) 
Combining (13.9-4) and (13.9-6) results in 
CE = ivE (13.9-7) 


This is a standard matrix algebra eigenvalue problem [note similarity to Problem 2.2 
and to Equation (2.1-12)], where E is the eigenvector and iy is the eigenvalue of the 
matrix €. To determine E and y, we write out the two equations represented by 
(13.9-7) 
—i(B, — PE, — KE, = 0 

The condition for nontrivial solutions for £, and E, 1s the vanishing of the deter- 
minant of the coefficients in (13.9-3). The solution of the resulting quadratic equation 
yields the eigenvalues 


R 1 _ 
pas Es VG By Fae -BES (1399) 


— | 

B=5 Git Bi) SVETE =p- p (13910) 
The two values y; and y, are substituted, one at a time, in (13.9-8) to obtain, to 
within an arbitrary constant, the corresponding eigenvectors. The result is 


iK* 
E,(g) = [8 + Sle (13.9-110) 
1 
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iK 
Eaz) = |8 - Sje S (13.9-11b) 
| 





We note that, as expected, E; - E} = 0, Le., the eigenmodes are orthogonal. The 
mode norms E- Ef = | + Ik A8 + SF are proportional to the respective (eigen) 
mode powers and are thus a constant. The two components ix*/ (6 + S} and 1 of 
each eigenvector represent, respectively, the normalized amplitudes of the individual 
waveguide modes, €{"(x) in guide b and 6°" (x) in guide a, which together make up 
the eigenmode of the two-waveguide system. The ratio of the power in waveguides 
b and a in these two ‘‘supermodes”’ is thus |«/*/( + §)°. In the limit «/6 — 0. the 
‘velocity mismatch” limit, E, and E, become 








e 8, (13.9-12) 





to within a multiplicative constant, i.e., the super-(eigen) modes become the un- 
coupled single-waveguide modes. 

Another important situation occurs when the two individual waveguide modes 
have the same phase velocity, i.e., 8 = 0. In this case 


KF 
For , 
E íz) mn || p NAT |xpe 
(4=0) 
i 
=B =B, (139-13) 
KË 
| 
að = | Tel] emete 
(8=0) 


| 


The admixture is 50-50 percent and each waveguide carries half of the total power. 
In the case of identical waveguides at 6 = 0 and for / = m (i.e, same order modes), 
the coupling constant « 1s a negative imaginary number [see Equations (13.8-3) and 
(13.8-4)] so that the two eigenvectors [of (13.9-13}] take the form 





Bia) = | | ee 

{6=0} 

Ez) = | | e “Pr (13.9-14) 
(a=) 








E,(z) is thus the odd symmetric mode while E,(z) is even symmetric as depicted in 
Figure 13-18. 


THE EIGENMODES OF A COUPLED WAVEGUIDE SYSTEM (SUPERMODES} 529 





Figure 13-18 The transverse (x) field distribution of the two supermodes at the phase velocity 
matching (ê = 0) condition of the parallel two-guide structure whose index of refraction 
profile is shown at the top, 
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A / Individual haw) 
f uncoupled „7 
waveguide 7 
dispersion s” 








Odd mode 


Propagation constant 


Frequency (a) 


Figure 13-19 Some field distributions and the dispersion curves of the two lowest order array 
modes (‘‘supermodes’’) of a two- waveguide configuration near the phase-matching frequency 
(wg). The dashed curves correspond to the guide’s dispersion in the absence of coupling. 
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According to (13.9-11) the admixture, hence the profile of the supermodes, 
depends on the phase velocity mismatch parameter 4. A situation may exist where 
the uncoupled dispersion curves of the individual guides may cross each other at 
some frequency wo as shown in Figure 13-19. In the vicinity of wg the supermode 
profile is thus a strong function of é and, hence, of œw. If we approximate the mismatch 
parameter near wo by 6 = const (w — mo}, then the supermodes’ dispersion clrves 
ylw) and yaw) are as shown in the figure. Also shown are the (super) mode profiles 
at wo and at a frequency œw where ôw) > xK. 

Since the supermode (i.e., eigenmode) description of the waveguide problem is 
formally equivalent to one that is based on individual waveguide coupled modes, it 
ts instructive to consider how we might, for example, describe the phenomenon of 
directional coupling [see (13.8-7)| by means of our new point of view. To simplify 
matters, we assume 6 = 0 (phase-matching) and, referring to Figure 13-18, consider 
the case where at z = 0 power is fed into guide a (on the left) only. This boundary 
condition can be satisfied by expanding the total field at z = 0 as an equal admixture 
of the two supermodes (13.9-14) taken 


E,,(0) = E,(0) + E,(0) = |” (13.9-15) 


2 
It is also clear that if one were to add algebraically the fields of Figure 13-18, they 
would reinforce each other on the left and largely cancel each other on the right 
leading to the column vector in (13.9-15). Having established in (13.9-15) the proper 
admixture that satisfies the boundary condition at z = 0, we can determine the field 
at any z by simply inserting the z-dependence of each supermode, 


Eak?) = E (O)e Is + E(O)e “Attn 








= fx eo HAs ix! ge K+ [nt 
l l 
= e "P-R (0) + E (0e 7] (13.9-16) 
At a distance z where 
T 
Kz = 5 
the total field is 
Ba = z) = e “PME, (0) - £,(0)] 
2|x! 
2ik" 
= e48- | af | (13.9-17) 
0 


so that the power is completely in the right waveguide. This exchange of power 
between the two guides takes place every Az = 7/2Ix| just as predicted by the 
coupled-mode solution (13.8-7). Using the present point of view, however, we at- 
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tribute the sloshing of power between guides to the difference of the phase constants 
ya — y; = 2r of the two supermodes leading to the factor exp(—i2|x|z) in the last 
term of (13.9-16). 


13.10 LASER ARRAYS (25, 26) 


In Section 13.9 we showed that starting with the coupled-mode equations (13.8-6) 
for two adjacent and interacting waveguides we can obtain the supermodes, 1.¢., the 
modes of the two-waveguide system. The same approach can be applied to the 
problem of finding the modes of an N-waveguide system. Such semiconductor laser 
arrays [25, 26] are now widely used to increase the power output relative to that 
which is available from a single waveguide laser, 

Consider a structure consisting of N adjacent waveguides as shown in Figure 
13-20. For simplicity we assume that each waveguide can support one mode only. 
If we label the waveguides by 1, 2,..., N and take the normalized electric field 
mode solution of the isolated mth waveguide as 4,6,,(x, yje ‘?*", we can describe 
the total field at some arbitrary plane z as 


Elz) = D, AmlZE u(x, ye” Pat (13.10-1) 


where the z dependence of A,, reflects the possible amplitude and phase coupling 
between the “individual” waveguide modes. Jf the waveguides were perfectly iso- 
lated from each other, the A,,’s would be constant and independent of each other. 
The individual waveguide modes are subject to a normalization condition (13.2-6) 


Pn | Bx, y)[Pdraly = 1 (13.10-2) 
ep t= 
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Figure 13-20 A three-channel semiconductor laser array. The active amplifying regions are 
GaAs quantum wells. The elliptical spots correspond to the near-field intensity pattern. (After 
Reference [27].) 
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so that the total power in the mth guide is |A,,|’, The total field at z can be represented 
uniquely by the column vector 


A (zje Pr E (z) 
Aze Pr E,(2) 


(13.103) 


z 
D 
M 
ii 


Arze P~ E Az) 


If we assume that each mode couples only to its immediate neighbors, then, in the 
manner of (13.9-1), the mode amplitudes Amiz) obey 


dA m 


dz 


From its definition in (13.10-3) and from (13.10-4), it follows that the component 
Entz) of the vector E(z) obeys 


= Km in Angie ee Fat 4 Km- Ay per Bei (13.104) 


dE aA 
— = iB Anl e EA +S e Pm 
k BAZ) E 
= iB Ag(ze P + Katt Ar + Ee Pms I 
+ Kpm- Åm- 18 AT (13.105) 


where, according to (13.9-1) and (13.8-3), 
Kinin! = = K+ Ln (13.106) 


The set of coupled equations (13,10-5) can be expressed, using the vector definition 
of Equation (13.10-3), as 


dE 
—=CE (13.107) 
dz 
=i) Kiz dj 0 (} 
Ko, IB» Ko, Ù 0 
0 Ky32 Tips Kay Q 0 
C=] | Se | l (13.10-8) 


0 0 Q Q Kyy- Uw 
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A propagating supermode, by definition, is a field solution that except for a phase 
factor exp(iyz) to be determined, is independent of the propagation coordinate z. We 
can express it as 


E(z) = Ee” (13.10-9) 
dE 
T = iyE 


which combined with (13.10-7) results in 
(Č — iyDE = 0 (13.10-10) 


where I is the identity N X N matrix. Equation (13.10-10) is a generalization of 
(13.9-7). If written out in detail, it becomes 


(Cy, — iE, + Cp, tose + CE = Q 
Cub, t+ (Ca — IPE: ++ + Corky = 0 


(13.10-11) 


Cw Ey + Cyl, tee + (Cuy — PYEN = 0 


These ate X homogeneous equations with N unknowns (F,,..., Ex) similar to 
Equation (13.9-8}. The method of solution involves first finding the roots of the 
determinantal equation 


det IČ — iyl| = 0 (13.1012) 


for the N eigenvalues iy), ..., i¥y. Each eigenvalue, say, iy, is then used in (13.10- 
11) to obtain the corresponding eigenvector E”, which thus satisfies 


(Č - iy DE’ = 0 (13.1013) 


The »th supermode (sometimes called the array mode) thus consists of a unique 
linear superposition of the individual waveguide modes €,,(x, y} with a fixed relative 
phase between any two of them. This combination propagates together with a single 
phase factor exp(iy,z). The total field of the »th array mode (supermode) can be 
written using (13.10-1), (13.10-3), and (13.10-9) as 


6'(x,y,z) = | Leta Ja (13.10-14} 
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The simple case of identical waveguides that are equally spaced with nearest 
neighbor coupling deserves some special attention. In this case we have B, = B, 
. = Ay = B. We also have from (13.8-6) 


Kinm+] © —~Kmt im = TIK (13.1015) 


Using the last relation we obtain directly from (13.10-12) and (13.10-11) 





poo TP €=1,2,..., 
E! = sin G 7 yer ON (13.10-16) 
TH 
— -B — 2x cos | —— 13.1017 
n-e- E) O omm 


where, we recall, EF 1s the complex field amplitude in waveguide € corresponding 
to supermode r as in Equation (13.10-14). —y, 1s, according to (13.10-9) the prop- 
agation constant of supermode w. 

Theoretical plots of a four-waveguide supermodes are shown in Figure 13-21, 
We note that only the fundamental » = 0 mode, in which all the channel fields 
possess the same phase, has a far-field consisting (mostly) of a single lobe centered 
on 9 = 0° 

Semiconductor laser arrays of the type Illustrated in Figure 13-20 have received 
a great deal of attention during the last few years due to their potential for combining 
coherently the power outputs of many lasers (25, 26}. Many different approaches to 
““encourage’’ the semiconductor laser array to oscillate only in its desirable (in- 
phase) fundamental mode have not been entirely successful [26]. 

To appreciate the connection between the near-field, say, at the output facet, 
and the far-field, we recall that according to (13.10-14) we can write the near field 
of the vth supermode measured at the output plane < = L in the form of a phase- 
locked superposition of individual waveguide modes 


N 
E", y, = MEE Ay, y) expliy L) (13.10-18) 
f=] 


The amplitudes Æ; = #;(0) are the solution of (13.10-11)} for the rth mode. Let 
E (0) be the far field of the @th channel by itself when E; = t while En = 0 and m 
# £. With 8 measured from the normal to the exit plane in the x-z plane, it follows 
from (13.10-18} by superposition that the far field of the rth supermode is 


FB) = 2 EXE (6) (13.10-19) 


In the, special but important, case of identical channels, we have 


E AB) = E,, (he “or — Efe nant 
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(microns) 
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(degrees ) (dagrees) 
(a) tb) 
Figure 13-2] The four supermodes of an index-guided four-channel waveguide: (a) The low- 
est order (highest |y,}) » = 0, mode. (b), (c), (d) The next three modes in decreasing order of 
B. The upper figure in each case shows the near field in relation to the channel array. The 
lower figure is that of the far-field intensity. The individual channel waveguides can support 
a single mode (each) only. (Courtesy of C. Lindsey) 


where $ is the separation between two channels so that koSsin 8 is the extra phase 
delay in the far field between the fields arriving from two adjacent channels. From 
the last two equations 


N-] 
FX8) = Eff) >, Ereti (13.10-20) 
f=0 
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Figure 13-21 (continued) 


The far-field intensity pattern is 


FOr = EKAGO (13-10.21) 
with 
N-I] Z 
GG) = | Y Eyesin (13.1022) 
{=Ü 


The *‘grating function’ G’(@) is periodic in sing with a period A(sin@) = 2milkaS). 
It corresponds physically to the radiation pattern in the far field of N point (.e., ‘*6- 
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function’’) sources spaced by $ whose relative amplitudes are proportional to Er. 
The grating function G°(@) of the fundamental (v = 0, i.e, +++++) mode of a 
five-element (X = 5) array is shown in Figure 13-22(a). The solid curve is based on 
amplitudes Fy obtained from a solution of (13.10-11). The dashed curve is a plot of 
GH with E = 1, ie., equal and in-phase amplitudes. The remaining curves show 
CO of the high order supermodes. The limited angular spread of the optical beam 
as described by °(#) is due to the finite angular extent of the single aperture radiation 
pattem |E (M|? which is a factor in F’(@)}. In Problem 13.12 we show that to obtain 
a single-lobed, far-field pattern it is sufficient to have an aperture whose widih sat- 
isfies W = 5/2. 


Relative intensity 





-3z -24 -x OF æ 2n JR 
k5 -stn @ {radians} 
Figure 13-22 The grating functions G” of the five supermodes of a five-channel array. The 
dashed curve in (a) corresponds to an array of five equal amplitude (E; = 1) radiators. (After 
Reference [25].) 
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Problems 
13.1 Derive Equation (13.2-7). 


13.2 Show that the form of Equation (13.7-10) 1s consistent with the conservation 
of the modes’ power. 


13.3 Derive the equations in (13.7-12). 


13.4 Derive an expression for the modulation power of a transverse electrooptic 
waveguide modulator of length £ and cross section 2A xX 2A (A is the vacuum 
wavelength of the light). Compare to the bulk result ([9], p. 547}. Estimate the power 
requirement for a LiNbO, modulator at A = | gm, L = 5 mm. 


13.8 Derive Equation (13.2-13). 


13.6 Prove the orthogonality relation Equation (13.2-8}. What happens to this re- 
lation if £ 1s complex? 

13.7 Compare the ratio of the power propagating im the regions with an index a, 
to that of the total power for a TE,, and TM,, mode. 


13.8 Show that in the case of electrooptic mode coupling in which BA # Bi 
{see Equation (13.7-10)], one can use a z periodic electrooptic constant or electric 
field to obtain phase matched operation. How would you accomplish this in practice? 
(Be bold and invent freely.) 


13.9 Show that in the case of coupling between modes that carry power in opposite 
directions the conservation of total power condition becomes 


d a 
= (iAP — IBF) = 6 
z, Ml al) 


which can be satisfied if stead of (13.7-10) we have 


dA CARL- Bi 
T — KaBe NAg- BaN 
dB = ar, Ae Pe Bae 
dz 


13.10 Find the eigenmodes, as in (13.9-11), of a two-channel (waveguide) system 
with individual exponential gain constants y, and Yp in each guide. 


13.11 Referring to Figure 13-20 assume that the regions between the optical wave- 
guides are highly absorbing. Explain qualitatively why the desirable (++ --- +) 
supermode has a smaller modal gain at a given injection current than the (+ ~+— 
+--+ +) supermode. 


13.12 


a. Plot the array function G°(#) of a six-channel in-phase (+ ++ +-+ +) supermode 
taking EP = 1. 
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. Using the diffraction result Equation (4.8-2), derive the far-field distribution E,(6) 
due to a single channel, say channel 0, whose near field is 


cos (=) -WA =x = Wi? 
Eol, y) = W 


ü elsewhere 


. Plot the far-field intensity distribution function [F°()|? of the mode assuming koS 
= 67 and (1) W = 0.055, (2) W = 0.28, and (3) W = 0.65. (5 is the distance 
between the centers of two nearest-neighbor channels.) Obtain an approximate 


relation between the number of lobes in the far field and the ratio W/5, 


13.13 Repeat Problem 13.12 forthe (+ — + — +) mode, ie., Ey = E = E_. = 
l, FE = E] = —i. 
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INTRODUCTION 


This chapter takes up the basic concepts and some key applications of the remarkable 
field of holography [1-8]. This field traces its beginning to a 1948 paper by D. Gabor 
[1] and to a major improvement by Leith and Upatnieks [2] who solved a major 
problem of the original proposal. Holography is an imaging technique in which the 
recording ts accomplished by an interference in the recording medium of two, usually 
mutually coherent waves: the image-bearing ‘“‘picture wave” and the. usually, plane 
wave or spherical, “‘reference’’ wave. The intensity pattern due to this interference 
““burns’’ itself into the volume (or surface) of the recording medium in a propor- 
tionate manner by modifying its index of refraction or gain. This pattern—the ho- 
logram—clearly contains both phase and amplitude information of the *‘picture.”’ 
Viewing (reconstruction) is achieved when a wave identical and usually from the 
same direction as the original reference wave is incident on the hologram. The wave 
created by the diffraction of this wave from the hologram is identical in all essential 
respects to the orginal picture wave so that the viewer perceives the three-dimen- 
sional aspects of the originally photographed objects. 

In volume holograms, it is possible to store a large number of pictures and to 
view each one of them selectively, with negligible crosstalk from the other pictures. 


54] 
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14.1_ THE MATHEMATICAL BASIS OF HOLOGRAPHY’ 


— nr 


Figure 14-] illustrates the experimental setup used in making a simple hologram. A 
plane-parallel light beam iuminates the object whose hologram ts desired. Part of 
the same beam is reflected from a muirtor (at this point we refer to it as the reference 
beam) and is made to interfere within the relwme of the photosensitive medium with 
the beam reflected diffusely from the object (object beam). The photosensitive me- 
dium is then developed and forms the hologram. 

The image reconstruction process is illustrated in Figure 14-2. It is performed 
by illuminating the hologram with the same wavelength laser beam and in the same 
relative orientation that existed between the reference beam and the photosensitive 
medium when the hologram was made. An observer facing the far side (2) of the 
hologram will now see a three-dimensional image occupying the same spatial po- 
sition as the original object. The image 15, ideally, mdistinguishable from the direct 
image of the laser-iltuminated object. 


The Holographic Process Viewed os Bragg Diffraction 


To illustrate the basic process involved in holographic wavefront reconstruction, 
consider the simple case m which the two beams reaching the photosensitive medium 





‘Chapters 17 and 18 deal wath the more advanced topic of dynamic holography in nonlinear optical 
media. The treatment of this section is mostly kinetic, [I tells us when and how things happen but does 
not address the magnitudes involved. It is meant as an Introduction to the major concepts of holography. 


Plane 
mirror 


beam 
T 


eo. 


Photosensitive 
medHim 








Plane-parailel 
laser beam 


Figure 14-1 A hologram of an object can be made by exposing a photosensitive medium at 
the same time to coherent hebt, which is reflected diffusely from the object. and a plane- 
parallel reference beam, which is part of the same beam that is used to illuminate the object. 
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Figure 14-2 Wavefront reconstruction of the original tmage is usually achieved by illumi- 
nating the hologram with a laser beam of the same wavelength and relative orientation as the 
_ Teference beam making it. An observer on the far side (B) sees a virtual image occupying the 
same space as the originai subject. 


in Figure 14-1 are plane waves. The situation is depicted in Figure 14-3. We choose 
the z axis as the direction of the bisector of the angle formed between the two 
propagation directions k; and E, of the reference and object plane waves inside the 
photosensitive layer. The x axis is contained in the plane of the paper. The electric 
fields of the two beams are taken as 


i(k, -1— wt} 


Cotyect(T t) = E€ 


Ereforence (P, D = ET (14.1-1) 
From Figure 14-3 and the fact that [k,| = Ik.| = k, we have 

kı 

k, = —a,k sin 0 + ak cos @ (14.1-2) 


a,k sin 6 + a,k cos # 


II 


where k = 27, and a, and a, are unit vectors parallel to x and z, respectively. 
The total complex field amplitude is the sum of the complex amplitudes of the 
two beams, which, using (14.1-1) and (14.1-2), can be written as 


E(x, z) = E ganat cost) +4 Engin e088) (14.1-3) 


If the photosensitive medium were a photographic emulsion, the exposure to the two 
beams and subsequent development would result in silver atoms developed out at 
each point in the emulsion in direct proportion to the time average of the square of 
the optical field. The density of silver in the developed hologram is thus proportional 
to E(x, DE*(x, 2), which, using (14.1-3), assuming £; and £, teal, becomes 


E(x, DE*(x, 2) = E? + E5 + 2E,E, cos (2kx sin 8) (14.1-4) 


The hologram is thus seen to consist of a sinusoidal modulation of the silver density. 
The planes x = constant (that is, planes containing the bisector and normal to the 
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Figure 14-3 A sinusoidal ‘‘diffraction grating,” produced by the interference of two plane 
waves inside a photographic emulsion. The density of black lines represents the exposure and 
hence the silver-atom density. The z direction is chosen as that of the bisector of the angle 
formed between the directions of propagation iside the photographic emulsion. It is not 
necessarily perpendicular to the surface of the hologram. 


plane of Figure 14-3) correspond to equidensity planes. The distance between two 
adjacent peaks of this spatial modulation pattern is, according to (14.1-4), 


T Ain 


— 


= = 14.146 
d kanë 2 sin @ i ) 








In the process of wavefront reconstruction, the hologram is illuminated with a 
coherent laser beam. Since the hologram consists of a three-dimensional sinusoidal 
diffraction grating, the situation is directly analogous to the diffraction of light from 
sound waves, which was analyzed in Section 12.1. Applying the results of Bragg 
diffraction and denoting the wavelength of the light used in reconstruction (that is, 
in viewing the hologram) as Àg, a diffracted beam exists only when the Bragg con- 


dition (12.1-4) 
, ÀR 
2d sin Ay = —— (14.1-6) 
MR 
is fulfilled, where @, is the angle of incidence and of diffraction as shown in Figure 
14-4 and ng is the index of refraction. Substituting for d its value according to (14.1- 
5), we obtain 
A 
sin z = (2) 7 sin @ (14.1-?) 


tip 
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Figure 14-4 Brage diffraction from a sinusoidal volume grating. The grating periodic distance 
dis the distance in which the grating structure repeats itself. In the case of a hologram we 
may consider the vertical lines in the figure as an edge-on view of planes of maximum silver 
density. 


In the special case when Ap = A—that is to say, when the hologram is viewed with 
the same laser wavelength as that used in producing it—we have 


a, = 8 


so that wavefront reconstruction {that is, diffraction) results only when the beam 
used to view the hologram is incident on the diffracting planes at the same angle as 
the beam used to make the hologram. The diffracted beam emerges along the same 
direction {k,} as the original ‘‘object’’ beam, thus constituting a reconstruction of 
the latter. 

We can view the complex beam reflected from the object toward the photo- 
graphic emulsion when the hologram is made, as consisting of a ‘‘bundle’* of plane 
waves each having a slightly different direction. Each one of these waves interferes 
with the reference beam, creating, after development, its own diffraction grating, 
which is displaced slightly in angle from that of the other gratings. Dunng recon- 
struction the illuminating laser beam is chosen so as to nearly satisfy the Bragg 
condition (14.1-6) for these gratings. Each grating gives rise to a diffracted beam 
along the same direction as that of the object plane wave that produced it, so the 
total field on the far side of the hologram (A) is identical to that of the object field. 


Basic Holography Formalism 


The point of view introduced above, according to which a hologram may be viewed 
as a volume diffraction prating, is extremely useful in demonstrating the basic phys- 
ical principles. A slightly different approach is to take the total field incident on the 
photosensitive medium as 


A(r) = A (r) + Axr) (14.18) 


where A,(r} may represent the complex amplitude of the diffusely reflected wave 
from the object while A(T) is the complex amplitude of the reference beam. A,{Y) 
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Is Not necessarily limited to plane waves and may correspond to more complex 
wavefronts. 

The intensity of the total radiation field can be taken, as in (i4, 1-4), to be 
proportional to 


AA* SAAT TAAS + AJAT + ATA (14.1-9) 


The first term A,A7 is the intensity /, of the light arriving from the object. If the 
object is a diffuse reflector, its unfocused intensity /, can be regarded as essentially 
uniform over the hologram’s volume. A.A} is the intensity /, of the reference beam. 
The change in the amplitude transmittance of the hologram AT can be taken as 
proportional to the exposure density so that 


AT], -= i. + A, AS + ATA 


The reconstruction 1s performed by illuminating the hologram with the reference 
beam A, in the same relative orientation as that used during the exposure. Limiting 
ourselves to the portion of the transmitted wave modified by the exposure, we have 


R = AAT œ {l + LA, + AAA. + LA, (14. 1-10} 


The first term corresponds to a wavefront proportional to the reference beam. The 
second term, not being proportional to A,, may be regarded as undesirable **noise."’ 
Since f 1s a constant, the third term /,A, corresponds to a transmitted wave that 1s 
proportional to A, and 1s thus a reconstruction of the object wavefront. 


14.2 THE COUPLED WAVE ANALYSIS OF VOLUME HOLOGRAMS 


In this section, we wil] extend the qualitative dynamic arguments of Section 14.1 

and obtain analyuc expressions that will be useful in analyzing certain holographic 

applicahons. We will start with a description of the recording process. followed by 

a coupled wave analysis of the reconstruction of the hologram. We will simplify the 

problem by limiting it to two plane waves. One, Aj, is the “picture” field; A+, 15 

the reference wave. The results can be extended to more complex picture fields, 
The total field during the recording phase is thus taken as 


Etr) — Rel(A.e kor 4 Ase *2"e"| 


where the subscript r denotes the reference wave. We assume that the index of 
refraction {rather than the absorption) of the holographic medium changes by an 
amount that is proportional to the optical intensity /(r) 
fir) æ Ae "0" + Aye 82" Ke.c.)] 
= JAF + [As + A Ade: ah + ATA e i (14.21) 





We can thus take the index of refraction distrubution of a hologram as 
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nir) = no + n,cos(Ker + ¢) 
m & AA & Vh 
K=ki-ki (14,2-3} 


A graphical demonstration of n ,(r)—the hologram—is shown in Figure 14-5. 
During the reconstruction of the hologram, it is illuminated by a reference wave 

Ae "* propagating along k,. Our task is to obtain an expression for the ‘‘picture’’ 

wave A, that results. We know in advance that if the Bragg condition k, — k, = K 


(14.2-2) 


ate) = A, + a, cos(K r+ o) 


Ajeet T) 
(k) | 
217 
A, = = 
et K 
(k’}) | 
‘+ 
A, enero 'T) 





(a) (b) 


Figure 14-5 (a) A holograph a(r) is recorded in a photosensitive medium by the standing 
wave pattern produced by two coherent beams that intersect in the medium. The hologram 
grating vector is K = k; — kj. (b) The Bragg condition diagram K = kz — ky. 
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is satishied, where k; is the propagation vector of the diffracted wave, then the 
interackon involves exclusively waves A, and A, so that we can write for the total 
field in a long medium hologram 


i . I 
E(r) = 5 ADe ri 5 A (re =" + cc. (14.2-4) 


These two waves ‘‘see’’ a medium with a modulated index of refraction, the holo- 
gram, given by (14.2-2). The total field thus obeys the Helmholtz equation 


V? Eir) + wet = 0 (14.2-5) 


e(r) = en i = elni + (none ETP + ge) (14.26) 
Substituting {14.2-4) and (14.2-6) in (14.2-5) leads to 


l dA , 
- -2x — gaje + ce 
2 Fi 
| dA . 
+ — { —2iky —* — BA, Je" + ec, 
2 dr. 


+ apena + (none Pe ET + ce) 


A A> _. 
x É eat + > eter + ce = Q) 


(14.2-7) 


where we neglected 


We observe by inspection that spatially cumulative exchange of power takes place 
when the (Bragg) condition 


k; - kı = (14.28) 


is satisfied.” Keeping only synchronous terms (terms with similar exponents) and 
recalling that in an tsotropic medium k; = ky = WWV HEgyto helps us simplify (14.2- 
7) to 


dA a Tn k kE. 
cas A wel = = — A, + j a g'ŻA ptm k- Kir 

dz 2 

dA a mH keke 
coş 9- =~ A, + i e Aye MOT (14.2-9) 


When condition (14.2-8) is not satisfied the power exchange reverses sign every “coherence length’ 
L, = milk, - Kk, ~ K|) and averages out to near zero over distances =L,- 
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where loss terms —(a/2)A,. were added phenomenologically to account for absorp- 
tion, and A = Qala We) is the free space wavelength. 2@1s the angle between k; 
and k,, and z is the distance measured along the bisector, so that z = r, > cos @. 
Expressing the amplitudes in terms of magnitudes and phases by using the definition 
A, = VI exp(—i¢,) leads to (in what follows, we take k; — k, + K = 0, i.e., the 
Bragg condttion is satisfied) 

di, 


cos 9 = = ah, = = VET sinl, = 62 + 0) 
F 


di 2 
cos Ja = — æl, + Vile sin (bı - ġa +6) (14.210) 


Note that the coupling at point r depends on the local phase # = (6, — 6, + ). 
If the phase yr = + m2, the exchange is maximum. The case # = + w/2 corresponds, 
according to Equations (14.2-4) and (14.2-5), to a grating that is displaced by a 
quarter period with respect to the intensity interference pattern of waves 1 and 2. In 
the most common scenario, a single wave, say 1, is incident on the grating, and 
wave 2 is the diffracted wave. In this case, it follows from the second equation of 
(14.2-10) that wave 2 is generated with a phase ġ, = 6, + & + m2, ie, b= 
~ m2, which results, according to the second equation of (14,.2-10), in a maximum 
positive value for the powet exchange d/./dz. 

The solution of (14.2-10) in the case of Yr = + 7/2 and f, (0) = 0 becomes [9] 


LO = Oe (E) cos? (Z5) 








À cos 6 
_f(/2) . TH yz 
haz) = i (He (5) sin” (ms (14.2-11) 
so that in a grating of length ¢, the diffraction efficiency is 
If) af \ . of mnt 
= —— = exp{ — 14.2.1 
ý i0) aof cos @ ™ A cos @ ( ?) 


This formula is very useful in interpreting a large variety of experimental data in- 
volving fixed volume gratings and holograms. 


Multhoicgram Recording and Readout—Crosstalk 


It is possible in a volume hologram to record simultaneously a large number of 
holograms. The fundamental reason is that in a large volume, with dimensions =L., 
a reconstructed image results only when the Bragg condition, k — k; = K, is 
satisfied (see footnote 2}, Here kK, and k, are the propagation vectors of the incident 
and diffracted wave during the reconstruction, and K represents the hologram, as in 
{14.2-2). If the K vectors representing the different holograms are sufficiently dif- 
ferent, it is possible to read one specific hologram with negligible contributions — 
crosstalk—from the others, since, for all the other holograms, the Bragg condition 
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is strongly violated. To consider this problem quantitatively, consider the situation 
depicted in Figure 14-6, where two holograms n,(r) and nair) are recorded in the 
same volume using two different reference directions &” and &£? but the same 
picture wave direction K. 


Ar) oe VEPS sin (Kr + o”) 


nr) oo WEF) sin (Ki + p°) (14,2-13) 
where 
K” = k” — k, 
K” = k -— ki (14.2-14) 


If we wish to reconstruct picture t, we illuminate the hologram with the cor- 
responding reference wave kj” (i.e, the same reference wave used to record it),‘as - 
discussed above. This reference wave will encounter in the crystal, not only the 
desired hologram a? Xr) but also hologram a{(r). Any light scattered fram hologram 
nr) in the direction of k; thus constitutes (noisy) crosstalk, which degrades the 
information contents of picture 1. This crossialk places a fundamental limit on the 
number of holograms and their stored information contents: To quantify this argu- 
ment, we will derive an expression for the power radiated along k, due to the un- 
desirable scattering of the reference beam employed (kf) off the *‘wrong’’ hologram 
of picture 2 — n'r). The equations describing this process were derived in (14.2- 
9) and are reproduced here for the incident (A,) and the diffracted (A,} beams 





i2] 
dz A cos @ 
dA mn” (Lb, 42) 
2 . ] rk = _ 
az Shosi" eee (14.2-19) 


where the grating vector K? = kẹ’ — k; is that of hologram 2 and we took œ = 
0. The direction k; is, according to Figure 14-6, the same for both ai (r) and 
n\(r), since the ‘‘picture’’ direction is the same for al] the recorded holograms. We 
rewrite Equations (14.2-15) as 








dA, _ 
— = jike E 
dz IKE 
= = ikAe ™ (14.2-16) 
ar” 
= B=  - RD 
“C Acos * fz 


where, for the sake of simplicity, we assumed no optical losses (œ = 0). 
We note that if we take k? = kẹ’, Equations (14.2-16} lead to the solution 
(14.2-11) for the Bragg matched condition. Here, however, we are interested in the 
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Picture | 






Picture 2 


Figure 14-6 Two pictures Aj! and AY? are recorded, separately as volume holograms each 
with its angularly unique reference wave. In practice, we can record many pictures in the 
same volume. This procedure can be repeated, resulting in the recording of hundreds (or even 
thousands} of holograms in the same volume. 


crosstalk case, kS? + kø, In this case, § + 0 and the formal solution of (14.2-16) 
at the output of the hologram z = F ts 


AL) = Av | cos + À sins 


ALD) = iAo(O)e™ r sin(sL) (14.2-17) 
rae + (14,2-18) 


where we used the boundary condition A,(0) = 0 so that only the reference wave 
A,(0) is present at the input. The output field A,(Z) constitutes our crosstalk. The 
fraction of the incident power thus scattered is given by (14.2-17) as 


Ab) , sin’(8L) 
A,(0) (SLY 


We can thus reduce this power to an acceptable level by using a sufficiently large 
§. Using the definition ê = kÈ — K$, we find that by employing a sufficiently large 
angular separation 5d between the two reference waves kf” and ki”, we can reduce 
the crosstalk. Choosing, somewhat arbitrarily, the location of the second zero of 
(14,2-19) as a measure of the necessary selectivity, we obtain 


(142-19) 











2 
8 = kD -KP = K? — KM» < (14.2-20) 


The strategy for volumetric data storage is thus to fill K space with K® vectors, each 
representing a single hologram, which are separated by 
290 27 27 
AK, 2—, AK, 2 —, AK, 2 — 
L, "by = L 


where L,, L,, L, are the dimensions of the hologram. 
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We may thus need allocate to each hologram a volume 
Sar ET 
PK = — -= (14.2-21) 
LLL, Vholog 
in K space in order to avoid crosstalk. Fhe total number of holograms that can be 
stored thus corresponds to packing K space with nonoverlapping holograms whose 
total number is 


_ Total volume in K space {1) 40k Vig _ {27 \ Vhol 
"ee “Volume per hologram 3X 84° 3/7 A 


2 
where we took IK| ~ k. (Since K = k, ~ k,, IK| can vary between zero and 2k, so 
on the average |K| ~ k.) The factor of 1/2 accounts for the fact that holograms with 
K and -K are not independent. A is the wavelength in the recording medium. 

In our example of plane wave holograms, each hologram carnes one bit of 
information. The hologram either exists (a ‘‘l’*) or does not {a +0), so that the 
number of stored bits is equal to the number of holograms. The total number of bits 
that can be stored is thus 








N bts nce ( 1 4,2-22) 


According to (14.2-22), if we use A = 1 um, the number of bits that can be stored 
exceeds 10'*/cm*, This storage density is intriguingly large and helps explain the 
interest in holographic data storage. Figure 14-8 shows a diagram of the experimental 
system used in recording some 1,000 angle-multiplexed diagrams in a LiNbO, 
crystal. 


Wavelength Multiplexing (11) 


Another method for multiplexing numerous holograms uses the geometry demon- 
strated in Figure 14-9, Here a given hologram is recorded with two oppositely trav- 
eing waves of the same wavelength. Each hologram is recorded with a different 
wavelength. The K space representation of this method is shown in Figure 14-9(a). 
The reconstruction of a given picture, say i, is accomplished by illuminating the 


- hologram with the reference wave at A,, used to record it, as shown in Figure 14-9(b). 


This method of recording is called wavelength multiplexing. It makes the best use 
of K space and minimizes crosstalk, which results when the information contents of 
the holograms causes them to spread beyond their nominal K space address and 
encroach on the territory of adjacent holograms [11]. Figure 14-10 shows the re- 
flection vs. A of a large number of wavelength multiplexed holograms. 


Crosstalk in Data-Bearing Holograms (12) 


Up to this point we considered only plane wave holograms. We showed that in a 
recording volume with dimensions L, (i = 1, 2, 3), such holograms needed to be 
separated in K by AK, = 27/L; to avoid crosstalk. If the picture wave, prior to 
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k 


a 


Figure 14-7 K space representation of holograms. Each hologram, n!(r) œ sin(Kyer + o, 
is represented by a fuzzy volume centered on K,. The fuzziness reflects the finite dimension 
Ln Ly, L of the hologram. A plane wave hologram, such as, g, 7, and t, is represented ideally 
as a point in K space. The small ‘‘fuzzy’’ volume shown represents the spread in K due to 
the finite volume of the hologram. The unit volume in K space associated with a single 
hologram is shown. 


Reference | 
beam | | 
| 
en 
ll — — + 
Transparency 1 Holographic Transparency 2 Holographic 
recording volume recording volume 


Figure 14-8 Generic schemate diagram of the optical setup for angular multiplexing of vol- 
ume holograms. Two holograms are shown recorded in the same photosensitive volume but 
with each hologram using a different direction reference beam. 
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Recording 
Medium K 





(b) 


figure 14-9 Holographic data storage with wavelength multiplexing. ta) The black dots on 
the K, axis correspond to “‘blank’’ (no information) holograms. The transverse quasi-circular 
curves correspond to the loci of the tip of the K® vector (recorded with A,} when the holograms 
bear pictorial information. (b) A construction iHustrating how the angular fanning of the 
kK, ge due to stored information spreads the loci of K”. (After Reference [11].) 





Relative retlectivity R'Ro, db 
oe 
= 
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Figure 14-10 Diffraction (reflection) efficiency vs. A in the case of 20 wavelength multiplexed 
hologram [Courtesy V. Leyva, G. Rakuljic- Accuwave Corp. ] 
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reaching the crystal, passes through a transparency, or a spatial light modulator, it 
is modulated spatially and can no longer be represented by a simple plane wave. [f 
the wave incident on the transparency is taken as A,exp(—ikz) and the transmittance 
of the transparency as Ax, y), then the wave incident on the holographic medium 
can be taken as 


Ë picture = Aye x(x, y) 
= A, {| explika + ky) + EV ki — ke -= kizlik, k) dk dk, (14,2-23) 


where 


f(x, y) = | | tk, k} explika + k,y)] dk dk, 


with #(k,, k,) the spatial Fourier transform of A(x, y). 

According to (14.2-23), the picture wave is no longer a single plane wave but 
a continuum of such waves, each with an amplitude r(k,, k,) dk,dk, propagating 
along the direction 


fk, + Sky + BV ke — 


as illustrated in Figure 14-11. If we plot the K vector of this hologram in K space 
as in Figure 14-9(b), the tip of the K vector now occupies a volume rather than a 


point. If the smallest feature size in the transparency is a, then we expect t(k,, k,) to 
have appreciable value up to ~ (k.)max ~ ma, (Kyhn ~~ Ta, so that, in general, the 
volume in K space needed to avoid overlap of holograms is now no longer 
8 /L,L,L, as in the case of plane wave (no information) holograms but becomes 
nla’. This reduces the number of holograms that can be recorded with negligible 
crosstalk from ~ L,L,LJa? (see 14.2-22) to ~ aM. If we now associate a single 


A Fan of plane 
i m waves pencrated 
by the transparency 
‘Transparency 


Figure 14-11 Passage of a plane wave through a transparency generates @ continuum of plane 
waves on the output size. 
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bit with the volume a`, the volume of the smallest feature, we find that the total 
number of bits that can be recorded and read with little crosstalk is 


Nou = A holog X bits per hologram 


4 3 
OE 
4 (z À 
(V = LAL, is the hologram volume) 


which is the same as the result of Equation (14.2-22) for the number of bits that can 
be stored in the case of (one bit each) plane wave holograms. This is just one 
manifestation of the fact that the basic limit ~ V/A? to holographic data storage is 
insensitive to the spatial modulation format, i.e., single-bit plane holograms or ho- 
lograms that store multibit pages. 


Problems 


14.3 Show that if a planar hologram is made using a wavelength A but ts recon- 
structed with a wavelength Ag, the reconstructed image is magnified by a factor of 
A,/k with respect to the original object. 


14.2 A monochromaticwave A(r) is propagating essentially in the +z direction. 
Show that, if m any plane z we replace A by its complex conjugate (but leave the 
factor exp(fwrt) unchanged), the result is a new wave propagating in the —z direction, 
but possessing everywhere wavefronts (1.c., loci of constant phase) identical to those 
of the original wave. (Hinr. The expansion (1.6-12) may be useful. | 


14.3 


o. Using the notation of section 14.2, show that if the hologram is illuminated with 
a plane wave A} instead of A, the reconstructed image is A* instead of A). 


b. Show that the reconstructed image AŤ is real—that is, A] actually converges to 
an image. (Hinz: Consider what happens to a bundle of rays originally emanating 
from a point on the object.) 

c. Show that the reconstructed image A, observed when the hologram is illuminated 
by A, is virtual; that is, rays corresponding to a given image point do not cross 
unless imaged by a lens. 


14.4 Consider the problem of making a hologram in which the reference and object 
beams are incident on the emulsion from two opposite sides. Draw the equidensity 
planes for the case where the beams are nearly antiparallel. Show that the viewing 
(reconstructing) of this beam is performed in the reflection mode: that is, the viewer 
faces the side of the emulsion that is illuminated by the beam. 


14.5 Show that in an infinitely thin hologram both virtual and real images can be 
reconstructed simultaneously. | Hint: Consider the problems of light scattering from 
a surface grating {as opposed to a volume grating). ] 
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14.6 Calculate the reconstruction angle sensitivity d6;/dA, for transmission holo- 
grams (as described in the text) and in reflection holograms {as described in Problem 
14.4). 9, is the Bragg angle, and A, is the wavelength used in reconstruction. Show 
that d@,/dA, is much larger in the case of the transmission hologram. Which holo- 
gram will yield better results when itluminated by white light? 


14.7 Plot the locus in K space of holograms that contain pictorial information with 
dimensions a. (The holograms were recorded with plane wave passing through a 
transparency with feature size ~a.)} 


a. Plot for the case of angular multiplexing. 

b. Plot for the case of wavelength multiplexing. 

c. Show that in case (a) the preferred geometry for minimizing crowding in K space 
is one where the reference and picture waves are at 90° to each other. 


14.8 Calculate the wavelength selectivity of a hologram recorded with two oppo- 
sitely traveling plane waves (+z and —z) of wavelength A. Specifically, plot the 
power reflectivity R(A) = [r(A for a wave incident along the z direction. 
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Semiconductor 
Lasers—Theory 
and Applications 





INTRODUCTION 


The semiconductor laser invented in 1961 [1-3] is the first laser to make the tran- 
sition from a research topic and specialized applications to the mass consumer mar- 
ket. [tis, by economic standards and the degree of 1ts applications, the most important 
of all lasers. 


The main features that distinguish the semiconductor laser are 


Small physical size (300 um X 10 pm X 50 pm) that enables it to be incor- 
porated easily into other instruments, 

Its direct pumping by low-power electric current (15 mA at 2 volts is typical), 
which makes it possible to drive it with conventional transistor circuitry. 

lis efficiency in converting electric power to light. Actual operating efficiencies 
exceed 30) percent. 

The ability to modulate its output by direct modulation of the pumping current 
at rates exceeding 20 GHz. This is of major importance in high-data-rate optical 
communication systems. 

The possibility of integrating it monolithicaliy with electronic held effect tran- 
sistors, microwave oscillators, bipolar transistors. and optical components in IH- 
Y semiconductors to form integrated optoelectronic circuits. 

The semiconductor-based manufacturmg technology, which lends itself to mass 
production, 

The compatibility of its output beam dimensions with those of typical silica- 
based optical fibers and the possibility of tailoring its output wavelength to the 
low-loss, low-dispersion region of such fibers, 
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From the pedagogic point of view, understanding how a modern semiconductor 
laser works requires, in addition to the basic theory of the interaction of radiation 
with electrons that was developed in Chapter 5, an understanding of dielectric wave- 
guiding [4, 5] (Section 13.1} and elements of solid-state theory of semiconductors 
[6, 7]. The latter theory will be taken up in the next few sections. 


15.1 SOME SEMICONDUCTOR PHYSICS BACKGROUND 


In this section we will briefly develop some of the basic background material needed 
to understand semiconductor lasers. The student is urged to study the subject in more 
detail, using any of the numerous texts dealing with the wave mechanics of solids 
(Reference [6], for example). 

The main difference between electrons in semiconductors and electrons in other 
laser media is that in semiconductors all the electrons occupy, thus share, the whole 
crystal volume, while in a conventional laser medium, ruby, for example, the Cr°** 
electrons are localized to within 1 or 2 A of their parent Cr** ion and electrons on 
a given ion, for the typical Cr doping levels used, do not communicate with those 
on other ions. 

In a semiconductor, on the other hand, because of the spatial overlap of their 
wavefunctions, no two electrons in a crystal can be placed in the same quantum 
state, ie., possess the same eigenfunction. This is the so-called Pauli exclusion prin- 
ciple, which is one of the more important axiomatic foundations of quantum me- 
chanics. Each electron thus must possess a unique spatial wavefunction and an as- 
sociated eigenenergy (the total energy associated with the state). If we plot a 
horizontal line, as in Figure 15-1, for each allowed electron energy (eigenenergy), 
we will discover that the energy levels cluster within bands that are separated by 
‘‘energy gaps” (‘‘forbidden’’ gaps). A schematic description of the energy level 
spectrum of electrons in a crystal is shown in Figure 15-1. 

The manner in which the available energy states are occupied determines the 
conduction properties of the crystal. In an insulator the uppermost occupied band is 
filled up with electrons while the next highest band is completely empty. The gap 
between them is large enough, say, ~3 eV, so that thermal excitation across the gap 
is negligible, If we apply an electric field to such an idealized crystal, no current 
will flow, since the electronic motion in a filled band is completely balanced and for 
each electron moving with a velocity v there exists another one with —v. 

If the gap between the uppermost filled band—the valence band-—and the next 
highest---the conduction band—is small, say, <2 eV, then thermal excitation causes 
partial transfer of electrons from the valence band to the conduction band and the 
crystal can conduct electricity. Such crystals are called semiconductors. Their degree 
of conductivity can be controlled not only by the temperature but also by ““doping’’ 
them with impurity atoms, 

The wavefunction of an electron in a given band, say, the valence band, is 
characterized by a vector k and a corresponding (Bloch) wavefunction 


y(t) = up (r) e™ (15.1-1) 
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Figure 15-1 The energy levels of electrons in a crystal. In a given material these levels are 
usually occupied, in the ground state, up to some uppermost level. The energy £p that marks 
in the limit of 7 —> Q, the transition from fully occupied electron states (E < Ep) to empty 
states (E > Ep), is called the Fermi energy. it does not, except accidentally, correspond to an 
eigenenergy of an electron in the crystal. 


The function x, possesses the same periodicity as the lattice. The factor exp(ik-r) 
is responsible for the wave nature of the electronic motion and is related to the de 
Broglie wavelength A, of the electron by' 
2 
= — (15.1-2) 
k 
The vector k can only possess a prescribed set of values (i.e, it is quantized}, which 
is obtained by requiring that the total phase shift ker across a crystal with dimensions 
La Ly, L, be some multiple integer of 277. 
297 
i= 7s s=1,2,3,... (15. 1-3) 
where i = x, y, z. We can thus divide the total volume in k space into cells each 
with a volume 





Qn? _ (Qn) 


AV, = Ak, Ak, Ak, = 
k ky k, Ak, LLL y 





(15.14) 


'This is true if the value of k is taken in the extended (i.e. not reduced) k space. 
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and associate with each such differential volume a quantum state (two states when 
we allow for the two intrinsic spin states of each electron). The number of such 
states within a spherical shell (in k space) of radial thickness dk and radius & is then 
given by the volume of the shell divided by the volume (15.1-4) AV, per state 


EF 
p(kìdk = — dk (15.1-5) 


so that p(x) is the number of states per unit volume of k space. (A factor of 2 for 
spin was included to account for the fact that an electron in a given (spatial) state is 
also in a spin up” or “‘down’’ state.) 

The energy, measured from the bottom of the band, of an electron k in, say, the 
conduction band (indicated henceforth by a subscript c) is 


hk" 
E(k} = 





(15.1%) 


c 


where m, 18 the effective mass of an electron in the conduction band. In the simplest 
and idealized case, which is the one we are considering here, the energy depends 
only on the magnitude & of the electron propagation vector and not its direction. 

We often need to perform electron counting, not in k space but as a function of 
the energy. The density of states function a(£) (the number of electronic states per 
unit energy interval per unit crystal volume) is determined from the conservation of 
states relation 


p(E) dE = 7, p(k) dk 


which with the use of (15.1-5) and (15.1-6) leads to 


V2 
— l 2m, lf? 
PAE) — I? (z ) E 





Or 


af? 
1 f2m. 
p(w) = hp{E) = = (=) wt” (15.1-7) 


where fiw = E. A stmilar expression but with m, replaced by m, the effective mass 
in the valence band, applies to the valence band. 

Figure 15-2 depicts the energy—« relationship of a direct gap semiconductor, 
Le., one where the conduction band minimum and the valence band maximum occur 
at the same value of k. The dots represent allowed (not necessanly occupied) electron 
energies. Note that, following (15.1-3), these states are spaced uniformly along the 
k axis. 
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Figure 15-2 A typical energy band structure for a direct gap semiconductor with m, < m. 
The uniformly spaced dots correspond to electron states. 


The Fermi-Dirac Dishibution Law 


The probability that an electron state at energy E is occupied by an electron is given 
by the Fermi—Dirac law [6, 7] 


l 

JE) = ety] (15.1-8) 
where Ep is the Fermi energy and 7 1s the temperature. For electron energies well 
helow the Fermi level such that Ep — E = kT, f(E) — 1 and the electronic states 
are fully occupied, while well above the Fermi level E — Er > kT, f(E) œ% exp- E 
kT) and approaches the Boltzmann distribution. At T = 0 f(E) = 1, for E < Ep, 
and f(E) = 0, for È > Ep s0 that all levels below the Fermi level are occupied while 
those above it are empty. In thermal equilibrium a single Fermi energy applies to 
both the valence and conduction bands. Under conditions in which the thermal equi- 
librium is disturbed, such as in a p-n» junction with a current flow or a bulk semi- 
conductor in which a large population of conduction electrons and holes is created 
by photoexcitation, separate Fermi levels called guasi-Fermi levels are used for each 
of the bands. The concept of quasi-Fermi levels in excited systems 1s valid whenever 
the carrier scattering time within a band is much shorter than the equilibration time 
between bands. This is usually true at the large carrier densities used in p-n junction 
lasers. 

In very highly doped semiconductors, the Fermi level is forced into either (1) 
the conduction band for donor impurity doping or (2) into the valence band for 
acceptor impurity doping. This situation is demonstrated by Figure 15-3. According 
to (15.1-8) at O K, all the states helow £> are filled while those above it are unoc- 
cupied as shown in the figure. In this respect the degenerate semiconductor behaves 
like a metal in which case the conductivity does not disappear at very low temper- 
atures. The unoccupied states in the valence band [unshaded area in Figure 15-3(b)) 
are called koles, and they are treated exactly like electrons except that their charge, 
corresponding to an electron deficiency, 1s positive and their energy increases down- 
ward in the diagram. The number of holes in the semiconductor depicted by Figure 
15-3(b) is the number of electron states falling within the unshaded area at the top 
of the valence band. The process of exciting an electron from state a to state b 


SOME SEMICONDUCTOR PHYSICS BACKGROUND 563 


$ a E E 
E E 
a a | a 
A SEB: 
4 pp E ^ La 
k k 
Casas 
j a 
ra 
(a) ib} 


Figure 15-3 (a) Energy band of a degenerate n-type semiconductor at 0 K. (b) A degenerate 
p-type semiconductor at 0 K. The cross-hatching represents regions in which all the electron 
states are filled. Empty circles indicate uneccupied states (holes). 


[Figure 15.3(b}] in the valence band can also be viewed as one whereby a hole is 
excited from b to a. The advantage of this point of view is the symmetry in the 
language and mathematical description that it brings to the discussions of current 
flow due to electrons in the conduction band and those in the valence band. 

To better appreciate the role of the quasi-Fermi level, consider a nonthermal 
equilibrium situation in which electrons are excited into the conduction band of a 
degenerate p-type semiconductor at a very high rate. This can be done by injecting 
electrons into the p region across a p-n junction or by subjecting the semiconductor 
to an intense light beam with hy > E, + Ep. + Ep, so that for each absorbed photon 
an electron is excited into the conduction band from the valence band. This situation 
is depicted in Figure 15-4. Following this excitation, electrons relax, by emitting 
optical and acoustic phonons, to the bottom of the conduction band in times of 
~ 107? § while their relaxation across the gap back to the valence band—a process 
referred to as electron-hole recombination—is characterized by a time constant of 


T~3-4x 10% 


It is important in analyzing the process of ight amplification in semiconductors to 
determine the quasi-Fermi level E; for a given rate of excitation. Assuming that the 
relaxation to the bottom of the band into which the carriers are excited is instanta- 
neous, we have 
N. l 
= = — 15.1-9 
T eV ( 
where N. is the density (m~*) of electrons in the conduction band, / the injection 
current (in amperes), 7 is the electron relaxation time back to the valence band 
(electron-hole recombination time), and V 1s the volume into which the electrons are 
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Figure 15-4 Electrons are injected at a rate of FeV per unit volume (/ = total current) into 
the conduction band of a semiconductor, 


confined following injection. The density of electrons with energies between E and 
E + dE is the product of p{&£)—the density of allowed electron states—and the 
occupation probability f(E) of these states. 

Using (15.1-7) and (15.1-8), 


oe 
n= =|) pKeyese dE 





eV 
ET 
1 {2m, * E!” 
7 Dar? (z ) l, PETET 4] dE (19. 1-10) 


For a given injection current / the only unknown quantity in (15.1-10) is the con- 
duction quasi-Fermi level E, . We can thus invert, in practice by numerical methods, 
(15.1-10) and solve it for E+ (T) as a function of 7, or equivalently of N.. We shall 
make use, later, of this fact, At T = O the integral is replaced by 


Efe 
f E”? dE = 4ER: 


yielding 
į? 
E,{T = 0) = Gr Y —— N” (15.1-11) 
2m, 

Another fact that we need before proceeding to the subject of optical gain in 
semiconductors is that when an electron makes a transition (induced or spontaneous) 
between a conduction band state and one in the valence band, the two states involved 
must have the same k vector. This is due to the fact that according to quantum 
mechanics the rate of such a transition is always proportional to an integral over the 
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crystal volume that involves the product of the initial state wavefunction and the 
complex conjugate of that of the final state. Such an mtegral would, according to 
(15.1-1}, be vanishingly small except when the condition 


is satisfied. In band diagrams such as that of Figure 15-4, the transitions are conse- 
quently described by vertical arrows. 


15.2 GAIN AND ABSORPTION IN SEMICONDUCTOR (laser) MEDIA 


Consider the semiconductor material depicted in Figure 15-5 in which by virtue of 
electron pumping a nonthermal equilibrium steady state is obtained in which simui- 
taneously large densities of electrons and holes coexist in the same space, These are 
characterized by quasi-Fermi levels Æ- and Er, respectively, as shown. 

Let an optical beam at a (radian) frequency wa travel through the crystal. This 
beam will induce downward a — b transitions that lead to amplification as well as 
b -> a absorbing transitions. Net amplification of the beam results if the rate of a 
-— b transitions exceeds that of b — a. 

As discussed in the previous section, only transitions in which the upper and 
lower electron states have the same k vector are allowed. The pair of levels a and b 
in Figure 15-5 are thus characterized by some k value. Let us consider a group of 
such levels with nearly the same k value and hence with nearly the same transition 


energy 


RKE hk? 
hu(k) = E, + — + 
alk) E 2m, m, 





(152-1) 





Figure 15-5 An optical beam at a, with intensity A wa) is incident on a pumped semiconductor 
medium characterized by quasi-Fermi levels &, and Æ; . A single level pair a-b with the 
same k value is shown. The induced transition a — b coninbutes one photon to the beam. 
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(In the following the k dependence of w will be omitted but understood.) The density 
of such level pairs whose k values fall within a spherical shell of thickness dk is, 
according to (15.1-5), p(k) dk/V 

Before proceeding let us remind ourselves of some results developed in con- 
nection with conventional laser media. The gain constant Yw) is given by (5.5-7) 
as 


k 277 
vlog = a xw) k= FU (15.2-2) 


where y(t), the imaginary part of the electric susceptibility, 1s 


(Ni — NA | 


—— 15.2-3 
BTE spont Am i + 4v- mY Ar l ) 


Yop) = 

Combining the last two equations and defining the ‘‘relaxation time” T, by T = 
(7 Avy" leads to , 

(Na — Ni)Ao f, 

= = 15.24 

vwo) An tpom mil + (w 7 a) T3 ] \ 

In semiconductors 7, is the mean lifetime for coherent interaction of $ electrons 

with a monochromatic field and is of the order of the phonon-electron collision time. 

Numerically 7, ~ 107" s. Given an electron in an upper state ‘‘a,"’ the lower state 

“p° with the same k value may be occupied by another electron. The downward 

Tate of transitions 1s thus proportional to 


Ramp © FALL — folEs) 


Le., to the product of the probabilities f.(£,) that the upper (conduction) state is 
occupied and the probability (1 — fp) that the lower (valence) state is empty. The 
functions f, (E) are given, according to (15.1-8), by 


fE) = EET 4] (15,2-5) 
fE) = gE ERAT yy (15.26) 


allowing for the fact that under pumping conditions Er. # Er, 

In translating to the case of semiconductors the results that were developed for 
conventional lasers, the population inversion density (V2 — N1) is thus replaced by 
the effective inversion due to electrons and holes within ak. 


Ny = Ny > POS (AEE = RAED = IEU - FAEN 
kd 
pr E UED — fE] (15.2-7) 
hep? iad a 





(15.28) 
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Equation (15,2-7) is of central importance and is a capsule statement of the difference 
between the population inversion in a conventional laser medium where the level 
occupation probability obeys Boltzmann statistics and that of a semiconductor me- 
dium governed by FermiDirac statistics. 

Returning to the gain expression (15.2-4), we use (15.2-7) to rewrite it as 


a) dk A — a 
dylu) = = U- fo) 2 T AG, + (w — T? 5) 


where # = mk) is the transition frequency at k as in (15-2-1). The differential 
designation d(@ ) is to remind us that only electrons with k vectors within dk are 
included here, We have also replaced, to agree with popular usage, the term spon- 
taneous lifetime (? 500) by the recombination lifetime 7 for an electron in the con- 
duction band with a hole in the valence band. To obtain the gain constant, we must 
add up the contributions from all the electrons 


f 2e dk pík) 


T, 
Yia) = z ) (15.24) 


mi + (@ — io) Tal 


We will find it easier to carry out the indicated integration in (15.2-9) in the «domain 
(fico being the separation E(k) — E(k). From (15.2-1) 


[f{w) — fol a “| 





Be 
ha = E, + ke (15.2-10) 
2m, 
] | ] , 
— = — + — ç (m, = reduced effective mass) (15.2-11) 
M, im, M, 
Using the relations 
hi 
da = — k dk 
ty 
172 
2m, 
k = (hw — E,)"" (2) 


the expression (15.2-9} for yw) becomes 


YW) = fto- eye( 2) MATA flo) = fo _ 
woo i 


d 15.2-12 
whan’ ral + (@ — a Ti] o ¢ 
In most situations we can replace the normalized function 
T, 


m1 + (@ = wo) T3] 


which is merely a statement of the fact that its width Aw ~ Ty’ is narrower than 
other spectral features of interest. In this case the integration (15.2-12) leads to 


i 7 , +i E 1f? 
(wo) = A. (| Coed [f.(o) —F,(wo)] (15.213) 
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The condition for net gain (wg) > 0 1s thus 
felto) > Jaio) (15.2-14) 


which is the equivalent, in a semiconductor, of the conventional inversion condition 
N, > N,. Using (15.2-5) and (15.2-6), the gain condition (15.2-14) becomes 


] ] 


gta Ep YT 4 y > PEs Er NKT L] (15.2-15) 
Recalling that E, — E, = fw, (15.2-15) is satisfied provided 
fim = Ër, a Er, (15.2-16) 


so that only frequencies whose photon energies fiw, are smaller than the quasi-Fermi 
levels separation are amplified. Condition (15.2-16) was first derived by Basov, et 
al. [1], Bemard and Duraffourg [8]. The general features of the gain dependence 
yiwo) on the frequency we are illustrated by Figure 15-6. The gain is zero at Aw < 
E, Since no electronic transitions exist at these energies. The gain becomes zero 
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Figure 15-6 A typical plot of gain (a) as a function of frequency for a fixed pumping level 
N. (After Reference [9].) 
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again at the frequency where ha, = Ep ~ Ep. At higher frequencies the semicon- 
ductor absorbs. 

Figure 15-7 shows calculated plots based on (15.2-12) with the density of the 
(injected) electrons as a parameter. The curves are based on the following physical 
constants of GaAsim, = 0,067m,, m, = 0.48m,, Ta ~ 0.5 ps, 7 = 3 X 10775, E, 
= 1.43 eV. We note that the minimum density to achieve transparency (y = 0) 1s 
Na ~ 1.55 X 10 cm’. The peak gain corresponding to a given inversion density 
N, is plotted in Figure 15-8. 

It follows from Figure [5-8 that-semiconductor media are capable of achieving 
very large gain ranging up to a few hundred cm™'. In a laser the amount of gain 
that actually prevails is clamped by the phenomenon of saturation (see Section 5.6) 
to a value equal to the toss. In a typical semiconductor laser this works out to 20 < 
y < 80cm’. In this region we can approximate the plot of Figure 15-8 by a linear 
relationship 


You = BIN — Ny) (15,2-17) 


The constant B fitting the data of Figure 15-8 is B ~ 1.5 X 107'® cm? and is typical 
of GaAs/GaAlAs lasers at 300 K. The gain constant & increases with the decrease 
of the temperature 7. This is due to the narrowing of the transition regions of the 
Fermi functions flw) and f tw) in (15.2-12). At 77 K, B ~ 5 xX 107'° em’. Figure 
15-8 shows that the semiconductor diode is capable of producing extremely large 
incremental gains, with only moderate increases of the inversion density, hence the 
current, above the transparency value (N,, ~ 1.55 X 10°® cm”? in the figure). It is 
thus possible to obtain oscillation in a semiconductor laser with active regions that 
are only a few tens of microns long. Commercial diode lasers have typical lengths 
of ~250 um. 


Gain (cm—*) 





1.424 1.46 "1.50 
Aan (eV) 
Figure 15-7 A plot based on (15.2-12) of the photon energy dependence of the optical gain 
(or joss = negative gain) of GaAs with the injected cartier density as a parameter. (After 
Reference [9}.) 
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Figure 15-8 A plot of the peak gain Yma of Figure 15-7 as a function of the inversion density 
at T = 300 K. 


For additional background material on semiconductor tasers, the student is ad- 
vised to consult References [10-12]. 


15.3 GaAs/Ga,_ ALAS LASERS 


The two most important classes of semiconductor lasers are those that are based on 
III-V semiconductors. The first system is based on GaAs and Ga, _,Al,As, The active 
region in this case is GaAs or Ga,_,Al,As. The subscript x indicates the fraction of 
the Ga atoms in GaAs that are replaced by Al. The resulting lasers emit (depending 
on the active region molar fraction x and its doping) at 0.75 um < A < 0.88 wm. 
This spectral region is convenient for the short-haul (<2 km) optical communication 
in silica fibers. 

The second system has Ga,_,In,As,_,P, as its active region. The lasers emit in 
the 1.1 pm < A < 1.6 um depending on x and y. The region near 1.55 ym is 
especially favorable, since, as shown in Figure 3-19, optical fibers are avatlable with 
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losses as smali as 0.15 dB/km at this wavelength, making it extremely desirable for 
long-distance optical communication. 

In this section we will consider GaAs/Ga, „AlAs lasers. A generic laser of this 
type, depicted in Figure 15-9, has a thin (0.1-0.2 um) region of GaAs sandwiched 
between two regions of GaAlAs. It is consequenily called a double heterostructure 
laser. The basic layered structure is grown epitaxially on a crystalline GaAs substrate 
SO that if 18 uninterrupted crystalographically. 

The favored crystal growth techniques are liquid-phase epitaxy and chemical 
vapor deposition using metailo-organic reagents (MOCVD) [11, 13, 14]. Another 
important technique—molecular beam epitaxy (11, 13, 15, 16]—uses atomic beams 
of the crystal constituents in ultra-high vacuum to achieve extremely fine thickness 
and doping control. 

The thin active region is usually undoped while one of the bounding Ga, _ AlAs 
layers is doped heavily n-type and the other p-type. The difference 


Roary T Ga aa = 9.02% 


between the indices of refraction of GaAs and the ternary crystal with a molar 
fraction x gives rise to a three-layered dielectric waveguide of the type illustrated in 
Figure 13-1. At this point the student should review the basic modal concepts dis- 
cussed in Chapter 13. The lowest-order (fundamental) mode has its energy concen- 
trated mostiy in the GaAs (high index) layer. The index distribution and a typical 
modal intensity plot for the lowest-order mode are shown in Figure 15-10. When a 
positive bias is applied to the device, electrons are injected from the n-type 
Ga -AlAs into the active GaAs region while a density of holes equal to that of the 
electrons in the active region 18 caused by injection fram the p side. 
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Figure 15-9 A typical double heterostructure GaAs-GaAlAs laser. Electrons and holes are 
injected into the active GaAs layer from the n and p GaAlAs. Frequencies near vy = Eh are 
amplified by stimulating electron-hole recombination, 
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Figure 15-10 (a} The energy band edges of a strongly forward-biased (near-flattened) double 
heterostructure GaAs/GaAlAs laser diode. Note trapping of electrons (holes) in the potential 
well formed by the conduction (valence) band edge energy discontinuity AF, (AE). (b) The 
spatial (z) profle of the index of refraction which is responsible for dielectric waveguiding in 
the high index (GaAs) layer. (c) The intensity profile of the fundamental optical mode in a 
slab waveguide. 


The electrons that are injected into the active region are prevented from diffusing 
out into the p region by means of the potential barrier due to the difference AE, 
between the energy gaps of GaAs and Ga, _,Al,As. The x-dependence of the energy 
gap of Ga,_,Al,As is approximated by [13] 


E(x < 0.37) = (1.424 + 1.247%) eV 


and is plotted in Figure 15-11. 
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Figure 15-11 The magnitude of the energy gap in Ga, ,Al,As as a function of the molar 
fraction x. For x > 0.37 the gap is indirect. (After Reference [11].) 


The total discontinuity SE, of the energy gap at a GaAs/GaAlAs interface is 
taken up mostly (60 percent) by the conduction band edge, i.e., AE, = 0.6A£,, while 
40 percent is left to the valence band, AE, = 0.4AE,, so that both holes and electrons 
are effectively confined to the active region. This, double confinement of injected 
carriers as well as of the optical mode energy to the same region ts probably the 
single most important factor responsible for the successful realization of low-thresh- 
old continuous semiconductor lasers [17-19]. Under these conditions we expect the 
gain experienced by the mode to vary as d~', where d is the thickness of the active 
(GaAs) layer, since at a given total current, the carier density, hence the gain, will 
be proportional to d~*. To quantify the last statement, we start with the basic defi- 
nition of the modal gain 


_ power generated per unit length (in x) 
power carried by beam 
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where yis the gain constant experienced by a plane wave in a medium whose 
inversion density is equal to that of the active medium. + is given by (15.2-12) and 
(15.2-17). a, is the loss constant of the unpumped n-Gaj—,Al As and is due mostly 
to free electron absorption. a, is the loss (by free holes) in the bounding p- 
Ga,. ,Al,As region. We note that as d —> , g — Y. 

It is convenient to rewrite (15.3-1) as 
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g = Yla T 7, — aT, (15.42) 
af 
EF dz 
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l, is very nearly the fraction of the mode power carried within the active GaAs 
layer, while F, and T, are, respectively, the fraction of the power in the » and p 
regions. As long as J’, ~ 1, i.e., most of the mode energy is th the active region, the 
gain g is inversely proportional to the active region thickness d since decreasing d, 
for example, increases the optical intensity for a given total beam power and, con- 
sequently, the rate of stimulated transitions. As d decreases, an increasing fraction 
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Figure 15-12 Calculated near field intensity distribution of the step discontinuity waveguide 
for various values of the guiding layer thickness. (After Reference [11].) 
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of the mode intensity is carried outside the active region as can be seen from the 
modal waveguide solution plotted in Figure 15-12 [11]. The resulting decrease of 
the confinement factor I’, eventually dominates over the d~'-dependence and the 
gain begins to decrease with further decrease of d|22). A plot of the threshold current 
dependence on d is depicted in Figure 15-13, The bottoming out and eventual in- 
crease of J, for d < 0.1 pm is due to the decrease of the confinement factor l, and 
the increase of the relative role of the losses in the p and n GaAlAs bounding layer 
as I’, and I", increase, 1.e., as an increasing fraction of the mode intensity is carried 
within these lossy unpumped regions as shown in Figure 15-12. 


Numerical Example: Threshold Current Density in Double Heterostructure Lasers 


Consider the case of a GaAs/GaAlAs laser of the type illustrated in Figure 15-10. 
We will use the following parameters: 7 ~ 4 X 10°? s, L = 500 um. The threshold 
gain condition is (15.3-2) 


Ha = al, + a, — ln R + a, (153-4) 


where the term a, accounts for scattering losses (mostly at heterojunction interfacial 
imperfections), The largest loss term in lasers with uncoated faces is usually L~’ tn 
R. In our case, taking R = 0.31 as due to Fresnel reflectivity at a GaAs (n = 3.5) 
air interface, we obtain 


l 
-7h R = 23.4 cm! 


The rest of the loss terms are assumed to add up to ~10 cm‘ so that taking I, ~ 
1 the total gain needed is 33.4 cm™'. This requires, according to Figure 15-8, an 
injected carrier density of N ~ 1.7 X 10'* cm~? Under steady-state conditions the 
rate at which carriers are injected into the active region must equal the electron-hole 
recombination rate 


Using the above data we obtain 
J ev 


-~=—~ 68 X 10? Af(cm?-~m) 
d T 


This value of J/d is in reasonable agreement with the measured value of ~5 x 10° 
in Figure 15-13. If we use this value to estimate the lowest threshold current density 
which from Figure 15-13 occurs when d ~ 0.08 um, we obtain 


Jin = 0.68 X 10* X 0.08 = 544 Aven? 


again, close to the range of observed values. 
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Figure 15-13 (a) Calculated and experimental values of the threshold current density as a 
function of the active layer thickness d for broad-area 500-ym-long AlGaAs DH diode lasers 
of “‘undoped"' active layers. Notable exceptions are the experimental data for Ax = 0.25, 
which were obtained from diodes with heavy-Ge-doped active layers. (After Reference |! 1].) 
(b) Calculated and experimental values of the threshold current density as a function of active 
layer thickness d for stripe-geometry (20- and 40-ym-wide stripe contacts} 300-zm-long 
AlGaAs DH diode lasers (Ax = 0.25) of ‘undoped’ and low-Si-doped active iayers (x = 
0.05). (After Reference [21].) 
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The successful epitaxial growth of Ga,..Al,As on top of GaAs (and vice versa), 
which is the main reason for the success of double heterostructure lasers, 15 due to 
the fact that their lattice constants are the same, to within a fraction of a percent, 
over the range Ò = x = 1. This can be seen from the plot of Figure 15-14, which 
shows the lattice constant corresponding to various compositions of I-V semicon- 
ductors as a function of the band gap energy. We note that the line connecting the 
AlAs (x = 1) and the GaAs (x = 0) is nearly horizontal, which corresponds to a 
(very nearly) constant lattice constant over this compositional range. 


15.4 SOME REAL LASER STRUCTURES 


The double heterostructure lasers discussed in Section 15.3 lack the means for con- 
fining the current and the radiation in the lateral (y} direction. The outcome is that 
typical broad area lasers can support more than one transverse (y} mode, resulting 
in unacceptable mode hopping as well as spatial and temporal instabilities. To over- 
come these problems, modern semiconductor lasers employ some form of transverse 
optical and carrier confinement. A typical and successful example of this approach 
is the buried heterostructure laser [20] shown in Figure 15-15. To fabricate these 
lasers, the first three layers: n-Ga,_,Al,As, GaAs, and p-Ga,_,Al,As are grown on 
an n-GaAs crystalline substrate by one of the epitaxial techniques described above. 
The structure is then etched through a mask down to the substrate level, leaving 
stand a thin {~3 um) rectangular mesa composed of the original layers. A ““burying’’ 
Ga, _-Al_As layer is then regrown on both sides of the mesa, resulting in the structure 
shown in Figure 15-15. 
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Figure 15-14 III-V compounds: Lattice constants versus energy band gaps and corresponding 
wavelengths. The solid lines correspond to direct-gap materials and the dashed lines to in- 
direct-gap materials. The binary-compound substrates that can be used for lattice-matched 
growth are indicated on the right. [After Reference [11].) 
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Figure 15-15 A buried heterostructure laser [20]. 


The most important feature of the buried heterostructure laser is that the active 
GaAs region is surrounded on ail sides by the lower index GaAlAs, so that electro- 
magnetically the structure is that of a rectangular dielectric waveguide. The trans- 
verse dimensions of the active region and the index discontinuities (i.e., the molar 
fractions x, y, and z} are so chosen that only the lowest-order transverse mode can 
propagate in the laser waveguide. Another important feature of this laser is the 
confinement of the injected carriers at the boundaries of the active region due to the 
energy band discontinuity at a GaAs/GaAlAs interface as discussed in the last sec- 
tion. These act as potential barriers inhibiting carrier escape out of the active region. 
GaAs semiconductor lasers utilizing this structure have been fabricated, see Chapter 
16, with threshold currents of less than 1 milliampere [38]; more typical lasers have 
thresholds of ~20 milliamperes. Typical power vs. current plot of a commercial 
laser is shown in Figure 15-16, while the far field angular intensity distribution is 
shown in Figure 15-17, 


Quaternary GalnAsP Semiconductor Losers 


Optical fiber communication over long distances (say > 10 km) uses, almost exclu- 
sively, lasers emitting in spectral regions near 1.3 um and 1.55 pm. The 1.3 um 
lasers are important because the group velocity dispersion of silica-based fibers at 
this wavelength is very small. The first-order group velocity dispersion parameter 
D, defined by Equation (3.4-12), is plotted in Figure 3-10 and is zero at A = 1.3 
pm, So that optical pulses at this wavelength undergo, according to (2.9-35), minimal 
spread with distance. The wavelength region around 1.55 jm is where the optical 
absorption coefficient of silica fibers reaches a minimum, which makes it a favorite 
for long-haul links. Lasers in these wavelength regions [24] are fabricated using 
active layers of GA,_,In,As,_,P,. From Figure 15-14, we find that such lasers span- 
ning the 0.9 zm < A < 1.7 pm region can be lattice-matched to InP, which possesses 
a lower index of refraction to produce dielectric waveguides in which the InP epi- 
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Figure 15-16 Power versus current plot of a low-threshold (~14 milliamperes} commercial 


DH GaAs/GaAlAs laser. (After Reference (23].) 
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Figure 15-17 Far-feld angular intensity distribution of a low-threshold commercial DH GaAs/ 


GaAlAs laser. (After Reference [23].) 
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Figure 15-18 Typical stneciures of mined active egan InP GalnAsP diode lasers. (a) SEM 
(ad, 40). (b) Drawing of different structures. |39| 
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taxial layers act as cladding layers to the quaternary Ga, _,In,As,_,P, active layer. 
The quaternary layer plays in this system the role played by GaAs in the GaAs/ 
GaAlAs laser depicted in Figure 15-9. A typical quaternary laser structure is shown 
in Figure 15-18. Modern versions of these laser systems employ active regions with 
thicknesses in the 50A — 100A range. These are the so-called quanium weil lasers. 
These lasers possess lower threshold currents and have a Jarger modulated bandwidth 
compared to earlier generations employing ‘‘thick”’ (~1000A) active regions. They 
are discussed in detail in Chapter 16. Recent experiments [26, 39, 41, 42] have 
demonstrated propagation without repeaters at distances of ~ 150 km in optical 
fibers at 1.55 um, 


Power Output of Injection Lasers 


The considerations of saturation and power output in an injection laser are basically 
the same as that of conventional lasers, which were described in Sections 5.6 and 
6.4, As the injection current is increased above the threshold value, the laser oscil- 
lation intensity builds up. The resulting stimulated emission shortens the lifetime of 
the inverted carriers to the point where the magnitude of the inversion is clamped at 
its threshold value. Taking the probability that an injected carrier recombine radia- 
tively within the active region as y,” we can write the following expression for the 
power emitted by stimulated emission: 

P, = U Am, hv (15.4-1) 

E 

Part of this power is dissipated inside the laser resonator, and the rest is coupled out 
through the end reflectors. These two powers are, according to (15.3-4}, proportional 
to the effective internal loss a = a,l, + a,l, + a, and to —L”' In R, respectively. 
We can thus write the output power as 


P, = G — iònhe (L) In (1A) 0542 


Ë œ + (LL) In (1/8) 
The external differential quantum efficiency ne, is defined as the ratio of the photon 
output rate that results from an increase in the injection rate (carriers per second) to 
the increase in the myection rate: 








di Pofhy) 
= —— 15.4-3 
Then dj __ ive} ( ) 
Using (15.4-2) we obtain 
py al, 
= + | 15.44 
Nex = 7 f (UR) (15.4-4) 


“The reason for a quantum efficiency 7, thal is less than unity 15, mostly, the existence of a leakage 
cument gomponent thal bypasses the active p-n junction region. 
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By plotting the dependence of Na on L we can determine y, which in GaAs is 
around 0.9-1.0, 

Since the incremental efficiency of converting electrons into useful output nho- 
tons is hex, the main remaming loss mechanisms degrading the conversion of elec- 
trical to optical power is the small discrepancy between the energy €V pp supplied 
to each injected carrier and the photon energy Av. This discrepancy is due mostly to 
the series resistance of the laser diode. The efficiency of the laser in converting 
electrical power input to optical power ts thus 


Po 


Py l-l hv ne) 
Vi 


f eV, a + in (UR) 





(15.45) 


Uy Th 


In practice eV. ~ 14E, and Av = E,. Values of y ~ 30 percent at 300 K have 
been achieved. 
We conclude this section by showing in Figures 15-16 and 15-17 typical plots 


of the power output versus current and the far field of commercial low-threshold 
GaAs semiconductor lasers. 


15.5 DIRECT-CURRENT MODULATION OF SEMICONDUCTOR LASERS 


Since the main application of semiconductor lasers is as sources for optical com- 
munication systems, the problem of high-speed modulation of their output by the 
high-data-rate information is one of great technological importance. 

A unique feature of semiconductor tasers is that, unlike other lasers that are 
modulated externally (see Chapter 9), the semiconductor laser can be modulated 
directly by modulating the excitation current. This is especially important in view 
of the possibility of monolithic integratton of the laser and the modulation electronic 
circuit, as will be discussed in Section 15.7. The following treatment follows closely 
that of Reference [27]. 

If we denote the photon density inside the active region of a semiconductor laser 
by P and the injected electron (and hole) density by X, then we can write 


dN I N 


— =- AN = Ny)P 
dt eV T 

dP P 

— = A(N ~ N,)PU, -— — (15.51) 
dt To 


where / is the total current, V the volume of the active region, 7 the spontaneous 
recombination lifetime, 7, the photon lifetime as limited by absorption in the bound- 
ing media, scattering and coupling through the output mirrors. 

The term A(N — N dP is the net rate per unit volume of Induced transitions. N, 


is the inversion density needed to achieve transparency as defined by (15.2-17), and 
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A is a temporal growth constant that by definition is related to the constant 8 defined 
by (15.2-17) by the relation A = Be/n. I’, is the filling factor defined by (15.3-3), 
and its presence here is to ensure that the total number, rather than the density 
variables used in (15.5-1), of electrons undergoing stimulated transitions is equal to 
the number of photons emitted. The contribution of spontaneous emission to the 
photon density is neglected since only a very small fraction (~10~*) of the spon- 
taneously emitted power enters the lasing mode. 

By setting the left side of (15.5-1) equal to zero, we obtain the steady-state 
solutions No and Pa 


I N 
0 = “9 -Z — ANa — NP» 
eV T 
_ Po 
0= A(N, — NOPE, - — (15.5-2) 
T. 


p 
We consider the case where the current is made up of de and ac components 
P= fy +t, eo (15.5-3) 
and define the small-signal modulation response n; and pi by 
N = Na t+ a, eo P= Pyt pe” (15.54) 


where Na and P, are the de solutions of (15.5-2). 
Using (15.5-3), (15.5-4), and the result A(No — Nid) = (7,[a) ' from (15.5-2) 
in (15.5-1) leads to the small-signal algebraic equations 


l i l l 
iwa T axe + : + ar, Jn + = T Pi 
pta 


R e | = AP ol wh I (15.45) 


Our main interest is in the modulation response p (wnmy i Oa) so that from (15.5- 
5) we obtain 


—(i/eW)AP ST, 


, (15.56) 
— fw,/7 Dn AP — APolt, 


P 1O ~ we 
A typical measurement of p,(w,,} is shown in Figure 15-19(b). The response curve 
is flat at smalt frequencies, peaks at the ‘‘relaxation resonance frequency’” wp, and 
then drops steeply. The expression for the peak frequency is obtained by minimizing 


the magnitude of the denominator of (1 5.5-6) 


(15.5-7) 
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In a typical semiconductor laser with L = 300 jm, we have from (4.7-3) T, = (a/ 
cha (Rin Ry! ~ 10 5,7 ~ 4 x 107% s. and AP) ~ 10° 5 ' so that to a 
very good accuracy 
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Figure 15-19 (a) CW light output power versus current characteristic of a laser of length = 
120 am. (b} Modulation characteristics of this laser at various bias points indicated in the 
plot. (c) Measured relaxation oscillation resonance frequency of lasers of various cavity 
lengths as a function of \/P, where P is the cw output optical power. The points of catastrophic 
damage are indicated by downward pointing arrows. (After Reference [27].) (d) Current feed 
network for microwave modulation of high-speed lasers. fe) The corresponding frequency 
response (after Reference [41].) 
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The last result is extremely useful, since it suggests that to increase w, and thus 
increase the useful linear region of the modulation response p (woni lwn), we need 
to increase the optical gain coefficient A, decrease the photon lifetime 7,, and operate 
the laser at as high intemal photon density Py as possible. The observed linear 
dependence of the modulation resonance frequency wg on the square root of the 
power output VP is demonstrated in Figure 15-19(c} for lasers of varying lengths. 
A detailed discussion of the optimum strategy for maximizing we is given in Ref- 
erence [27]. Figure 15-19(d} shows the microwave current feeding electrodes for 
high-frequency modulation, and 15-19(e) the corresponding frequency response. 

It is somewhat tedious but straightforward to show that (15.5-8) can also be 
Written as 


1+ ATI Nef 
üg = LEAN (15.59) 


TT, En 





Numerical Example: Modulation Bandwidth in GaAs/GaAlAs Lasers 





Here, using (15.5-8), we will estimate the uppermost useful modulation frequency 
wg of a typical GaAs/GaAlAs laser. We shall assume a typical laser emitting > x 
107+ watt from a single face with an active area cross section of 3 um X O.I um, 
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a facet reflectivity of R = 0.31 and an index of refraction ny = 3.5. Solving for Po 
from the relationship 
(1 — R)P,chv power 
Np area 
we obtain Py = 1.21 X 10° photons/em’ for the photon density in the laser cavity. 
The constant A has a typical value of 2 x 107° cm’/s. (This can be checked against 


the relationship A = Bc/np, where B is the spatial gain parameter of (15.2-17).] The 
photon lifetime r, is obtained from (4.7-3) 


Ho Mink) 
T, =—l|la,-7l0 
PO e 7 L 


t 


which for L = 120 um, œ, = 10 cm™', and R = 0.31 yields 7, ~ 1.08 X 107'+ s. 
Combining these results gives 


Oor l JAP 1 [2X 107° X 1.2 x 10° 
Pp = — = — —— Z — a 
“On yt, 2r 1.08 x 107" 


= 7.53 X 10° Hz 


This value is in the range of the experimental data shown in Figure 15-19, which 
was obtained on a laser with characteristics similar to that used in our example. The 
square root law dependence of wg on the photon density (or power output) predicted 
by (15.5-8) is verified by the data of Figure 15-19(c). 





15.6 GAIN SUPPRESSION ANG FREQUENCY CHIRP IN CURRENT-MODULATED 
SEMICONDUCTOR LASERS 


In Section 15.5, we solved for the modulation of the power output (or, equivalently, 
the photon density, inside the laser resonator), which is due to a modulation of the 
current flowing through the laser. The current is taken as 


KO = Ip + i;(O,JeXPlo,nt} (15.61) 
while the photon density inside the laser, which is proportional to the power output, 
is 

P(t) = Py + pilw,Jexplio,,f) (15.6-2) 
We also take the carrier density in the active regions (the inverted population) as 
NOt) = No + 2)(@,,)EXpl@ al) (15.63) 


Ideally we would like p(w,,/i)(@,,), the frequency modulation response, to be a 
constant independent of w,, and, above threshold, we will expect that nfa) = 9, 
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indicating perfect gain clamping. As we shall find out, neither expectation is realized 
fully. As a matter of fact. if we solve Equations (15.5-5) tor nim), the result is 


ely) = -(*) a (156-4) 
eVi | AP, fl 
iw, T 7 7 iw, + AP, 
Tp 


We thus find that, under dynamic conditioas, the carrier density, hence the gain, is 
not clamped at the threshold value Ng but has an oscillating component whose am- 
plitude aj(w,,) is given by (15.6-4). Its general features are depicted in Figure 
15-20. We note a peak at wg, which is also the resonance frequency for the amplitude 
modulation response piloni |(w,,), as given by (15.5-7). Since the index of refrac- 
tion of a semiconductor medium depends on the carrier density, the modulation of 
the latter is accompanied by a modulation of the index of refraction, cading to a 
frequency modulation (FM) of the output optical field. This parasitic FM modulation, 
most of the time undesired, has a number of important consequences. The most 
important of these is the resulting spectral broadening of the laser field that, in 
dispersive, D # 0), fibers, leads to an increase in the spreading of optical pulses with 
distance, as shown in Section 3.4. 

Before embarking on the analysis of the parasitic frequency modulation, we 
need to introduce two new physical concepts: (1} the gain suppression effect and (2) 
the amplitude-phase coupling effect. 

Gain suppression. The gain experienced in an inverted semiconductor laser 
medium by an optica] wave is invariably lower the higher the optical intensity. This 


i r'| 
(fev) 





Figure 15-20 (a) A theoretical plot of the carrier density modulation n, as a function of the 
currenl modulation frequency wy (b) (i) A scamming Fabry-Perot spectrum of a GalnAsP (A 
= 1.31 am) DFB laser with no current modulation. (2) The spectrum of the same laser when 
the current is modulated at fn = 550 MHz, horiz. scale = 1 GHzfdiy. (Courtesy of H. Blauvellt, 
P. C. Chen, and N. Kwong of ORTEL Corporation, Alhambra, California) 
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(1) 





Figure 18-20 (continued) 


is duc partly to optical gain saturation and partly to gain suppression. The first effect 
reflects the drop of the total electron pepulation density—N in (15.5-1}——with the 
increase in P, This effect is accounted for properly by the coupled rate equations 
(15.5-1}. The second mechanism reducing the gain takes place even when the total 
density X is constant and reflects the reduction of the density of resonant carriers 
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(electrons and holes) in the immediate vicinity of points a and bin Figure 15-5 which 
contribute to the gain. This is due both to spectral ‘hole burning, as discussed in 
Section 5.7 and illustrated in Figure 6-9(d}, and to an increase in the effective elec- _ 
tron temperature’ by the optical field. Under dynamic nonthermal equilibrium con- 
ditions, this temperature may differ from the lattice temperature. Such an increase 
causes, according to the discussion in Sections 15.1 and 15.2, the electrons (and 
holes) to spread to higher energies, reducing in the process the density of resonant 
catriers that contribute to the gain. This effect asserts itself with a time constant of 
<107'* s, characteristic of electron-electron and electron-phonon collisions, and for 
system applications involving modulation at w,/27 < 3 X 10'° Hz, it can be con- 
sidered as responding instantaneously to the optical field. 

Our main departure from the analyses of Section 15.5 is to take the optical gain 
constant as 


G(N,P) = GINIO — EP) = GINg) + AN — Nad — €G(Ny JP (15.05) 


where gain supp) ession 1s represented by the factor {1 — eP). The constant e 1s called 
the gain suppression factor. We can view (15.6-5) as a Taylor expansion about the 
threshold point ¥ = Na, P = 0. The numerical value of e can be estimated theo- 
retically m a given system but more often 1s evaluated experimentally [42]. 

We now rewrite the rate equations (15.5-1) as 


dN IL N 
— = — — — — GN,P)P 
dt eV FT NP) 
dP P 
— = GN, PF - — (15.64) 
di Tp 
at steady state d/dt = 0 
ode No 


— —~ ~ [CN + ANo ~ Nin) Z EGN) PolPo 
eV t 


, P 
0 = TAGON a) + ANo ~ Nu) — EGN a) PolPo - ~ 


Fe] 
The value of G(N,,) is obtained from the second equation evaluated at threshold (Ny 
— Niks P ü = 0) 


GIN h) = AT 


F ate 


We use the last result to simplify the last two equations 





ple No Pe 
eV T EF; 
P 
Q= AN, — Ny) — ro (15.6-7) 
: lotr 


‘By electron “‘tempersture’’ we mean the temperature used in the Fermi function (15.1-8), 
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Performing a ‘‘small signal” expansion as in Equations (15.5-3) and (15.5-4) leads 


to 
=- |- 4+ AP jn, -~——* 
iip tt l eV (: sn ] I’ Tp Py 
inp, = TeAPon - =p, (15.68) 
P 


We note that for the case € = 0, these equations reduce to Equations (15.5-5}. Solving 


et 


I eP AP 
uh, - wd: + AP, + 2e) - (2 + a 
T 


Tp Tp TTp 


Dy) = (15.6-9) 


Under typical conditions such as those of the numerical exampie above, we have 


“3 
= 
| 


= 1.2 x 10°! photons/m? 
A=2xX 10" mys 1r=4x 10's 
Tp = 107% 8 e= 10" m 


so that eP/t, = 1.2 X 10'° s7! » AP,. 
Using the inequalities ePo/Tp > AP» and é/tp > A, we find that the peak mod- 
ulation response occurs at 


AP, _ ePi 


y Tp ri 


A comparison of this last result to (15.5-8) shows that when e # 0, i.e., gain sup- 
pression ts considered, the modulation resonant frequency, wg, does not increase 
indefinitely with Pa but reaches a maximum value at a photon density of 


ATp 


(Po)max = ra (15.6-10) 


The maximum value of œg, which obtains when Po = (Pona. IS 
AL 


= 15.611 
V2e i ) 


(We max = 


Using the typical numerical constants given following (15.6-9) and in the numerical 
example of Section 15.5, we estimate 
o Atp 2x 10 x Oh 


(Poma = eo gs | x 10°° photons/m* 
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which, using the expressions given in the example of Section 15.5, corresponds to 
a power output of ~80 mw per facet. The corresponding maximal resonant modu- 
lation frequency is 


Wr 1\ A 2x10" , lo 
2m Mr Ve 2aV2x 102 


` 


The last result points vut the role of the gain suppression in placing a practical 
upper limit on the modulation bandwidth that can be achieved by current modulation 
of semiconductor lasers. To modulate at significantly higher frequencies, w, > wg, 
one needs to employ extemal modulators, such as these that are discussed in Sections 
9.3 and 9.4. 


Amplitude-phase coupling 


Amplitude-phase coupling which causes a second effect that is attendant upon the 
carrier density modulation (7 fen) # 0} is the frequency modulation (chirp `) of 
the laser output field. The amplitude nj(w,,) of the carrier density fluctuation is 


obtained by solving (15.6-8): 
( 2a) i, 
bi * =- -7 
TeeV 


Hilin) = T (15.0-12) 
‘AP, EP, l | EP, 
i, | ~ — fw, + AP, t 
T 


Ty: Trp, 
A comparison of (15.6-12 to (15.6-9} shows that 


ef, 
lita TT 
Tp 


Ahn) Tmo O (15.613) 


Since tor our assumed exp(iw,,7) ume dependence. iw,, > didi, we use (15.6-13} to 
write 


1 [1 dP 
AN} = — + — += sran (15.614) 


where MN = Na + ANG) PE) = Pa + APU) Equation (15.6-14) applies to any 
arbitrary photon density modulation, not necessarily harmonie, 

Our next task is to find the effect of the carrier density modulation AMi) on the 
laser frequeney. The index of refraction of the gain medium is complex: 


nyt) = agit) + ingt) (15.415) 


where the time dependence reflects the dependence of the real index nó and the gain 
{or loss), which involves na on the time-modulated varner density AN(). 
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The imaginary part of the index nọ is related to the spatial exponential 
gain constant of the laser medium since the spatial dependence of the field is 


€(z) a &, al- (no + nix = éy exp{ = :) ex 2 | 


Since our rate equations (15.6-6) and (15.6-8) are in the time domain, we need 
to convert the spatial growth parameter wn yc to a temporal one. We use 


dë _ afl de i) E fe = 2i k 
df dz dt E fig Hy 


It thus follows that the exponential gain constant G(N,P) of (15.6-6) is related 
to my by 


— 2wng — 4am 


- r (15.616) 
no Hg 
where the factor of 2 accounts for the fact that G is the temporal growth 
constant of the photon density (« uptical intensity) i.e, of [E| 
From the last equation, it follows that 
ang _ Mo 8G no 


= — ; (15.617) 
aN AnroN derr 


where we used (15.6-5) to substitute ¢G/9N = A. A modulation AMA) of the 
carrier density causes, according to (15.6-17), a corresponding perturbation 


Ant = | A ANG) (15.618) 
dary 


Our next task is to obtain the dependence of the real index perturbation An, 
on AN(t). Now Ang and Anj are related through Kramers-Kroning relations, 
which were discussed in Section 5.4. It has, however, proved useful to relate 
An, and Ang by means of a parameter, the so-called phase-amplitude coupling 
constant, the a parameter [36, 43]. 


I 
_ Atty 


“= 14.419 
An’ (13.619) 


The æ parameter is a function of the carrier density No of the semiconductor 
laser medium, and typical values for it range between 3 and 5 [36, 44]. Com- 
bining (15.6-19) and (15.6-18), results in 

TURT! 


Aniti) = AND (15.620) 


4e 
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A perturbation An, due to carrier density modulation causes a perturbation Av of 
the laser frequency 
Ap Any al A 


D, = -=--> 15.62] 
mo anv ANE) (15.621) 


— 


The first equality of (15.6-21) follows directly from the basic Fabry-Perot resonance 
frequency relation, Equation (6.2-2). The factor I, = Vocived V mode accounts for (pos- 
sibly) partial filling of the resonator by ihe active medium. Substitution in the last 
equation for AN(t} from (15.4-14) [36, 37] gives 





for the laser frequency chirp. The contribution involving dP/dt is called the transient 
chirp, while that which is proportional to AP(t) is termed the adiabatic chirp. The 
latter involves the gain suppression parameter € and is usually dominant at low (= 
10° Hz) frequencies, while the transient term dominates at typical microwave (> 
10° Hz) frequencies. 


The Field Spectrum of a Chirping Laser (36, 37) 


In the development leading to (15.6-22), we showed that any modulation of the 
power of a semiconductor laser by means of current modulation causes a frequency 
chirp. In the following, we will derive the spectrum of the output optical field of a 
laser with sinusoidal power modulation in order to obtain an appreciation of the 
expected order of magnitude of the effect, especially the amount of spectral spread. 
We take the optical field of the laser as 


a(t) = (E + 5 Eo sin ont eottenny + bey} (15.623) 


where w,, 1s the modulation frequency, and vg is the average optical frequency. 
The phase @(t) in (15.6-23) is related to the chirp A r(t) of (15.6-22) by the 
general result” 


a 


ry del € PEE PE 
ith = an | Avr dt’ = 5 lz Pít) + m i AP(t dt | (15.624) 


Hf ġ{t) were a constant, which would be the case when œ = 0, the spectrum of 
the topical field %(f) would consist of a carrier of amplitude Ep at vo and two 
sidebands with amplitudes 5/4. When @(f} is not constant, additional sidebands ap- 
pear and the optical spectrum broadens. This chirped-induced broadening is of spe- 


*The basic definition of the frequency pr) of a field A expliġin] is as) = (1/2 riddari and corresponds 
to the number of optical cycles per second at time £. 
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cial concern in applications that involve high data rate communication in fibers, 
since, as shown in Section 2.9, the temporal broadening of pulses in dispersive fibers 
is directly proportional to the product of the spectral width of the light and the 
propagation length. Any increase in the laser’s spectral width would thus limit the 
rate at which the data can be transmitted in such a fiber. In the case considered here, 
we can write the photon density P(t) as 


. 2 
P(t) x (EP) = ei + z) + sE sin wp? = Py + Pisin @pf (15.625) 


where { ) indicates averaging over a few optical periods. Substitution of the last 
expression (15.6-24} leads to 


transient adiabatic 


1 





oi = -2 Pi sin wt — C f 
> |B, m DS hy 


hy Tp 
where we left out time-independent terms that correspond to unimportant fixed phase 

shifts. At high modulation frequencies such that w,, > €Po/tp (this corresponds, 

using the numerical data used earlier in this section, to w,,/2m } 2 X 10° Hz), the 

first term (‘‘transient’’) in the square brackets dominates, so that the optical phase 
can be taken as 


b(t) = > sin Wel 


oP 5 
m= 


P, 1+ 37/4 ( 


when s (and m) Æ 1. The total optical field, Equation (15.6-23), assumes the form 
tit Wi 
(t) = Ç + 3 En int ooo -7 in| (15.627) 


where we used s = mis £ 1). 
We can use the Bessel function identity 


em = Ss, (de (15.6-28) 


n= 


to rewrite (15.6-27): 


sa = $ J,(Sexpli(wy + nom) 
0 n=- 


- i > J,(Hexpliles > (n + Dent] 


n=% 
a0 


HITO Depli + 0- Denli) 


=e 
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Some of the sidehbands ure: 

al ih), ae ald) + i= z ime 

al wa + Wn. an (0) — i> T Joð) +2 7 146) [expli + Wat] 

At, — p. e= (6) + Z Ji} - F 18) frp — baH] (15.629) 
M | 

at i, + Dev, By fia- i — i (a) +: 4 146) fx + Ju] 


al wy — tp E. 


Lay -i 7 ia) +i ™ 16) [expo — 2w,,)t| 





where 6 = ~me? 15 the phase modulation index of the optical field. The amplitudes 
af the sidebands al wo + nw, in this case have the same magnitude. This is a 
consequence of the form of (£5.6-27) but is not generally true, so that the optical 
sidebands, in general, for #t and 6 not zero, are not symmetric about wg. This is 
considered in Problem 15.11. An experimental graph showing the spectrum of the 
auiput held of a laser whose current ts modulated is given in Figure 15-20(b). The 
spectrum can be ht well with an adiabatic chirp spectrum (1.¢., phase modulation 90° 
Out of phase with current}, corresponding to a field 


firth = Gee "E E, sin on exam + cos w,f)] (15.630) 


with m = O.2 and à = 3.3. 

In the transient case, we found [see {15.6-27}) that the phase modulation index 
6, the amplitude of the phase excursion. 18 equal to maf? and that it can be determined 
from a fil to the experimental sideband distribution. Since the intensity modulation 
index m can be determined straighiforwardly from a spectral analysis of the laser 
imensily. the combination of the field spectrum, obtainable with a scanning Fabry- 
Perot etalon. und the mtensity spectrum, obtained from a spectral analysis of the 
detected photocurrent. can be used to determine the amplitude-phase coupling con- 
stant a [36]. 


15.7 INTEGRATED OPTOELECTRONICS 





In one of its rare moments of cooperative spirit, nature has endowed the HI-V semi- 
conductors based on GaAs/GaAlAs and InP/GalnAsP with a double gift. These are, 
as discussed above, the materials of choice for semiconductor lasers, but in addition 
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it is possible to use them, especially In GaAs/GaAs and GaAs/GaAlAs, as base 
materials for electronic circuits in a manner similar to that in silicon.” 

It was pointed out in 197] [30] that it should be possible to bring together 
monolithically in a II-V semiconductor the two principal actors of the modem com- 
munication era—the transistor and the laser—-in new integrated optoelectronic cir- 
cuits. This new technology is now taking its first tentative steps from the laboratory 
to applications. 

The basic philosophy, as well as an example of an integrated optoelectronic 
device, is shown in Figure 15-21, which shows a buried heterostructure GaAs/ 
GaAlAs laser, sim tar to that illustrated in Figure 15-15, fabricated monolithically 
on the same crystal as a field-effect transistor (FET). The output current of the FET 
(see arrows) supplies the electron injection to the active region of the laser. This 
current and thus the laser power output can be controlled by a bias voltage applied 
to the gate electrode. 

An example of a feasibility model of an integrated optoeiectronic optical re- 
peater, which incorporates a detector, a FET current preamplifier, a FET laser driver, 
and a laser, is shown in Figure 15-22. The main reason for the accelerating drive 
toward an integrated optoelectronic circuit technology [33] derives from the reduc- 
tion of parasitic reactances that are always associated with conventional wire inter- 
connections, plus the compatibility with the integrated electronic circuits technology 
that makes it possible to apply the advanced techniques of the latter to this new class 


“A completely new clectronic technology based on GaAs/GaAlAs is now emerging [29]. It takes advan- 
tage of the large mobility of electrons in GaAs for very high switching speeds. 






£n diffusion 
P- GaAlAs, Pry! 
Active region. ` AuGe Au 
SiO, ~ Si 7 
H- GaAlAs i Eee 
p- GaAlAs ~, NO 
n* - GaAs SS 
n- GaAs’ SEY” luminum 
SI- GaAs 


Gale 


Figure 15-21 A GaAs n-channel field-effect transistor integrated monolithically with a burned 
heterostructure GaAsfGaAlas laser. The application of a gate voltage is used to control the 
bias current of the laser. This voltage can oscillate and modulate the light at frequencies > 


10 GHz. (After Reference [3] ].) 
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Figure 15-22 A monolithically integrated optoelectronic repeater contaimng a detector, Iran- 
sistor current source, a FET amplifier, and a laser on a single crystal GaAs substrate. (After 
Reference [32]. 
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Figure 15-23 A monolithic circuit containing a tunable multsection InGaAsPAnP 1.53 jm 
laser employing multiquantum well gain secuon. a passive waveguide for an external input 
opucal wave, and a directional coupler switch tor combining the laser output field and that 
of the external input at the output ports (After Reference [34] ) 
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Figure 15-24 An optoelectronic integrated circuit composed of three ~1.5 um InGaAs/InP 
distributed feedback lasers each tuned to a slightly different wavelength. The three wave- 
lengths are fed into a single waveguide and amplified in a single amplifying section. (After 
Reference [35].} 


of devices. More recent examples of optoelectronic integrated circuits are demon- 
strated in Figures 15-23 and 15-24, 


Problems 
15.1 Derive Equations (15.6-12). 
15.2 Derive Equations 15.5-7 and 15.5-8, 


15.3 Assume a fiber with L = 10 km and a group velocity dispersion parameter 
of 10 psec/nm-km (see Section 3.4). Calculate the maximum data rate through the 
fiber in bits/s if we use a semiconductor laser with characteristics similar to those 
used in the example of Section 15.6. For the purpose of this calculation, assume that 
a data rate of NV bits/s is equivalent to a current modulation frequency of w_/27 = 
N, 


15.4 Find the frequency wg that maximizes p{w,,) as given by equation (15.6-9) 
and, using the approximations given, derive (15,6-11}. 


15.5 Evaluate and plot: 
(a) The gain ylw) of an inverted GaAs crystal under the following conditions: 


N elec = N hole = ax Jo” cm” 
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m, = 0.07 Hi electron 


Ma = 0.4 MI ter tron 


T=0K 
E, = 1.45 eV 
7, = & 


(b) Comment qualitatively on the changes in y{q} as the temperature is raised. 
(c) What is the effect of a finite T, on y(w)? 


15.6 Consider the effect on the modulation response p ,(w,,,}/!,(1,,,) of the inclusion 
of a nonlinear gain term bP in the rate equations (15.5-1) 


dN i N 

— = — -= — Ail — APYN — N,)P 
dt ev T i Wa) 
dP P 


— = Al — bP\N — NPI,- — 
it ( \( ) 


fp 
where bP < 1. Show that the main effect is a damping of the resonance peak at wg. 


alt 


15.7 Solve for the carrier density modulation N = Nn + N, e“ in a semicon- 
ductor laser whose current is modulated at 


P= h + etn (1) 
Wm = modulation frequency € wom (2) 
(See Section |5.5.} 


15.8 Assume e = €, — aN, a is a constant and that the instantaneous frequency 
of the semiconductor laser obeys 


ee (3) 
V E 
find the form of the laser optical field due to the current modulation. What 1s the 
(phase} modulating index of the field? 


15.9 Using the data of Figure 15-7, what 1s the total current needed to render the 
active medium of a semiconductor laser transparent? Assume an active volume of 
300 x 2 Xx 0.2 (am) and a recombination lifetime of 7 = 3 xX 10°” seconds. 


15.10 If the thickness of the active region m Problem 15.9 were reduced to 100 
A, can we obtain enough gain from a semiconductor laser to overcome a distributed 
loss constant of œ = 20cm ' and R = 0.9? What will be the transparency current? 
What will be the threshoid current? Assume a mode height normal to the interfaces 
of tf = 4000 A and 


REFERENCES 601 


t(mode height) 


ad 


15.11 Plot the optical spectrum of a wave with simultaneous AM and FM modu- 
lation 


é(t) = at + 5 sin ont elite + dsin{w,¢ + a)]} 


for a = 0, m6, a4, a2. 
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16.0 INTRODUCTION 


During the last few years a new type of a semiconductor laser, the quantum well 
(QW) laser, has come to the fore |] |. It is similar in most respects to the conventional 





'A basic, first-year knowledge of quantum mechanics 1 assumed in this chapter, 
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double heterostructure laser of the type shown in Figure 15-10 except for the thick- 
ness of the active layer. In the quantum well it is ~ 50-100 A, while in conventional 
lasers it is ~1,000 A. This feature leads to profound differences in performance. 
The main advantage to derive from the thinning of the active region is almost too 
obvious to state—a decrease in the threshold current that is nearly proportional to 
the thinning. This reduction can be appreciated directly from Figure (5-7. The carrier 
density in the active region needed to render the active region transparent is ~ 10" 
cm *. It follows that just to reach transparency we must maintain a total population 
of Miansp ~ Va X 10" electrons (holes} in the conduction (valence) band of the active 
region where V,{cm’) is the volume of the active region. The injection current to 
sustain this population 1s approximately 


eV, x 10” 
T 


Frang (16.01) 
and is proportional to the volume of the active region. A thinning of the active region 
thus reduces V, and Ziran proportionately. In a properly designed laser, the sum of 
the free carrier, scattering, and mirror (output) coupling can be made small enough 
so that the increment of current, above the transparency value, needed to reach 
threshold is small in comparison to Jian). The reduction of the transparency current 
that results trom a small V, thus leads to a small threshold current |4, 5, 6. 7, 8]. 

Quantum weli active regions are also used as the amplifymg medium in distrib- 
uted feedback lasers and in vertical cavity surface emitting lasers. Both of these 
classes of important semiconductor lasers are discussed in separate sections of this 
chapter. 


16.1 CARRIERS IN QUANTUM WELLS (Advanced Topic) 


The essential difference between the gain of a pumped quantum well semiconductor 
medium and that of a bulk semiconductor laser has to do with the densities of states 
in both of these media. The density of states of a bulk semiconductor was derived 
in Section 15.1 and is given by Equation (15.1-7). It was used in (15.2-9) to derive 
an expression for the gain y(@ >) of that medium. In this section we will repeat this 
procedure using the density of states function of a quantum well, This 1s one of the 
few places in this book where we need to turn to quantum mechanics, The student 
without 4 quantum mechanical background but with a good electromagnetic prepa- 
ration can simply think of the electron using the de Broglie picture as a wave obeying, 
not Maxwell’s equations but the Schrodinger equation. The running wave solutions 
of this equation are of the form of modes &(x, z) = u,(rexp(—if,2/h} where ft Is 
Planck’s constant divided by 27, E, is the quantized energy of an electron in the 
state i, while u;(r) is the eigen function. ' 

We consider the electron in the conduction band of a QW to be free (with an 
effective mass m,) to move in the x and y directions, but to be confined in the z 
(normal to the junction planes} as shown in Figure 16-1. The potential barrier AZ, 
was given in Section 15.3 for the GaAs/Ga, _,Al,As system as AE, ~ 0.75 X (eV). 
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For the sake of simplification, we shall take AF, as infinite. (This is a close approx- 
imation for barmers > 100 A and x > 0.3.) The wavefunction u(r) of the electrons 
in this well obeys the time independent Schrödinger equation [2]. 


K A a p 
Vigu(r) — om (= + ae + rane = Fu(r) (16.1-1) 


E is the energy of the electron while V(z} = £,(z) is the potential energy function 
confining the electrons in the z direction. We will measure the energy relative to that 
of an electron at the bottom of the conduction band in the GaAs active region as 
shown in Figure 16-1. The eigenfunction u(r) can be separated into a product 


u(r) = ír, jez) (16,1-2) 


which, when substituted in (16.1-1), leads to 


az 


where E, is a separation constant to be determined, Since we agreed to take the 
height of Víz} the well region as infinite, u(z) must vanish at z = + £,/2. 


mo- 23 =F 161-3 
d- a a O = Ea (16.1-3) 





qT — 
cos € — Zz €= 1,3, 5,... 
u Az) = 7 (16.1-4) 
sin €—z C= 2,4,6,... 
i 2 ; 
E=: T = EL =E, €=1,2,3,... (16.1-5) 
M, 
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Figure 16-1 The layered structure and the band edges of a GaAlAs/GaAs/GaAlAs quantum 
well. 


CARRIERS IN QUANTUM WELLS 607 


Using (16.1-3, 16.1-4, and 16.£-5) in (16.1-1) leads to 


Hr )¥or,) = (E - EDYr) (14.16) 
We can take yir ) as a two-dimensional Bloch wavefunction (see 15,1-1). 
W(t.) = u(r eet (16.1-7) 


where i (r,) possesses the crystal periodicity. The wavefunction Vir) obeys the 
Schrodinger equation 


21,2 


Ae 
Hir yE) = om Yir) (16.1-8) 


E 





and from Equations (16.1-6, 7, 8) 


hie eg? Ake 
Eik, f= + & = = + Ep ¢€=1,2,3,... (16.149 
( L } dm, Im L 2m. . f ( ) 
where the zero energy is taken as the bottom of the conduction band. 
My (I) possesses the lattice (two-dimensional) periodicity. Similar results with 
m, —> m, apply to the holes in the valence band. We recall that the hole energy E, 
is measured downward in our electronic energy diagrams so that 
Ake hen? KK 
E,(k,, ) = — + P —— = — + E, 1 =1,2,3,... (161-10 
vk, 8 2m, mE 2m, ` l ) 











measured (downward) from the top of the valence band. The complete wavefunctions 


are then 
2 
Hir) = 2 vaci E | (16.1-11) 


2 T 
hir) = iz vecsi 7 | 


for holes. We defined CS(x) = cos(x) or sin(x) in accordance with (16.1-4). 
The lowest-lying electron and hole wavefunctions are 


2 
WAT Jaruna state i Uy {r 1) oo(2 :) 


Po CE) ground stale Z ip Wi T) on 2 :) (16.1-12) 


and are shown along with the next higher level in Figure 16-2. In a real semicon- 
ducting quantum well, the height AE, of the confining well (see Figure 15-10) is 
finite, which causes the number of confined states, ie., states with exponential decay 
in the z direction outside the weil to be finite. The mathematical procedure for solving 
(16.1-3) is similar to that used in Section 13.1 to obtain the TE modes of a dielectric 


for electrons and 
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Ppt E) 





Figure 16-2 (a) The first lwo £ = f, f = 2 quantized electron and hole states and their 
eigenfunctions in an infinite potental well. ib) A plot of the volumetric density of states 
(MAL. V[dN(E dE] (1... the number of states per unit area (A) per unit energy divided by the 
thickness z of the active region) of electrons in a quantum well and of a bulk semiconductor. 
(Courtesy of M. Mittelstein, The California Institute of Technology, Pasadena, California} 


waveguide that obeys a Schrédinger-like equation (13.3-1). As a matter of fact, to 
determine the number of confined eigenmodes as well as their eigenvalues we use 
a procedure identical to that of Figure 13-4. 


The Density of States 


The considerations applying here are similar to those of Section 15.4. Since the 
electron is ‘‘free’’ in the x and y directions, we apply two-dimensional quantization 
by assuming the electrons are confined to a rectangle L£, This leads, as in Equation 
(15.1-3), to a quantization of the components of the k vectors. 


A=12,..., k =m 


y 7 m=1, 2. 


[m 


The area in k_space per one eigenstate is thus A, = 7/L,L, = TA. We will drop 

the subnotation from now on so that k = k, The number of states with transverse 

values of ¢’ less than some given & is obtained by dividing the area mk°/4 by A, (the 

factor 1/4 is due to the fact that k, and -k describe the same state). The result is 
KA 


Niky = — 
2 
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where a factor of two for the two spin orientations of each electron was included. 
The number of states between k and k + dk is 


ANR k 
p(k) dk = EM) on = A, — dk (16.1-13} 
dk T 


and is the same for the conduction or valence band. The total number of states with 
total energies between E and E + dF is 


dN k 
(E) jp. aN) dk 


dE J 
dE dk dE (6.114) 


The number of states per unit energy per unit area 15 thus 
1 dN(E) kdk 
A, dE T dE 


from (16.1-9) with k, -> k, € = 1, and limiting the discussion to the conduction 
band, the relation between the electron energy at the lowest state € = 1 and its k 
value is 





Om, 
k= i=“ (E -— E,,)'” 
y $1 ( 1c) 
so that the two-dimensionaj density of states (per unit energy and unit area) is 
1 dN(é) m, 
Ej = — — = — 16.1-15 
Powl È) A, dE me ( ) 


Recall that this is the density of electron states. The actual density of electrons 
depends on the details of occupancy of these states as is discussed in the next section. 
An expression similar to (16.1-15) but with m, — m, applies to the valence band. 
In the reasoning leading to (16.1-15), we considered only one transverse u(z} quan- 
tum state with a fixed € quantum number (see Equation 16.1-15). But once E > Esn 
as an example, an electron of a given total energy E can be found in either € = | 
or € = 2 state so that the density of states at E = E, doubles. At E = E y it triples, 
and so on. This leads to a staircase density of states function. The total density of 
states thus increases by minh” at each of the energies E,, of (16.1-5), which is 
expressed mathematically as 


all states m 
powE) = 2, 5 HME- E,,) (16.1-16) 

n1 TR 
where H(x) is the Heaviside funcuon that is equa! to unity when x > 0 and is zero 

when r < Q, 

The first two steps of the staircase density of states are shown in Figure 16-2. 
In the figure we plotted the volumetric density of states of the quantum well medium 
Pow/L, so that we can compare it to the bulk density of states in a conventional 
semiconductor medium. It is a straightforward exercise to show that in this case, the 
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QW volumetric density of states equals the bulk value p3,{£) at each of the steps, 
as shown in the figure. 

The selection rules. Consider an amplifying electron transition from an occupied 
state in the conduction band to an unoccupied state in the valence band. The states 
€ = | in the conduction band have the highest electron population. (The Fermi law 
Equation (15.1-8) shows how the electron occupation drops with energy.) The same 
argument shows that the highest population of holes is to be found in the f = | 
valence band state. It tollows that. as far as populations are concerned, the highest 
optical gain will result from an € = | to f = 1 transition. The gain constant is also 
proportional to the (square of) the integral involving the initial and final states and 
the polarization direction x, y, or z of the optical field. Since the lowest lying electron 
and hole wavefunctions have, according to Equation (16.1-12), a z dependence that 
is proportional to cos( #2.) and since 


LA rr 
-po — ae = 
i z COS T. dz = 0 
it follows that the optical field must be x or y polarized. The optical E vector thus 
must lie in the plane of the quantum well. A field polarized along the z direction 


does not stimulate any transitions between the two lowest lying levels and thus does 
not exercise gain (or loss). 


16.2. GAIN IN QUANTUM WELL LASERS (3) 


To obtain an expression for the gain of an optical wave confined (completely) within 
a quantum well medium, we follow a procedure identical to that employed in the 
case of a bulk semiconducting medium that was developed in Section 15.2. An 
amplifying transition at some frequency fia, is shown in Figure 16-2. The upper 
electron state and the lower hole state (the unoccupied electron state in the valence 
band) have the same € and k values (see discussion of selection rules in Section 
16,1) so that the transition energy is 


hw = E, — E, = E, + Edk, €) + E(k, £) 
J 2 
=E, + (+ + 1) d (e e z (16.2-1) 


m. Mm, 2 E 
2 2 
-+ i (e + eT 
m* = ee (16.2-2) 
Me + my, 


€ = 1, 2,... 1s the quantum number of the z dependent eigenfunction (z) as in 
Equation (16.1-4). We start again with (15.2-4) but this lime in the correspondence 
of Equation (15.2-7} replace pik) Y by the equivalent quantum well poy(kVL, vol- 
umetric carrier density 
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w k 
pos k Pa a (EM = SAEI = = (fy — fof 


Nm’ ——> 


- 4k) k 
Nam?) —> FOES df (EMT ~ FED = — (fe — fefoddk 
TL, 
where Pow(K) is given bv ( (16.i-15) and is independent of k. The effective inversion 
population density due to carriers between 4 and & + dk is thus 


kdk 
N,~ Ni — zE [gue - ra) (16.2-3) 


The division of paw by L, is due to the need, in deriving the gain constant to use 
the volumetric density of inverted population consistent with the definition of N, 
and Na in (15.2-4). £, and E, are, respectively, the upper and lower energies of the 
carriers involved in a transition, We use (15.2-4) and (16.2-3) to write the contri- 
bution to the gain due to electrons within dk and in a single, say € = 1, sub-band 
as 


A T, 


4n*7 ml + (w — w T3] (10.24) 


dyw) = = AL (E, J- neo Ž 
where T, is the coherence collision time of the electrons and 7 is the electron-hole 
recombination lifetime assumed to be a constant, We find it more convenient to 
transform from the & variable to the transition frequency w (see Equation 16.2-E). 
From (16.2-1) it follows that 


m* 





dk = in da 
so that (16.2-4) becomes 
T-dw 
Ko) =; a > Ae Fto- f.(ho)} <a (16.25) 


where we used the convention that f {Êw} is the Fermi function at the upper transition 
(electron) energy E., while f (fw) is the valence band Fermi function at the lower 
transition energy. To include, as we should, the contributions from all other sub- 
bands {f = 2, 3,...) we replace, using (16.1-16) 


nn 

mh 
where fity, is the energy difference between the bottom of the € sub-band in the 
conduction band and the € sub-band in the valence band. 
A? T7 
Im" 


mr = 
— 2 Hiw — w) (16.2-) 





hw, =E, + (16.2-7) 


To get an analytic form for Equation (16.2-5} we will assume that the phase coher- 
ence ‘‘collision’’ time T- is long enough so that 
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Py 


es i - 16.28 
AiE o w Ta ET oe”) 


which simplifies (16.2-5) to 
#42 


= AD Eho) Fhe)! Y Hho A 16.2-9 
yiwa) Ahl wr [Fe — Jew] a aT w,) (16.29) 


Equations (16,2-5) and (16.2-9) constitute our key result. They contain most of 
the basic physics of gain in quantum well media. Consider, first, the dependence of 
the gain on the Fermi functions Ja f- An increase in the pumping current leads to 
an increase in the densjty of injected carriers in the active region and with it to an 
increase in the quasi-Fermi energies Ep, and Ep, This ieads to a larger region of wo 
where the gain condition (Equation }5.2-14) 


f (hg) 7 fhean) > () (16.2-10) 


is satisfied. This situation is depicted in Figure 16-3. The solid curves (a}, (b), and 
(c) show the modal gain of a typical GaAs quantum well laser at three successively 
increasing current densities. The modal gain is equal to the medium gain y(t) of 
Eq. (16.2-5) multiplied by the optical confinement factor F, ~ £,/d, The dashed 
curve corresponds to the gain available at infinite current density (f hwo) = 0, 
f(y) = 1) and thus, the gain in this case according to (16.2-9), is proportional to 
density-of-states function 


X 


+ 
M, 
Powlhw) = ` 


fa T? Hih = fit») (16.2-11) 


The first frequency to experience transparency, then gain, as the current is increased, 
according to the idealized staircase density of states model, 1s wo where 
hea? 

he, =F, + Ep + Ey = BE, + om (16.2-12) 
ho», is thus the energy difference between the € = 1 (k = 0) conduction band state 
and the € = | (Å = 0) valence band state. The inversion factor f(a) — Jowo) 
is always larger at this frequency than at larger frequencies. As the current is in- 
creased, and with it the density of electrons (holes) in the conduction (valence) band, 
the quasi Fermi levels (Er , £p,) move deeper into their respective bands. There now 
exists a range of frequencies between the value piven by (16.2-12} and wg = (E; + 
Ep + Es} where the gain condition (16.2-10) is satisfied. At even higher pumping 
the contribution from the ¢ = 2 sub-band [see Figure 16.3{b)] adds to that from € 
= ] and the maximum available gain doubles to 2)(w 9). Curve (d) in Figure 16-3 
shows the gain of a conventional double heterostructure laser. We note that equal 
increments of current will yield larger increments of gain in the SQW case, that, at 
low currents, the SOW gain tends to saturate at a constant value yo, and that the 
width of the spectral region that experiences gain is much larger in SQW case com- 
pared to DH lasers. 
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Figure 16-3 Gain (solid curves) and the joint density-of-states function (dashed lines) m a 
graded index, separate confinement heterostructure single quantum well laser (GRINSCH- 
SQW), and a conventional double heterostructure (DH) laser. The gain curves (a), (b), and 
(c) are for successively larger injection current densities, and curve (d} applies to the DH with 
the same current density as the QW laser curve (a). To meaningfully compare the density of 
States of a quantum well laser and the bulk (DH) laser we divided the former by the width 
w = 4L, of the optical confinement distance. This, in addition to rendering the dimensions 
identical, makes both curves proportional to the maximum (available) modal gain. (Courtesy 
of D. Mehuys, The Califorma Institute of Technology) 
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The gain expression y(w,) derived as (16.2-9) is that of the quantum well me- 
dium. It is the gain experienced by a wave that is completely confined to the quantum 
well. Since the quantum well thickness if typically 50Å < L. < 100Å, while the 
mode height is typically d ~ 1000A, the actual gain experienced by the mode— 
modal gain—is given as in Equations (15.3-2, 3) by 


L. 
É modat — Wa = y d (16.2-13} 
When we use the expression (16.2-9) for y, we find that the modal gain at a given 
areal density of carriers is independent of the thickness L, of the quantum welt and 
is inversely dependent on the mode height d. 


Multiquantum Well Laser 


The small thickness of the quantum well relative to that of the mode height (L/d = 
2 X 107° typically) makes it practical to employ more than one quantum well as 
the active region. To first approximation, the total electronic inversion ts divided 
equally among the quantum wells, and the total modal gain is the sum of the indi- 
vidual modal gains of each well. The advantage of multiple-quantum well lasers is 
that, as shown in Figure 16-4, the gain from a single well tends to saturate with 
carrier density, hence with current, because of the flat-top nature of the density of 
states. The use of multiple-quantum wells enables each well to operate much within 
its linear gain-current region, thus extracting the maximum modal gain at a given 
total injected carrier density. This effect also results in a large differential gain A = 
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Figure 16-4 A theoretical plot of the exponential (modal) gain constant vs. wavelength of a 
quantum well laser. (Courtesy of Michael Mittelstein, The California Institute of Technology) 
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Figure 16-5 Schematic drawing of the conduction band edge and doping profile of a single 
quantum well, graded index separate confinement heterojunction lasers (GRINSCH). (Cour- 
tesy of H. Chen, The Califomia Institute of Technology} 


dg/aN, which, as shown in Section 15,5, leads to a higher laser modulation band- 
width. This behavior is illustrated by Figure 16-6, We see that the optimal number 
of wells in a given laser depends on the requisite modal gain which at oscillation, 
18 equal to the laser losses. A laser with an effective loss constant of dey = aœ — VE 
€nR(a = loss constant, R is the mirrors’ reflectivity) of, say, 10 cm‘) will have, 
according to the figure, the lowest threshold current with one (NV = 1) quantum well. 

A theoretical plot of the exponential (modal) gain constant as a function of 
photon energy, or wavelength, is shown in Figure | 6-4. The parameter is the injection 
current density. The interesting fcature is the leveling off of the gain at the lower 
photon energies with increasing current and the appearance of a second peak at the 
higher current due to the population of the € = 2 well state, 

Figure 16-5 shows the layered structure of a single quantum. well GaAs/ 
GaAlAs laser. The 80 A wide quantum well is bounded on each side with a graded 
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Figure 16-6 The modal gain £mogi = Ug) as a function of the injected current with the number 
N of quantum wells as a parameter. (After Reference [3].) 


index region, This graded index (and graded energy gap) region 1s grown by tapering 
the Al concentration from 0% to 60% in a gradual fashion as shown, The graded 
region functions as both a dielectric waveguide and as a funnel for the injected 
electrons and, not shown, the holes, herding them into the quantum well. 


16.3 DISTRIBUTED FEEDBACK LASERS (9, t0, 11) 


All jaser oscillators employ optical feedback. By the word feedback we mean a 
means for ensuring that part of the optical feld passing through a given pomt retums 
to the point repeatedly. If the delay is equal to an integral number of optical periods, 
this leads, in the presence of gain, to a sustained self-consistent oscillating mode 
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where the field stimulated by atoms at any moment adds up coherently and in phase 
to those emitted earlier. In the laser resonators studied so far in this book, the feed- 
back was provided by two oppositely facing reflectors. Feedback can also be 
achieved in a traveling wave folded-path geometry. 

In distributed feedback (DFB} lasers, the reflection feedback of forward into 
backward waves, and vice versa, takes place not at the end reflectors but continuously 
throughout the length of the resonator. This coupling is due to a spatially periodic 
modulation of the index of refraction of the medium or of its optical gain. These 
lasers enjoy a wavelength stability that is far superior to these of ordinary Fabry- 
Perot lasers. This stability is due to the fact that the laser mode prefers to oscillate 
at a frequericy such that the spatial period A of the index perturbation is equal to 
some (usually small} integer (£) number of guide half wavelengths: 


where 6 is the propagation constant of the optical field in the waveguide. This 
condition, which ensures that reflections from different unit cells of the periodic 
perturbation add up in phase, is referred to as the Bragg condition. This is in analogy 
with the, formally similar, phenomenon of x-ray diffraction from the periodic lattice 
of crystals. This enables the laser designer, through a choice of A, to “force” the 
laser to oscillate at any predetermined wavelength, provided that the amplifying 
medium is capable of providing sufficient gain at that wavelength. This property is 
especially important in semiconductor lasers used in optical fiber communication. 
such lasers are often required to operate within narrow, prescribed wavelength 
regions to minimize pulse spreading by chromatic (group velocity) dispersion or to 
avoid crosstalk from other laser beams at different wavelengths sharing the same 
fiber. 

We will start our treatment of the distributed feedback (DFR) laser with a der- 
ivation of the relevant coupled mode equations. The essence of the DFB laser is a 
spatially periodic waveguide with gain. It is thus described by the coupled-mode 
equations (13.5-1} with the addition of gain terms 


dA 
“o Kope SPN B- yA 
az 
dB = Ký pe OP A+ yB (16.34-1) 
d? 
Tt 
AB=B- Bo = Bo > forf = | (16.3-2) 


We shall choose, without loss of generality, a real x so that K,,.= Kz, = K. The 
gain terms, ~ yA and yB, are chosen such that if, hypothetically, we eliminate the 
periodic perturbation (« = Ü), the waves A and & are uncoupled and grow exponen- 
tially, each along tts direction of propagation as exp(y X distance). We could, of 
course, have derived Equations (16.3-1) by mcluding ab initio gain in the derivation 
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leading to Equations (13.5-1).? Equations (16.3-2) can be simplified by defining new 
complex amplitudes A ‘{z} and B’(z) 


A(z} = A’(z)exp{— ye) 


Biz) = B'{z)exp(yz) (16.34) 
The result is 
dA” _ Kp B le Brine (16.3-5) 
dz 
2 _ KA ABT iyix (16.36) 
z 


These equations are identical in form to those of (13.5-1), provided we replace in 
the latter, AB — AG + iy, We can thus use the solution (13.5-2) of Equations (13.5- 
1) to write down directly the solutions for the complex amplitudes £,(z) and E,(z) 
of the incident and reflected waves, respectively, inside the amplifying periodic 
waveguide. We take the boundary conditions to be those of a singe right-traveling 
wave incident from the left with an amplitude 8(0}. The solution of Equations (16.3- 
5, 6) in this case is 


Ez) = B' (Del TPH] 
= BO) e Pot(y — iAP) sinh (S(L - z)] — S cosh [KL — z)}) 
(y — IAB) sinh (SL) — S cosh (SL) 


(y ~ iA) sinh (SL) — S cosh (SL) 


§? = ik? + (y — iB) (16.49) 


The fact that $ now is complex makes for a major qualitative difference between 
the behavior of the passive periodic guide (13.5-2) and the penodic guide with gain. 
To demonstrate this difference, consider the case when the condition 


(y~ AB) sinh SL = S cosh SE (16.310) 


is satisfied. It follows from (16.3-7, 8) that both the reflectance, £, (OYE, (0), and the 
transmittance, £,(LVE(0), become infinite. The device acts as an oscillator, since it 
yields finite output fields #,(0) and EAL) with no input [E40 = 0]. Condition 
(16.3-10) is thus the oscillation condition for a distributed feedback laser. For the 
case of y = 0, it follows, from (13.5-2), that IE, (LYE, (0)| < 1, and JE {0VE, (0) < 1 
as appropriate to a passive device with no internal gain. 

For frequencies very near the Bragg frequency w (Af = 0) and for sufficiently 


(16.3-7) 


E(z) = A'e» = BO) (16.3-8) 





“This can be done formally by replacing the real dielectric constant eit) m (13.3-3) by a complex etr): 
e(r) = e(r) + iett). For the case of a uniform gir) = e, we obtain y = wW wee. Otherwise Y 
involves a spatial integra! (see Problem 16.6). 
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high-gain constant y so that (16.3-10) is nearly satisfied, the guide acts as a high- 
gain amplifier. The amplified output is available either in reflection with a field gain 


E.(0) _ ka sinh SL 


rr (16.3-11) 
EO) (yy — iAg) sinh SL — $ cosh SE 





or in transmission with a gain 


FUD _ ST (16.412) 
E (y — tAB) sinh SL — S cosh SL 
The behavior of the incident and reflected field for a high-gain case is sketched in 
Figure 16-7. Note the qualitative difference between this case and the passive (no 
gain) one depicted in Figure 13-7, 

The reflection power gain, |E,(OVE,(0}|*, and the transmission power gain |E {Ly 
E,(0)(*, are plotted in Figure 16.8 as a function of Af and y. Each plot contains four 
infinite gain singularities at which the oscillation condition (16.3-10} is satisfied. 
These are four longitudinal laser modes. Higher orders exist but are not shown. 





Oscilkation Condition 


The oscillation condition (16.3-10) can be written as 


5 (Y — rA B) 256 
$4 (y— iB) (y — 1B) € l (16.313) 


In general, one has to resort to a numerical solution to obtain the threshold 
values of Af and Y for oscillation [17]. In some limiting cases, however, we can 





ny — Noh |Superstrate 
ag S aa ed pa G paa G pa GSS 


E0) — Gain Guiding | | 
E(0) — y layr, SAW 





Figure 16-7 Incident and reflected fields inside an amplifying periodic waveguide. 
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(b) 
Figure 16-8 (a) Reflection gain contours in the ABL — yL plane. AB is defined by (16.3-2) 
and is proportional to the deviation of the frequency wœ = ae/An. The plots are symmetric 
about Af, so that only one-half (AB > 0) of the plots is shown. {b) Transmission gain. 
{Courtesy of H. W. Yen.} 


obtain approximate solutions. In the high-gain y ® « case, we have from the defi- 
nition of $° = K + (y — ABY 
GET 
S= — (y— (AB 1 + —S YK 

(¥ B) Ay _ iApy 
so that 

S — (y — iABp) = -2(y — Ap) 

— g? 


S + (y= AB = ny 
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and (16.3-13} becomes 


— f 2 
are SL = =| (16.3-14) 


Equating the phases on both sides of (16.3-14) results in 


(AB),,LK° 
Ya + (ABY, 


Hi = 0, +I, ae 


AET AB) af. + = (2m + 1)m (163-15) 


In the limit Ya 2 (AB)... «, the oscillating mode frequencies are given by 





l 
(ABE = -(n + z) 7 (16.3-16) 
and since AB = B — By ™ (@ — hne 
on = o [m+ iE (16.417 


We note that no oscillation can take place exactly at the Bragg frequency wo The 
mode frequency spacing is 


TE 





(16.3-18) 


fi eft 


which is approximately the same as in a two-reflector resonator of length L. (See 
4.1-10,) 
The threshold gain value Y, is obtained from equating the amplitudes in (16.3- 
14); 
en Yat 4 
P+ URL k (16.419) 
indicating an iacrease in threshold with increasing mode number m. This is also 
evident from the numerical gain plots (Figures 16-7 and 16-8). An important feature 
that follows from (16.3-19) is that the threshold gain for modes with the same 
lw — wol, or equivalently the same |AQ|, is the same. Thus two modes will exist 
with the lowest threshold, one on each side of wo. This property of DFB lasers is 
usually undesirable, and methods for obtaining single-mode operation are discussed 
in the last part of this section.* The periodic perturbation in semiconductor DFB 
lasers is achieved by incorporating a grating, usually in the form of a rippled inter- 
face, in the laser structure. This is achieved by interrupting the crystal growth at the 
appropriate stage and wet-chemical etching a corrugation into the topmost layer by 





3High-speed (data rate) optical communication in fibers requires that the optical source put out a single 
frequency in order to minimize the temporal spread of the optical pulses with distance, which 15 caused 


by group velocity dispersion. 


622 


ADVANCED SEMICONDUCTOR LASERS 


using an interferometrically produced photoresist mask [10}. Growth of a layer with 
a different index of refraction, or optical absorption on top of the rippled surface, 
results in the desired spatial modulation. 

A diagram of a distributed feedback laser using 4 GaAs-GaAlas structure is 
shown in Figure 16-9, The waveguiding layer, as well as that providing the gain 
(active layer), is that of p-GaAs. The feedback is provided by corrugating the inter- 
face between the p-Gag3Al,7As and p-Ga-Al ,As, where the main Index discont- 
nuity responsible for the guiding occurs. Figure 16-12 shows an example of a pè- 
riodic gain grating. The laser in this example is based on the quatemary 
CGa,_,In,As;-,P, as the active region and InP as the high-energy gap. low index- 
cladding layer. The feedback is achieved by growing an extra-absorbing, Le.. low- 
energy gap, layer and then etching through a mask to leave behind a penodic array 
of absorbing islands. 

The increase in threshold gain with the longitudinal mode index m predicted by 
(13.6-19) and by the plots of Figures 16-7 and 16-8 manifests itself ina high degree 
of mode discrimination in the distributed feedback laser. 

It follows from (16.3-17) and (16.3-19) that the twu lowest threshold modes are 
those with m = O and m = —1 and that they are situated symmetrically on either 
side of the Bragg frequency w just outside the bandgap. 
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Figure 14-9 A GaAs-GaAlAs cw injection laser with a corrugated inferface. The msert shows 
a scanning electron microscope photograph of the layered structure. The feedback is in third 
order (€ = 3) and is provided by a corrugation with a period A = 3A,/2 = 0.345 um. The 
thin (0.2 pm) p-Ga,;A ,7As layer provides a potential barrier which confines the injected 
electrons to the active (p-GaAs) layer, thus increasing the gain. (After Reference LIJ 
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To understand why the basic DFB laser of Figure 16-6. in which the index of 
relravtion is spatially periodic. does mot oscillate at the Bragg frequency, consider 
Figure 16-fO(a1. Let the reflection coefficient of a wave (at œw) incident from the lett 
on the plane z = O be ra. and for a wave incident from the right, ri. The reflectivity 


ra is gtven according to (16.3-1 1) by 


—« tanh SE, 
o 16.3-20 
ry (Y — rAB) tanh $f, — Sicash SE) 
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Figure 16-10 A periodic waveguide model used to derive Equation (16.3-12). (a) A penodic 
(DFB) GalnAsP waveguide laser. (b) The spontaneous emission spectrum below, but near, 
threshold of a DEB laser showing the mode gap. ic) A DFB laser with a phase shift section, 
(dda “quarter wavelength shifted’? DFB laser. (e) The spontancous emission spectrum below 
threshold of a A/4-shitted DFB laser. (Courtesy of P. C. Chen, ORTEL Corporation). 
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Figure 16-10 (Continued) 
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where 
S= Vie + (y — iApy 


AB = = npo — = = (@ = wo) EE (16.321) 
€ A C 

and we used the fact that for an index perturbation of odd symmetry Gn z), An*(z) 

œ sin (7z), the coupling coefficient « given by (13.4-17) is a real number,‘ i€., Kap 

= Kp, = K. The reflectivity r,, “looking” to the left, is 


E —« sinh SZ, 
(y ~ 7AB) sinh SE, — S cosh SL, 


Py 


The reason for the difference in sign between r, and r, is due to the fact that we 
chose, in (13.4-10), the imdex perturbation to have odd symmetry. An observer 
‘“looking’* to the right sees An(z) * sin nz, while an observer ‘‘looking’’ to the left 
will see a perturbation in index Aniz) * ~ sin nz. It follows that on resonance 
(AB = 0), rr = negative number. The oscillation condition for a laser, on the 
other hand, is” 


riwai = | (16.3-22) 


It follows that the periodic index DFB laser cannot oscillate at the Bragg frequency 
@, where AB = 0. Oscillation thus takes place at the symmetrically situated fre- 
quencies shown in Figure 16-8. The two oscillation frequencies nearest the Bragg 
frequency require the lowest gain and are given, according to (16.3-17), by 


TL 
Zn e al 





wy + (16.3-23} 
The threshold gain for oscillation at these two frequencies, is, according to (16.3- 
19) and Figure !6-8, equal, so that they are in practice equally likely 1o oscillate. 
This situation is highly undesirable in practice, since it results in wavelength insta- 
bilities and spectral broadening. This is unacceptable, for example, in long-haul, 
high-data-rate fiber Jinks where the increased spectral width due to multiwavelength 
oscillation was shown in Chapter 3 to limit the data rate due to pulse broadening by 
group velocity dispersion. 

The existence of two such oscillating wavelengths is shown in the spectrum of 
Figure 16-10(b} as the two peaks on either side of the “gap.” 

A widely employed method [12] for forcing the DFB laser to oscillate prefer- 
entially at a single midgap frequency !s shown in Figure 16-10(c, d). An extra section 


*Had we chosen a reference plane other than z = 0, xan will noi be real, but since Ka = Ke, all the 
results remain the same. 


*This 18 just a sophisticated way of saying that at steady state, the oscillation condition is equivalent 10 
demanding that a wave launched, say, to the right, returns after one round tip with the same amplitude 
and the same phase {modulo m2}. 
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of length A,/4 is inserted at the center of the laser (A, is the ‘‘guide’’ wavelength). 
The reflectivilies r, and rs ‘‘looking’’ to the left and right. respectively, from the 
midplane are now given by their previous values [i.e., those corresponding to Figure 
16-10¢a)], each multiplied by exp{—i(7/2)] to account for the added propagation 
delay in the A,/4 section, At @ = a {AB = 0), rı becomes r, exp[—i(7/2)}, and r- 
becomes r exp{—i(a/2)]. The product of the reflectivities zir is now -rira which 
is a positive number, so that oscillation at wo is possible. This is illustrated im Figure 
16-10(¢). 


Gain-Coupled Distributed Feadback Lasers (13) 


Another type of distributed feedback laser is one where the periodic modulation is 
not of the index of refraction but of the gain or losses of the medium. To analyze 
this situation, we remind ourselves that gain or losses can be represented by taking 
the dielectric constant € of a medium as complex. It is a straightforward matter to 
show (see Problem 16.6) that € can be expressed as 


2 
ES (i + 2z) 
kon 


2r — 
Ko = av = i HE (16.3-24) 


and y{&ko) is the exponential gam constant of the field amplitude. In a lossy me- 
dium, y < 0. 
In the case where n and y are periodic, we can write 


ott 





= 
a, 


n(z) = Aa + ny COS 


2r 
V2) = % + yı cos- i (16.3-25) 


Limiting ourselves to the case ny “np, Yi € Yo, we can write 


Th LT 
wuel) E = [kong + i2konoyo + thn + 2) cos y zE  (16.3-26) 


This last result shows that we can use the coupled mode equations (16.3-5, 6} in the 
general case of both index and gain modulation, provided we generalize the defini- 
tion of the coupling constant to 


Wit | . FY] 
= — tir 163-27 
rr er: ( ) 


Not surprising: The coupling constant due to gain modulation differs by a factor 
exp(f /2) from that due to index modulation. We can use, for example, the expres- 
sion for the reflectivity r» in (16.3-20) but replace x by ix. This renders the product 


Reflectivity 
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Fira al œ a positive number, so that laser oscillation can now take place at the exact 
Bragg frequency (w). If we plot |r*| vs. AB for this case, we obtain the result shown 
in Figure 16-1] {a}. For comparison, we show in Figure 16-11(5} a plot of the re- 
flectivity in the case of index modulation, which shows two modes situated sym- 
metrically about w. The experimental oscillation spectrum of a gain-coupled laser 
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Figure 16-11 (a) A theoretical plot of the reflectivity |E,(OWE,(0)/ of a waveguide with a gain 
Y= yy t y sin(2a/A)z. ib A similar plot for an index modulated waveguide, y = yy. n = 
ny + a, sin(2a/Adz. (c) The measured oscillation spectrum of a GalnAsP distributed feedback 
laser with gain coupling. A = 1.5427 wm. A single oscillating mode ts present at the Bragg 
wavelength. Higher-order modes have output powers that are down by a factor of >45 db 
(ie. 32,000), compared to that of the fundamental mode. (a) and (b} Courtesy of M. 
McAdam—Caltech. (c) Courtesy of Dr. P. C. Chen, ORTEL Corporation, 
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Figure 14-11 (Continued) 


is shown in Figure 16-1 1(¢). Jt demonstrates the strong suppression of higher-order 
modes. 

A cross section of a commercial gain-coupled DFB laser is shown in Figure 
16-12. The periodic modulation of the gain is achieved by photolithographic cor- 
rugation [13] of an absorbing layer near the active region. The layer is incorporated 
for this purpose in the epitaxially grown laser structure. Additional layers grown 
epitaxially result in ‘‘burying’’ the periodic loss layer. 


16.4 VERTICAL CAVITY SURFACE EMITTING SEMICONDUCTOR LASERS (14, 15, 16) 


Vertical cavity surface emitting semiconductor lasers (VCSELs) differ from their 
more conventional relatives in that the optical beam travels at right angles to the 
active region instead of in the plane of the active regions. A typical VCSEL structure 
is illustrated in Figure 16-13. The top and bottom reflectors consist, each, of alter- 
nating layers of semiconductor GalnAlAs with different x and y compositions. The 
difference in the index of refraction between adjacent layers gives rise to a high 
reflection (>99 percent) at the vicinity of the Bragg wavelength from each such 
“stack.” The miror layers are grown epitaxially along with the rest of the laser 
layers. The laser biasing current flows through the mirrors 50 that they are highly 
doped to reduce the serics resistance. The gain is provided by a small number, 
typically | to 4, of quantum wells that are placed near a maximum of the standing 
wave pattern to maximize the stimulated emission rate into the oscillation field. ‘The 
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Figure 16-12 A periodic lossy layer, ie, a layer with an energy gap smaller than Å wasir 
provides the periodic gain coupling in a semiconductor DFB laser. (Courtesy of Dr. P. C. 
Chen, ORTEL Corporation.) 
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Figure 14-13 A schematic cross section of a vertical cavity surface emitting semiconductor 
laser based on the GalnAlAs alloy system. 
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Figure 14-14 The feld distribution of the laser mode inside a vertical cavity laser with L = A/a 
with three quantum wells, Notice the evanescent decay of the field envelope inside the Bragg 
mirrors and the constant amplitude standing wave between the mirrors 





total length of the spacer region, 2 and 3, that straddles the active region 1s typically 
L = A, where A is the wavelength in the medium. This translates, near A = | um, 
to L = 0.3 am. Typical mode diameters are in the range of 3 to 10 um. A typical 
Bragg stack consisting of. say, 15 A/4 layers is 2 jam thick. 

The field distribution inside a vertical cavity laser is shown in Figure 16-14. We 
note that inside the Bragg mirror the optical wave amplitude undergoes exponential 
evanescence. This is in agreement with Equation (13.5-4) and Figures 13-7 and 18- 
8, which describe the evanescent decay of an optical wave inside a periodic medium 
for optical frequencies within the ‘forbidden’? frequency gap [17]. 

Since the distance L, traveled in the amplifying medium is small (approximately 
100 A per quanlum well), the gain per pass is very small, and laser oscillation ts 
made possible by the extremely high reflectance (>99 percent) of the Bragg mirror 
and the very low losses in regions 2 and 3. Figure 16-14 conveys the relative scale 
of the key layer thicknesses. 


The Oscillation Condition of a Vertical Cavity Laser 


The oseillation condition of the VCSEL can be written as 
y 
rar se > Yooh, ~ 2 = J =] (16.41) 
m—l c 


which is a statement of the requirement that after one round trip a wave returns to 
its, arbitrary, starting plane with the same amplitude and, to within an integral mul- 
tiple of 277, the same phase. The factor of 2 in the exponent accounts for the fact 
that the quantum wells are placed at the peak of the standing wave pattern where 


VERTICAL CAVITY SURFACE EMITTING SEMICONDUCTOR LASERS 631 


they are exposed to an intensity that is twice the spatially averaged value, The number 


of quantum wells is N. In what follows, we will assume that each quantum well 
N 


contributes equally to the gain so that > ¥nA(@)L. = Ny(wih.. The average index 
rt’: | 


of refraction of the path is n. The Bragg mirrors’ (amplitude) reflectances r (w) and 
rx{w) refer to their respective input planes A and B in Figure 16-14. 
The amplitude condition of (16.4-1) is 


Fo” = ex -2N yL} (16.4-2) 


Since the optical wave travels at right angles to the plane of the quantum wells, 
the gain yis not the modal gain g mae, Of (£6.2-13) but the bulk gain yof a quantum 
well medium. We note that according to (16.2-9), the product y(w)L. is independent 
of L.. (This is strictly true when £- is sufficiently small so that contributions to the 
gain from excited states (€ > 1) in the quantum well are negligible. In practice, this 
is satisfied at room temperature for L. < 70A.) From experimental data of edge- 
emitting quantum well lasers, we determine that for L. = 70 A the maximum gain 
due to the = = | quantized well level with a fully inverted | population is y(wy) = 5 
xX 10° cm~". Using this value in (16.4-2), taking L. = 70A, leads to 


ri = expl -2X xX 5 xX 10 x7 Kk 107 
for the reflectivity needed for oscillation. 


N = 1, rlw = 0.993 





N= 3, = = 0.979 
N = 4, Fi = 0.972 


where N is the number of quantum wells so that reflectivities around R(= |r(w)|’) 
= 98 percent are required of the Bragg reflectors. We will next make a smal] detour 


to study these reflectors. 





The Bragg Mirror 


The analysis of the Bragg mirror is an excellent example of the power of the coupled- 
mode formalism developed in Chapter 13. The periodic perturbation of the index of 
refraction couples, exactly as in the case of the DFB laser, two waves propagating 
In Opposite directions. The coupling is strongest when the propagation constants + 
of the two coupled waves 


Bizyé <x, voexpli(ee — Bo} (forward wave) 
A(zyé (x. viexpli(wt + Bo] (backward wave} (16.4-3) 
obey very nearly the Bragg condition 


Bate SLR.. (164-4) 
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for some integer f. If we retain in Equation (13.4-3) only the two Bragg-coupled 
waves Al?) — A, A‘) — B, we obtain 
di i x 
x B exp(—i2Bz) | An (x, y, ES, y) dedy (16.45) 
x -a 


We also assume that the modes A and 8 are both y-polarized and have a normalized 
transverse distribution, €,(x, y). The index of refraction of the Bragg mirror can be 
represented by 


l I 
n(x, y 2 = 5 (mi + ny) + z — n) f(z) 


where #,, n- are the mdices of refraction of the two alternating layers, and f(z) 1s a 
square wave of unity amplitude as shown in Figure 16-14. 


ar p "E — ] 
fo = 2 ae a", a, = a D 77 ) 





2 42 
An*(x, y, 2) = k ; i) f2) (16.4-6) 


Assuming that the Bragg condition (16.4-4) is satisfied by the frh term in the 
Fourier series expansion of f(z), we can rewrite (16.4-5) as 


. >. 93 m 
“A E oeri — nag { Ex y) de dy B oo i(¢ = 28): (16.4-7) 
7 = ao 


when € = 1 we have 


cA KB exp(id Bz} 
dz 
z = KA exp(—-iABz) (16.4-8) 


e 2A 
K= 7 (ni — m) f Erix, y) dx dy = = 
T no A 


AB(w) = (7 - pw) (16.49) 


In the second approximate equality of (16.4-9), we assumed fAn] = |n, — na| €r, 
he, B= DV Le, Jn? = (1/2)(n; + #3), and used the normalization integral, (13.2-8). 
Equations (16.4-8} constitute a pair of first-order, linear-coupled differential equa- 
tions. Their solution requires that we specify two boundary conditions. Our chief 
interest is in the operation of the Bragg stack as a reflector. The incident amplitude 
B(Q} thus becomes one of the given conditions. Since the backward-going wave A 
is due completely to internal reflections, we take A(L) = 0. The solution is thus 
given by Equations (13.5-2)} so that the amplitude reflectance is 
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A(Q) B —r« sinh (SL) 
B(O} = —AB(w) sinh (SE) + iS cosh (SL) (16.4-10) 


S(w) = Via? — AB(wy 


where wa = ac/An is the Bragg frequency. 

To obtain an appreciation for the magnitude of reflectivities that we may expect 
in a typical Bragg mirror, we will design a Bragg mirror to operate at a center 
wavelength of Ay = 0.875 ym. The unit cell consists of a pair of epitaxially grown 
Gap gAlp2As and AlAs layers. The index of refraction difference is as An = 
Gan pAlp sas ~ Malas = 0.55. The average index is n = 3.3. The peak reflectivity is 
obtained from (16.4-10) with AB = 0. Since the thickness of a unit cell is Ao/2n, 
the length of the Bragg mirror with Nm periods is L = N,,Ao/2n. The result in the 
case of Na = 15 is R(w) = [r(wo)|? = tanh Nn Sr = an (0S zas) = 
0.973. This value is sufficient, according to the discussion following (16.4-2), to 
satisfy the oscillation conditions in vertical cavity lasers with more than four inverted 
(N = 4) quantum wells. 

A plot of the reflectivity {r(w)|? based on (16.4-10) and the experimental param- 
eters of the above example is shown in Figure 16-15{a). An experimental plot of a 
Bragg mirror with the same parameters is shown in Fig. 16-15(b). The phase shift 
$l) of the complex reflectance r(w) = |o exp(—id(w)) is shown in Fig. 
16-15(c). For a more detailed treatment of Bragg mirrors and light propagation in 
stratified media, the reader is referred to Reference [17]. 


ra) = 


The Oscillation Frequencies 


The phase part of (16.4-1) is used to obtain an expression for the oscillation fre- 
quencies of a surface-emitting Bragg mirror laser. If, for simplicity’s sake, we take 
two identical r(e} = rao) = riwe, the phase condition is 


-hiw + “nb = mr 
C (16.4-11) 


m= 1,2,... 
Let us denote the two neighboring oscillation frequencies corresponding to m and 
m+t as w,, and wn i, respectively: 


— h(w,,} + on nL = mit 
c 


(Pn + | 


nL = (m + Ia (16.4-12) 





=P (tma) + 


so that 


= bane + (Wy) + See n nL = 7 (16.4-13) 
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Figure 16-15 Calculated (a) and measured (b) reflectivity of a 15-period Alp; GAps A SALAS 
distributed Bragg reflector. The calculated phase shift &(w) is plotted in ¢c). (Courtesy of J. 
Obrien, Caltech.) 


According to Figure 16-15(c), we can approximate @(w) in the region of high re- 
flectivity by 


(w) = —alw — ar) 


a = — (16.4-14) 


The expression for the slope a is obtained by dividing the maximum phase 


deviation of 7 in Figure |6-15(c) by the corresponding (horizontal) frequency 
interval that, according to Equation (13.5-7), is (Awa. = 2«e/n. 
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which when applied to (16.4-13) results in 


ITAN = (Ws | T Wp) =- (16.4-15) 


for the intermode frequency interval. 
The effective length of the Bragg mirror resonator is thus not the mirror spacing 


L but 


Leg = L+— (14.416) 
2K 
The contribution 72x is due to the evanescent penetration of the oscillating laser 
field into the Bragg mirrors, as illustrated in Figure 16-14. Since two Bragg mirrors 
are assumed in the analysts, the Bragg penetration distance into a single mirror is 
TAK, 


We recall that the field behavior inside the periodic Bragg mirror (at the Bragg 
frequency wp) ts given by (13.5-6) as 


exp(—iB'z) = exp(—i ` 2) exp(— Kz) 


which corresponds to an effective penetration distance of ~ x~ ' to be compared 
to the value of a/4x« of (16.4-16} 





Numerical example—intermode frequency separation. To obtain an appreciation 
for the intermode frequency spacing of (16.4-15), we will consider the laser depicted 
in Figure 16-14. The data for the Bragg miror is the same as used in the example 
following (16.4-10). The basic parameters are: 

À = pm £=A=1 pm 
2An 2X 035 


= ZAR EATA L LI um 
“OA l pm 


La = L + - = (1 + 1.427) pm = 2.427 pm 
K 


(Note that the penetration depth, 1.427 am, is larger than the mtermifror spacing, 





L.) 
A = yi] — Wp _ C _ 3 x io’° 
"O n mhe 2X33X 2427 X 10-4 


= 1.873 x 10" Hz = 624.3 cm |! 
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Figure 16-16 A scanning electron micrograph of a two-dimensional array of vertical-cavity, 
surface-emitting lasers. The multilayered structure of alternating GaAs and AlAs layers is 
demonstrated by partial preferential etch of the AlAs layers. (Courtesy of Scientific Amencan 
magazine and of A. Scherer, Caltech.) 


The high-reflectivity region of the Bragg mirror is given by (see box following 
(16.4-14)) 


Ke 1.1 X 10"(em“') X 3 x 10" 


m= = 3.183 x 10" 
(AM page = are 3.183 x 10" Hz 


This number is comparable to the intermode spacing Av = 1.873 X 10” Hz, so that 
only one mode at a time wil] experience high reflectivity and will satisfy the oscil- 
lation condition. This leads in most cases to a single-mode oscillation. This is to be 
contrasted with more conventional cleaved-facet-reflectors, edge-emutting semicon- 
ductor lasers, where L = 300 um and the mode spacing 1s correspondingly shorter. 

We conclude by showing in Figure 16-16 a photograph of a two-dimensional 
array of surface emitting lasers. 


Problems 


16.1 Solve the one-dimensional Schrödinger equation (16.1-3) in the case of a 
simple square potential well where 
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L 
Víz) = — Vin 3 


L 
{Sgr T Viz) — 0 elsewhere 


14.2 Assume that as we scale the length L of a quantum well laser we maintain 
the differential yuantum efficiency nes constant by increasing &. 


a. Derive the expression relating R {mirror reflectivity) to L. 
b. Show that /nresnald 8 proportional to L. 


16.3 Show qualitatively that for a given m, and injection current the maximum 
gain obtains when mm, = M. 


16.4 Estimate the coupling constant « of the DFB laser whose spontaneous emis- 
sion spectrum is given in Figure |6-10(e). 


16.5 


16.6 


. Using a computer program, plot ihe magnitude of the reflection coefficient 


[see Equation (16.3-11}] of a periodic amplifying waveguide as a function 
of ABL, assuming KL = 0.4. Let yE he the parameter, and generate plots 
with yi = 2, 2.9, 3.5, and 3.8. 


. Plot the equigain contours m the yE ~ ABL plane as m Figure 16-12. 


. Derive the coupled-mode equations of a DFB laser with a periodic mod- 


ulation of its losses. The spatial periadic loss can be accounted for ac- 
cording to Maxwell's equations by taking the dielectric constant of the 
oir} 


me(T) 





waveguide as €'(r) = efri l ~ i , with g(r) = Ga + oy (x)cos 


27 . . 
— z where o(r) is the medium conductivity. 


. Compare the coupling coefficient x in this case to that of index modulation 


[See (13.4-7}.] 


. Estimate the magnitude of « in the case of a loss-modulated waveguide 


where the effective index is Rer = 3.5, A = 0.22 pm, A = 1.55 pm. The 
lossy layer has an ahsorption coefficient of a = 300 cm‘ and a thickness 
of 1000 A. It is situated at the center of guiding layer. Assume that the 
waveguide mode is highly confined to the inner layer (n = 3.51). 
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Phase Conjugate 


Optics—Theory 
and Applications 





17.0 INTRODUCTION AND BACKGROUND 


The field of phase conjugate optics can be traced to early (1967—1971) experiments 
[1-4] in transient holography. Application, starting in 1976 [5-11], of the theoretical 
and experimentat tools of nonlinear optics caused a renewed interest and an ever- 
increasing activity in the field. Mast of this interest can be traced to potential appli- 
cations in image processing and in dynamic (real-time) compensatton for distortion 
inside laser resonators. 

Phase conjugate optics in its most basic form deals with situations in which 
sume input monochromatic optical field 


Er. t = Repre" = (17.0-1) 


is converted in real time, by means to be discussed later, to a new field that is 
proporitonal to 


Er. 2) = Reld*irje"™ (17.0-2) 


In most situations of interest, tne spatial dependence of the envelope function pr) 
s “slow”! compared to exp(ikz) so (17.0-1) represents a nearly plane wave prop- 
agating in the z direction. Amplitude and phase deviations from the plane wave are 
represented by the (complex) function dir). These may be due, for example, to 
distortions in the wave path, to finite aperture effects (diffraction), or to spatial 
information impressed on the beam. We note that E- can be obtaimed from E, by 
replacing the spatial part of the anatytic function (the part inside the brackets) by tts 


Whats the change of ittin ane optical wavelength is acehgibly small, 
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complex conjugate but leaving the factor exp(iw?} as is.’ We refer to the field E, 
defined by (17.0-2) as the phase conjugate replica of E.. 

Let us consider the implication of the relationship between Æ; and its phase 
conjugate replica Ea. If we took a picture of the wavefronts of £, and £,, we would 
not be able to tell them apart. The two sets of wavefronts coincide everywhere. To 
differentiate between them, we will need to go back 10 the time domain. We will 
then find that the family of wavefronts of E, moves to the nght (+z), while those 
of E move to the left, all the while evolving so that at any one moment the two 
families of wavefronts are identical. This situation is depicted in Figure 17-1. 


17.1__ THE DISTORTION CORRECTION THEOREM 


The wave picture of Figure 17-1 suggests an important theorem, the distertion cor- 
rection theorem 112], which may he stated as follows: “‘H a (scalar) wave E (r) 
propagates from ieft to nght through an arbitrary dielectric (but lossless) medium, 
then if we generate 10 some region of space (say, near > = Q) its phase conjugate 
replica £,/r), then £ will propagate backward from right to left through the dielec- 
tric medium remaining everywhere the phase conjugate of £,..’ Aa immediate con- 
sequence of this theorem can be appreciated with reference to Figure 17-1, Let the 
“blob”? represent some optical distortion that causes the near spherical Gaussian- 
beam wavefronts incident from the left to be distorted as shown. The phase conjugate 
wave generated 1o the right of the distortion traverses it in reverse, regaining to the 
left of the distorting “‘blob’’ its original waveform. This healing property of phase 
conjugation can be utilized in numerous ways, some of which will be desertbed 
further on. 

"We can also write (17.0-2) as By = Rebbie "i "TAT so that E» can be viewed as the ‘"hame-reversed 
(r — >t replica of E). 





Distarting 
medutt 





Figure 17-1 The dashed curves represent the wavefronts of a monochromatic optical beam 
E, propagating to the right. while the solid wavefronts are those of the phase conjugate replica 
of Ei. For generality we include some lossless distorting *'blob™ in the path. 
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The proof of the distortion correction theorem follows. We take the (scalar) 
ripht-going wave È| as 


E, = dir) eter (17.1-1) 
where k 18 taken as a real constant. In the paraxial limit £, obeys the wave equation 
{3.l-1) 

VE, + wr pete, = 0 (17.-2) 


where str} represents the spatial dependence of the dielectric constant of the medium 
including distortions. Using (17.1-1) the paraxial’ wave equation (17. 1-2) becomes 


+ 4 3 . d 
Vap + Jo uet) — klp — ak i = 0 (17.4-3) 
gy 
Taking the complex conjugate of (17.1-3) Icads to 
api 
T = Jouet — Eyt + 2k + = 0 (17.1-4) 


+ 
"i 


Had we started. instead of with £,, with a backward-propagating wave 
E, = brett (17.1-5) 


then instead of (17.1-3) we would obtain 
) 3 OY 
Vib, — lopet — kl, + Dik p = Q (17.1) 
Oz 


But when e(r) = e*(r). ie a lossless (and gainless) medium, Equations (17.1-6) 
and (17.1-4) are identical in that the waves if. and uf obey the same differential 
equation. It follows immediately that if p, = ayñ (a being an arbitrary constant) 
over some plane (say, z = 0), then, due to ihe uniqueness property of the solutions 
to second-order linear differential equations. a(x, y, z) = adf(x, y, z) at all x, y, z 
=< 0. This completes the proof. All that is required now is to find some means for 
rendering the phase conjugate of an electromagnetic wave. 


17.2_THE GENERATION OF PHASE CONJUGATE WAVES 


[n the last section we have shawn that if a phase conjugate replica of an input wave 
can be generated. this new wave will propagate in reverse through the dielectric 
medium, regaining everywhere the original form of the input wave. En this section 
we will show how a phase conjugate wave is generated by means of nonlinear optical 
techniques. 

In Chapter 8, and specifically in the treatment involving relations (8.1-14) and 
(8.1-17). we discussed the second-order optical nonlinearity P % E* that gives rise 





‘See Section 3] for the limitation imposed by the paraxial approximation. 
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to the phenomena of second harmonic generation, parametric amplification. and 
frequency addition and subtraction. Symmetry considerations restricted these phe- 
nomena to noncentrosymmetric crystals. 

The next order of optical nonlinearity involves the third power of the electric 
field P œ E`, This leads to the phenomena of optical third-harmonic generation. 
optical Kerr effect. and the phenomenon whereby a material medium that 1s subjected 
to waves at frequencies w,, w. and t radiates a fourth wave al œw; + wa - ws, 
The latter effect, called four-wave mixing is used in phase conjugation. 

To be specific, we assume that a material medium is irradiated simultancously 
by three optical fields: 


Ear, 2) = Aret BT + oe. 
Eir, D = Aspett EE + pe, 
E,(r, D = Ane TET + ee, (17.2-1) 
There is induced in the medium a nonlinear (NL) polarization 
PNM 1) = OY GHA AyAT elites eer ths BOE + ee, (17.22) 


where i, j. & {refer to Cartesian coordinates. Yir is a (ourth-rank tensor characteristic 
of the medium [13] that depends on the input frequencies w, w+, w [f we apply 
to (17.2-2) the argument leading to (8.1-19}, we can convince ourselves that. unlike 
the phenomenon of second-harmonic generation, the third-order optical effects con- 
sidered here exist in all media, including noncentrosymmetric crystals. The form of 
Xag bul not its magnitude is determined by the symmetry properties of the medium 
that are discussed and tabulated in Reference [13]. 

We can, equivalently, express (17.2-2) as a relationship between the complex 
amplitude of the induced polarization and the complex amplitudes of the inducing 
helds 


Pea, + w 7 4) = Dyula = w] 
+s — aA PASTAS] (17.2-20) 


I; 


D=6whenw, $ W: $ aw, D = 3} when w, = w: = W 


Table 17-1 Nonlinear Constant yu for Some Common Materials 








Index af Nonlinear Constant Te 
Matenal Refraction tesu units)” tesu Units i 
CS; I.5 yoa = 2.7 * 10" 
Yini = 34x 19 7 O48 x 1 | 
2-Methy]-4-nitroaniline (MNA) 1.8 Yo = Lx to" I> x FO |! 
PTS Polydiacetylene 1.88 yun Žž 40X10 J09 x 0 


a T Yc TL 


“See Equation (47.3-23) for conversjon from esu io MKS unis. 
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A list of the nonlinear coefficients of some optical materials is included in Table 
17-1. We also include in the table a listing of the Kem constant [13] a3. This constant, 
which ts often tabulated, describes the dependence of the index of refraction of an 
isotropic medium on the peak optical field E or the optical intensity / according to 


n = na + ntE* 
0 2 


no + nf m= aÉ n 
E 


It follows directly from (17.2-2) that 


, x . 
fis = —— Nits 1n su UHS 
Ro 


R 


3 
15 = Pe Yii in MKS units 
Eft y 


} 3 
n = nj ni (MKS) = 5 |- xı (MKS) (17.2-3) 
£ Ha Yy &y 


The relatively large value of yj in MNA is due to large charge separation (of the 
order of 30 A) and hence large induced dipoles that can obtain in certain organic 
molecules. 


17.3 THE COUPLED-MODE FORMULATION OF PHASE CONJUGATE OPTICS (8 





In this section we will consider the wave mixing shown in Figure 17-2. We will find 
that the result is a new wave generated in and radiated by the nonlinear medium. 
This new wave 3 will be shown to be the phase conjugate of input wave 4. The 
nonlinear medium is traversed simultaneously by four beams of the same frequency. 


Eir, O = $A; et" + ce. 
Fair, 2} = Aare TEY + cue. 
Eir, D = JAE + ec, 


E,(r, 0 = iA De TE + cc (17.3-1) 


K = of pe 





Ag 






Ay 


Nonlinear medium 





i 
Ay | 


0 Z 


a 


Figure 17-2 The “canonical” geometry of phase conjugation by four-wave mixing. 
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Waves 1 and 2 propagate along the directions k; and k,, respectively. [n the analysis 
that follows, these two waves correspond to the pump beams and their amplitudes 
Ai] and |A3} will be taken as much larger than |A3| and [Aq] and thus will be scarcely 
affected by the iateraction so that they will be taken as constants throughout the 
interaction volume, We will further take [Ai] = |A3]. This causes the effect of each 
one of these two waves on the phase velocity of the other to be the same so that 
kə = k, [14]. Furthermore, the pump waves 1 and 2 are made to propagate through 
the nonlinear medium in apposite directions so that 


ktk =0 (17.42) 
Wave 4 corresponds to the input beam* and in what follows wave 3, which is gen- 
erated by the interaction of beams 1, 2, and 4, is the (desired) phase conjugate replica 


of wave 4. 
We start with the wave equation 





FE a” 
WE - pe = eo PMN 17.43 
kep = BG (17.33) 
Since the physical situation considered here is one where only four beams with well- 
separated spatial directions are involved, we can apply (17.3-3) to each beam sep- 
arately, Starting with £, and using 





5 5 dA, dA, . 
WE, = - [ens — ik P + Ta ye Meee (17.34) 
in (17,3-3) leads to 
l dA PAR a ae 
> ys — KJA, — 2ik E + le + cc. = woe Ph (17.35) 


Using wpe = k? and the assumed slow” variation d“Aj,/dz & k dA4,/dz, the last 
equation becomes 


dA ta ton = pw ua pis (17.30) 
dz aie 

The choice of PNM in (17.3-6) requires some judicious reasoning. First, since 
we assumed that Aj, is not time dependent, PI^’ musi contain the exponential time 
factor exp(iwf) to match that of the left side of the equation. Second, in order that 
A(z) not vary significantly on the scale of one optical wavelength (Le.. “‘slow” 
variation), P'S"? need also include the factor exp(—ikz} so that we must look for 
polarization terms that contain the wave factor exp[i(wt — kz)]. 

Recalling that k, + k; = 0, it follows from (17.2-2) that the only third-order 
products of the fields E,. E,, E,. and E, that contain the factors exp[ ier — kz)] 
dre 


— tk 


pint = M¥ wd AnA ‘i + Ny AA Aa + XA nA Ag, 
+ Xi AWAMAS | mA AA e ee (A) 





“In the applications this is the wave that is to be conjugated 
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In what follows we will drop the tensorial notation and limit ourselves to cases 
where a single y,,, is involved. This will correspond in practice to situations where 
all the fields have the same polarization in which case only y,,; is involved, or when 
waves | and 2 have one polarization while 3 and 4 possess the orthogonal polariza- 
tion. In this case y,,(j # i) is used. We will refer to the first as case (a) and to the 
second as case (b). Next we define . 


x Os OX iii case (a) 
x? = GY case (b) (17.38) 


Furthermore, we will neglect the last two terms on the right side of (17.3-7) since 
Az], [A4] << [Aj], [AS]. Using (17.3-7) in the wave equation (17.3-6) results in 


dA | . i a 4 ! i f 
is it (aa + APA: 


dz 2 
iy 
-j z i yO ATALAT* (17.3-9) 


We note that the first term on the right side of (17.3-9), acting alone, merely modifies 
the propagation phase constant of wave 4 from k to k + (af2)V iey” (Ail? + 
|A3’). (This is the optical Kerr effect [13].) We can thus simplify the analysis by 
introducing a new set of field amplitudes A, that are defined by 


A’ „== A e SDN mier A As? (17.310) 





5 = 1,2, 3, 4. The new amplitudes A, are thus related to the set A; by a mere phase 
factor. The wave equation (17.3-10) becomes 


dA w lh 

T =-j 3 [Exes (17.3-11) 
A similar derivation for wave 3 would lead to 

dA3 ® |E ys 

= aj JE yl A* AF 4 17.3-12 

dz i p) [Ëx J fap ila ( ) 
Defining 

Kt = 7 ie y”AjA (17.313) 


and taking the complex conjugate of (17.3-11) and (17.3-12) results in our final form 
of the coupled-mode equations for phase conjugate optics [8] 


dA; 

— = iKA; 

dz 

dA 

— = ixtA* (17.414) 
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The student is urged to ponder at this point how a relatively complex physical 
experiment involving four optical beams interacting through the nonlinear electronic 
response of a material medium can be described by equations as simple as (17.3-14). 
This is possible through a ‘‘ruthless,’” but justifiable, elimination of mathematical 
terms whose effects are physically negligible but whose incluston will have rendered 
the analysis intractable. This is an essential difference between mathematics and 
physics. 

Since wave 4 propagates in the +z direction, while wave 3 propagates in the 

z direction, we can specify their complex amplitudes at their respective input planes 
z = O and z = L (see Figure 17-2). These are taken as A,(0} and A;(Z). Subject to 
these boundary conditions, the solution of {17.3-14} is 





cos ikiz _«*® sin [Ki(z — L) 
Ax(2) = x AL) + ; Rt sin ie — 2) | Az(0) 
Jal j| cos [x|L (17.315) 
K| Sin Ikiz cos wiz — L 
Az) = 7i |x| sin lee AZ(L) + osle- D 0 
K cos [KIL cos |x|} 


In the basic phase conjugate experiments, there is but a single input, A,{() (the 
“pump”? beams A, and A, are considered here as part of the ‘‘apparatus’” and are 
lumped in our analysis into the coupling constant «). Putting A;(L} = 0, we obtain 
from (17.3-15) for the reflected wave at the input, 


€ 
Ax(0) = (= tan iit }ax0 (17.3-16) 
K 
while at the output (z = L) 
A,(0 
Agi) = O (17.317) 
cos [|b 


We note that [4,(£}| > |A,{0)|, ie., the device acts as a phase coherent optical 
amplifier with a gain of |(cos |x|L)~'|, When 





T 
— = || bo 17.3-18 
Teji s t (17.318) 


the result |A,(0)| > |A,(Q)| obtains, so that the reflectivity of the phase conjugate 
mirror exceeds unity, The intensity distribution of the two waves inside the nonlinear 


medium for a value of [lé satisfying (17.3-18) is shown in Figure 17-3. 
Of particular interest is the condition |x| = 7/2, In this case, 


AO) MO _ (17.3-19) 
A,{0) A,(0} 








that is, both the transmission gain [A,(L¥A,(0)] and the reflection gain [A,(O¥A,(0)! 
become infinite so that finite outputs A.(0} and A,(Z) can result even when the input 
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Figure 17-3 The intensity distribution inside the interaction region corresponding to the am- 
plifier case m4 < [KIL < a2. 
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A,(Q) is zero. This corresponds to oscillation. This oscillation takes place without 
the benefit of mirror feedback. The feedback process that is essential to oscillation 
1$ provided hy the fact that waves 3 and 4 propagate in opposite directions, so that 
A(z), jor example. is influenced by A,(z2) eyen when z; > z,, the information 
being carried trom z, to z, by the backward-going wave 3. The intensity distribution 
corresponding to the oscillation condition is shown in Figure 17-4. 

Another point of physical interest is that of the source of the power. Since energy 
is conserved, it follows that the increase in the output powers of beams 3 and 4 
relative to their input values must come at the expense of the pump’ beams | and 
2. A more exact analysis that does not neglect the spatial dependence of beams | 
and 2 shows that this indeed is the case. A quantum mechanical description of this 


Power (Fraction of Poors, } 





Figure 17-4 The intensity distnbution inside the interaction region when the oscillation con- 
dition |«if. = 7/2 is satisted. 
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process [14] shows that on the atomic scale the basic process is one where, simul- 
taneously, two photons, one from beam | and one from beam 2, are annihilated 
while two photons are created—one of these photons is added to beam 3 and the 
other to beam 4. 

We have strayed somewhat from our main purpose, which is to show that the 
four-wave mixing geometry of Figure 17-2 is capable of rendering in real time the 
phase conjugate replica of an input beam. Returning to our basic plane wave result 
(173-16), 


$ 
A0) = (5 tan ne) A30) (17.3-20) 
it follows that the amplitude A, of the backward wave 3 at the mput plane z = 0 1s 
proportional to the complex amplitude A7(0) of the input wave 4 at the same plane. 
It follows directly that since an input wave with an arbitrarily complex wave front 
A(x, y, z) can be expanded im terms of plane wave components (which in the paraxial 
limit adopted here will span a smal} solid angle centered about the +z axis), we can 
extend (17.3-20) to each plane wave component individually [8] to obtain 


$ 
Ala yp <0) = (£ tan ne att y2<0) (17.321) 
K 


This is the basic result of phase conjugation by four-wave mixing. It shows that the 
reflected beam A,(r} to the lett of the nonlinear medium {z < 0) 1s the phase con- 
jugate of the input beam A,(r). 


Some Consideration of Units 


As in the rest of this book, our analysis of phase conjugation employs the MKS 
system of units, Much of the research literature, unfortunately, uses the esu system. 
The relations that follow should facilitate the translation from one system to another. 


These are 





ETW 
= — tal 
Kesu Es A 
, on Mesut | 43 
i) 
KMKS = Vacs A, 
JENEY 
cu Ibe 
a ES esd As (17.3-22) 
Z \ E 


where n = W efe, is the index of refraction and where for nonmagaeuc material we 


pul M = fo. 
Another useful relation ts 


a = — Ae (17.3-23) 
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Numerical Example: Phase Conjugation in CS, 


Many of the first experiments in phase conjugate optics were performed im carbon 
disulfide, CS,. In the case when the waves A, and A, are polarized along one direc- 
tion that we will call y, while A, and A, are polarized along x, the relevant nonlinear 
coefficient is yip which in MKS units has the value [obtained from Table 17-1 
and Equation (17,3-23}} 


The coefficient y” used in our analysis, we recall, is according to (17.3-8) equal to 
6Yi22,. We will further assume that the experiment is carned out with waves at 
A = 10°° m and that the two pump beams are of equal intensities with /, = /, = 5 
x 10" watts/m? (i.e. 5 X 10° watts/em*). The index of refraction of CS. is n = 
1.5. Using these data we obtain 





— 
i 2I G 
A SAS | = 5x 10° Vém 
\ EqcH 
and from the last of (17.3-22), |x| = 0.6 m~’ 





It follows that in CS, we need to use pump intensities of the order of megawatts 
per square centimeter with path lengths of the order of magnitude of | m in order 
to satisfy the condition |x|L ~ | needed according to (17.3-17) for appreciable (~ 1) 
phase conjugate reffectivittes. Experiments in CS, which are discussed in detail in 
Section 17.4, verify the basic feature with the value calculated above. 


17.4 SOME EXPERIMENTS INVOLVING PHASE CONJUGATION 


Probably the two main features of interest to an experimentalist embarking for the 
first time on the field of phase conjugate optics would be (1) the verification of the 
basic phase conjugation equations (17.3-16), and (2} the demonstration that the back- 
ward-going wave A, is indeed the phase conjugate replica of the incident A}. The 
latter can be achieved by introducing some distortton or passive optical element, say 
a lens, and seeing if A, in its reverse propagation assumes everywhere the same 
wavefronts as Aq. ie, is “healed’’ of the distortion. 

An experiment verifying both of the above points is illustrated in Figure 17-5. 
The collimated pump beam A, (A = 0.694 ym) is polarized m the plane of the figure 
( ft) and originates in a Q-switched ruby laser, The counter-propagatmg pump beam 
A, is generated by reflection from a mirror on the extreme left. A small part of the 
incident ( Î ) energy is converted to the orthogonal © polarization by the birefringent 
plate P. This radiation ts separated spatially from the main beam by polarizing prism 
A to yield the input-probing beam A,. A spherical mirror C focuses the collimated 
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Figure 17-5 The experimental arrangement of a basic phase conjugation expenment. (Afler 
Reference [8].} 
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Figure 17-6 A plot of the power reflection coefficient versus pump pulse energy in (millyou- 
les) for the experimentat setup of Figure 17-5. Data points [-] include oscillation (JA fA 7 
æ), The solid curve is least square fit to R = tan CN. (After Reference [8]. 
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beam A, to point x in the CS, cell. This focusing constitutes the “distortion. (One 
person's focusing is another person's distoruon.} 

The reflected beam A, generated by the mixing of A,, 4., and A; thus core- 
sponds to {17.3-8) case (b) and consequently is ©) polarized and can be photographed 
and/or read off beam splitter D. 

The measurement of the reflection coefficient |A/A4l for vartous pump inten- 
sities is shown in Figure 17-6. The solid curve is a plot of the theoretical expression 
(17.3-16) 


Axo)! 
A,(0) 





Kli 





+ 
= fan” 








The verification of the phase conjugate relationship between A, and A, is provided 
by the fact that, after reflection trom C, beam 31s collimated. Beam 3 thus emanates 
from point source x, which ts the very point on which beam 4 is converging. It 
foliows that the wavefronts of these two beams are identical, 

The prediction of oscillation for [|Z = m2 is veritied by eliminating the input 
beam A,(0), say by removing mirror D, and observing the simultaneous emergence 
of © polarized beams 3 and 4 with further increase of the pump intensity. 


17.5 OPTICAL RESONATORS WITH PHASE CONJUGATE REFLECTORS 


One of the more interesting consequences of phase conjugate optics involves optical 
resonators where one of the two conventional! reflectors is replaced by a phase con- 
jugate mirror [14], henceforth referred to as a PCM. The situation is demonstrated 
tn Figure 17-7. 

Consider some arbitrary transverse Gaussian beam with transverse quantum 
numbers m, n (of the type considered in Section 4.3). Let the phase shift of this 





A {pump} 


| Aj{pump} 


Conventional 
reflector 


Figure 17-7 An optical resonator formed between a conventional refector and a phase con- 
jugate mirror (PCM). 
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beam due to propagation between the two mirrors (spacing /) be im, n). The phase 
shift upon reflection from the conventional reflector is taken as @g while that of the 
PCM is a. We shall now derive the resonance condition for the resonator in the vein 
of the reasoning used in Section 4.6 by requiring that the phase of the internally 
shuttling beam reproduce itself after a given number of round trips to within an 
integer multiple of 27. We designate the arbitrary starting phase of, say, a left- 
propagating beam at some plane A, as &,. Without loss of generality we take A to 
lie just to the nght of the reflector. 
The phases of the beam at the various stages are given by 
P = >, + de 
$: = pat Aim. n) = $ + de + oim. n) 


pa = -ht a= ihi + de + Alm, nta 


Notice the sign inversion of @, due to phase conjugation 


bs = by + pim, n) = —b, — de t+ @ 

Pa = Os t de = -ita 

ba = he + im, n} = -hi + a + him, n) 

by = —b, + a= hi- piin, n) 

hy = by + oim, n) =o, (17.51) 


H 


The self-consistent condition ģ = @, is thus satisfied automatically. The phase 
conjugate resonator has a resonance at the frequency of the pump beams. (This 
follows since no allowance was made for a frequency shift upon reflection from the 
PCM, which would be the case if the resonant mode frequency did not equal that of 
the pump) and the resonance condition is satisfied independently of the length | of 
the resonator or the transverse order (m, n) of the Gaussian beam. This requires 
two complete round trips. By tracing the arrows of Figure 17-8. we can verify that 
the radius of curvature of the Gaussian beam will also reproduce itself after two 
round trips. It follows that the phase conjugate resonator is stable (im the sense 
defined in Sections 4.4 and 4.5) regardless of the radius of curvature R of the mirror 
and the spacing l 





Figure 17-8 A self-consistent beam solution inside a phase conjugate resonator reproduces 
iis wavefront curvature after Iwo round trips. 
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17.6 THE ABCD FORMALISM OF PHASE CONJUGATE OPTICAL RESONATORS 


In this section we extend the ABCD Gaussian mode formalism that we employed in 
Section 4.5 to the case of a phase conjugate resonator. The analysts follows closely 
that of Reference [15]. 


The ABCD Matrix of a Phase Conjugate Mirror 


Consider a Gaussian field £; propagating along the z axis, 10 be incident upon the 
PCM. In this case, using (4.3-1), 


Fi hi 
E, = Ér) exp hfe — kz — =| — a (17.61) 
p 


where @,(r) 1s the complex amplitude of £,, and p and w are the radius of curvature 
and the spot size of the incident field, respectively. This held can also be written as 


$ 2 
E, = (0) exp Lc ~kz- e) (17.6-2) 
q; 
The complex radius of curvature g, is defined by (2.4-9) and (2.6-5) 
| l A 
wane (17.63) 
Gq, P Fw 


The effect of the PCM is to ‘‘reflect’’ such an meident field as to yteld its conjugate 
replica, leaving the wavefront and the spot size unchanged. The reflected field 1s 





thus 
kr? : 
E, x €*(r) exp (o + kz + Z ) — zi (17.64) 
2p w 
which can also be expressed as 
l kr* 
E, © Etir) exp (a + kz - | (17.65) 
ae 
The reflected field complex radius of curvature subject to (17.6-3) and (17.6-4} is 
given by 
| i 
l -18 = -— (17.6-6) 
dr po Tw dı 


An observer traveling with the beam will find the spot size unchanged after phase 
conjugate reflection but will see an opposite sign for the curvature of the wavefront. 

If we introduce the ray matrix formalism of Section 2.1, the effect of the PCM 
can thus be represented by the matrix 


(' r) $ r’) 
M = = (17.67) 
C D 0 -l 
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with the output and input g parameters related by 


_ Aq; + B 


= 17.68 
4 Cy + D ( 


Note the conjugation operation upon g,, as opposed to the conventional formalism 
(Section 2.1), where the input field is not conjugated. We note that this matrix also 
describes the reflection of rays from the conjugate mirror. 

It follows directly that the ordinary ABCP formalism for treating the propagation 
of Gaussian beams through a sequence of lenslike medta (Section 2.7} can be applied 
also in the case when one of the clements ts a PCM. The matrix representing the 
PCM is given by (17.6-7). The g parameter at any plane following the PCM is related 
to the input q by 


Arq? + By 


17.69 
Cg? + Dr \ 


G ii = 


where the subscript T implies that the matrix elements correspond to that of the 
resultant matrix for the given sequence of optical elements, including that of the 
PCM. Since all the matrices are assumed to be real, the conjugation operation im- 
posed by (17.6-9} can be performed at any plane. 

Consider next the situation sketched in Figure 17-9. The resonator is bounded 
on one end by a mirror having a radius of curvature R, containing arbitrary intracavity 
optical components described collectively by an A'R'C’D’ matrix M' for optical 
propagation from left to right and again by an A"B"C"D” matrix M" for propagation 
from right to left. The resonator is bounded on the other end by a PCM. In order to 
investigate the stability criterion for such a cavity, we apply the standard sclf-con- 
sistent condition whereby we require that the complex radius of curvature of the 
beam reproduce itself after two round trips. Choosing a plane to the immediate right 


Ft 
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Figure 17-9 The phase conjugate resonator (PCR). This general resonalor is formed by placing 
some arbitrary optical components, represented collectively by an equivalent A'R'C'D' ray 
matrix, between a “real murror (of radius R) on one end, and a phase conjugate mirror 
(PCM) on the other end. In the case of degenerate modes, which is considered here. 6 = 0. 
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of the real mirror, we trace a beam that propagates to the right and get, after one 
round trip. the following matrix product: 


A, B| 1 O/A” BN SI OY fA’ B 
M, = =| -93 ; 
C, D Rp LPC DM0 SLAC BD 


(17.6-10) 
l D n) 
= -2 
10 i 
R 
where we have used the relation 
M"M = M(M’)"! (17.611) 


which can be shown straightforwardly, using the reciprocity property of the group 
of optical elements represented by M’ (or M"), where M is given by {17.6-7}. Equa- 
ton (17.6-10) is merely a reaffirmation of the fact that an arbitrary sequence of 
passtve and lossless optical elements followed by a PCM is equivalent to the PCM 
alone. This 1s due to the “tme reversal” occurring at the PCM and the reciprocity 
of the passive components. 

We have already established in Section 17.5 that the self-consistent phase con- 
dition of a mode in a phase conjugate resonator is satisfied automatically after two 
round tips. The ABCD matrix describing the effect of two round trips on the complex 
beam radius is M, = (M,)°, where M,, given by (17.6-10), is the single round-trip 
Gaussian beam evolution matrix. Using (17.6-10) we obtain 


M, = (My? = I (17.612) 


where I is the identity matrix. It follows that any Gaussian beam (1.e., one with an 
arbitrary waist location, waist size, and transverse mode order m, n) is a proper mode 
solution as far as shape reproducibility (after two round trips) is concerned. This, 
coupled with the above demonstration (17.5-1) concerning the phase condition, com- 
pletes the proof that any arbitrary Gaussian beam with a frequency equal to that of 
the pump beams is a proper mode solution of a phase conjugate resonator indepen- 
dent of the resonator length and the radius of curvature of its one spherical mirror. 

For a discussion of this topic including the problem of modes whose resonant 
frequencies differ from that of the pump waves, one should consult References 
[15-17]. 


ee a 


One of the more interesting practical applications of phase conjugate optics is in 
dynamic real-time correction of distortion in optical resonators. The situation is 
depicted in Figure 17-10. A laser oscillator consists of a gain medium, a mirror, a 
phase conjugate mirror, and a distortion. The distortion may be due to the gain 
medium itself or ta bad” optics. Let us assume, for a moment, that the wave 
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Figure 17-10 A phase conjugate reflector compensates tn real time tor a time-varying distor- 
tion inside an optical resonator. 
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Figure 17-1) (a) An argon laser gain tube with a distortion D, a (photorefractive) phase 
conjugating crystal C and a feedback mirror M,. {b) The highly degraded output beam from 
M, when C is replaced by a conventional mirror. (c} The beam regains its diffraction limited 
shape in the presence of the distortion when the configuration (a) is used. 
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incident on the distortion from the left corresponds to a perfect Gaussian beam whose 
radius of curvature at the left mirror matches that of the mitror. The beam ts distorted 
in passage through the distortion, but after reflection from the PCM and the reverse 
propagation through the distortion if regains, according to the distortion correction 
theorem of Section 17.1, its original undistorted form with the reflected (left-going) 
wavefronts coinciding in space with those of the right-going beam. It follows im- 
mediately by repeating the above scenario that the situation depicted in Figure £7-10 
is self-reproducing and self-consistent (if not necessarily unique). It should thus be 
possible to extract the full available power of a laser oscillator in the form of a near 
ideal Gaussian beam, 1e., the output on the left side of Figure 17-10, in the presence 
of considerable and even time-varying distortion inside the resonator, corresponds 
to that of a Gaussian beam. 

An experimental demonstration [18] of a laser osctllator with dynamic phase 
conjugate distortion correction 1s Illustrated in Figure 17-11. The phase conjugate 
mirror utilizes a crystal of barium titanate. The gain medium is a commercial argon 
laser tube and the distortion is an acid-etched glass flat. 


17.8 HOLOGRAPHIC ANALOGS OF PHASE CONJUGATE OPTICS 
The analogy between phase conjugate optics and holography is interesting both from 
the formal and the practical points of view and suggests that nearly all of the appli- 
cations envisaged or demonstrated with conventional holography can be performed 
using phase conjugate optics. The main attraction in the use of phase conjugate optics 
to replace conventional holography is the real-time aspect of the former that obviates 
the need to develop the hologram {see Chapter 14). To appreciate this analogy we 
use the expression (17.3-16) for the reflectivity of a phase conjugate mirror 


kF 


A,{0) = -{ tan «Jo 


x 


To simplify the discussion, consider the case of small reflectivity |A LOVADE < 
l. The fast relation simplifies to 


A,(0) = -ikt AOL 


where L is the thickness of the phase conjugating medium. Using (17.3-13) we obtain 


rc 


4,0) = -i— I YOLA (A,A®) (17.81) 
2ye 
É 

= -i JE YLA, ADA (17.8-2) 
ye 


The placement of the parentheses in {17.8-1) is to suggest that we may view 
the process of phase conjugation as the reflection of beam A, from the stationary 
holographic grating formed by the interference of A, and A4. This situation is de- 
picted in Figure 17-12(b). We may, likewise, using the grouping of (17.8-2), view 
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Figure 17-12 ¢a) The conventional geometry of phase conjugate optics. (b) Beams 2 and 4 
interfere to form a grating A.A. Beam 1 is Bragg diffracted from the grating to yield the 
output phase conjugate (to A,) beam A, * (A AÑA.. (c} Beams 1 and 4 interfere to form a 
erating A A$. Beam 2 is Bragg diffracted from the grating to yield the phase conjugate beam 
A, © (A\A5)A>. 


the process as the reflection of A, from the grating formed by beams A, and A4. This 
situation is depicted in Figure 17-F2(¢). 

It should be emphasized here that the grating point of view used above ts em- 
ployed mastly for pedagogic reasons and contains no new physics. Both sets of 
‘‘oratings’’ [Figures 17-12(b) and (c)] are accounted for automatically in the elec- 
tromagnetic formulation of phase conjugation in Section 17.3. 

The multiplication property 


A, «x A AAR 


of the phase conjugate optical configuration of Figure 17-12(a) is the basis for nu- 
merous ‘‘real-time holographic applications” [22-25]. We will describe in what 
follows two generic applications: (1) image transmission through a distortion and 
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(2) real-time image processing with emphasis on the operations of correlation and 
convolution. 

This task may become easier if we refer back to our discussion of the grating 
formation in conventional holography leading up te Equation (14.2-4). If we simply 
relabe] E — A, (= “‘reference’’ wave) and E> — A, (= “picture” wave) and take 
the total field at the hologram plane as in (14.2-4) as the sum of both these waves 

E — Re[(A e*t KJET cdt] + Aae HEE CONAN tat) 
fir Tk 
= Rel Vix, z. £) (17.8-3) 
then the stationary hologram, say the modulation of the index of refraction, is pro- 
portional to the temporal average of £7; 
An œ E(x, z t) = (VW) 
HAP + HAP + HAARE + cc.) (17.84) 


tl 


The holographic grating thus consists of the term containing the factor A,Aj as in 
(17.8-2). To complete the analogy we ‘*iluminate”’ the grating (17.8-4) with a field 
E, traveling in the opposite sense to Ej, 1.¢., 


Eix, z. t) = Re[(Age eine tse ny gray (17.8-5) 


The result is a new (diffracted) field that is proportional to the product of the grating 
function An and E,“ 


E(x, nin t} oc An(x, DE a(x, I, t) = SRe[(A, At) Ase Hint en tt) 


17.9 IMAGING THROUGH A DISTORTED MEDIUM 


To illustrate how real-time holography, or more fundamentally, the three- wave mul- 
uiplication (17.8-1) and {17.8-2) can be used for distortion correction, we refer to 
the experimental configuration of Figure 17-13. The object here is to transmit the 
transparency image f(x } from plane (3) to plane (1) passing in the process a ‘thin 
(but not necessarily weak) phase distorter that is characterized by the added (dis- 
torting) phase shift &(x’). 

Let us start with an intuitive approach, Wave A; starts as a plane wave, passes 
through the transparency f(x) and continues on to the nonlinear medium. At the 
same time a ““spy’’ plane wave A, that ts temporally coherent with A, passes through 
and samples the distortion and Is then imaged (here we use the precise optics defi- 
nition of imaging) on the noniinear medium that, for the sake of this discussion, will 
be taken to have negligthle thickness in the z direction. A third wave A, (plane or 
spherical) arrives from the left (we recall here that three input waves are needed in 
four-wave mixing). These three waves *‘mix’’ by multiplication in the medium to 


“In the case of a “thin” index grating An ot thickness 4, a field Ea passing through it will emerge ay 


Ee ns E] — dee) Ant) so that E, = AE. = -iE we) An. 
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Figure 17-13 The configuration for propagating an image from plane (3) through a distorting 


medium to plane (D with no distortion. (After References 18, 19]. 


generate a product wave that contains both the transparency information f(x) as well 
as the distortion information. The phase of the distortion, however, 1s reversed due 
to complex conjugation. This new wave with the negative distortion passes in reverse 


(from right to left) through the distortion and 1s healed. 


The more rigorous mathematical treatment of this is quite formal and compli- 
cated. A somewhat simplified analysis can, however, capture much of the relevant 


physics. 
The “spy” wave A, just to the right of the distortion is of the form 


Em) = Aet (17.9-1) 


(We leave out everywhere the propagation factor e™™.} It is, next, imaged by the 
lens onto the nonlinear medtum at z = O where it regains, according to the law of 


imaging {21}, its complex field distribution 
Ez = 0, x) = Aye’*™ 


Let the picture wave E, at z = 0 have the form £,(x) while the third wave 18 taken 
as a plane wave with amplitude Elz = 0, x) = A., We note that apart from spatial 
modulation of the wavefronts by the information f(x} and the distortion, the three 
waves incident on the nonlinear medium are arrayed as in the canonical four-wave 
mixing geometry of Figure 17-12(a). The result of the mixing is a new, lef{-traveling 


WAYE 


E, © EXX)EAK)A, = AA Te PEAR) (17.9-2) 


Notice the change from (x) in E, to — @{x) m E, due to complex conjugation, 
This wave is next imaged on plane (2) where it merely replicates the distribution 





“To satisfy ourselves that this wave (ravels lo the left, we need merely reinsert the propagation factors 


capi tikr) of the input waves £7, Ea, and As. 
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(17.9-2}. The passage from right to left through the distortion causes the wave to be 
multiplied by the factor exp[i@(x)] so that it emerges in plane (1) with the form 


E(x’) = AA Ee OCR (x elt 
= A, ATEAN) 


€. beam 4 at the x’ plane to the left of the distortion is, apart from the constant 
factor A, A}. identical to the image bearing field £, at z = 0, We have thus. in effect. 
imaged the information f(x) through the distortion while compensating perfectly for 
the latter. Figure 17-14 shows the results of an experimental demonstration of the 
one-way imaging through a distortion using the scheme of Figure 17-13 with a 
crystal of BaT1O, as the nonlinear medium. 


17.10 IMAGE PROCESSING BY FOUR-WAVE MIXING 


Before embarking on the topic of this section, we will provide some needed back- 
ground results. The first involves the Fourier transform of a product of Fourier 
transforms. If we denote the Fourier transform of g(x, y) by 


5 


rons 
F{g(x, vil = ap. q) = (=) Lf ete yetme de dy anon 
TT -> oo 


ihi 








Figure 17-14 {a} Original transparency, (b) seen through distortion (no correction), (c} seen 
through distortion-phase conjugate window combination using contiguratton of Figure 17-13. 
and id) seen through phase conjugate window (no distortion). 
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so that 


g(x, y) = | - J „ECP, me" dp dg 


then it follows straightforwardly that the Fourier transform of the product 


- A PE, | 
FLP. agt (p, g) = (+) C | fip, DEP Mle “7 dp dq 


= (+) | | F(x, ygt + s. y + £) dx dy 
Qa} J-=J-« 


4 

= (2) fy vite, y) (17. 10-2) 
WT 

where * stands for the spatial correlation integral. Stating the last result in words, 
“The Fourier transform of the product of the transforms f and g* is the correlation 
of the original functions f and g.” 

The second result to be stated here (see Appendix D} concerns the spatial Fourier 
transformation property of lenses. It is a basic result of the theory of optical [20] 
diffraction that the relation between the coherent (complex) field distributions in 
plane (2) distance f to the right of a lens and plane (t) a focal distance f to the left 
is one of Fourier transformation. Referring to Figure 17-15, the ‘‘output’’ field at 
plane (2) is related to the incident field at (1) by 
Are T ( kx 2) 


Hax y. 2f) =i apg (17.105) 


Af f f 


We can now use {17.10-2} and (17.10-3) to explain the operation of a real-time 
image processor based on four-wave mixing. Referring to Figure 17-16, collimated 
laser beams 1 and 4 from the left are modulated spatially by transparencies (or other 
means) placed at distance f(=focal length) to the left of lens L1. The resulting 
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Figure 17-15 A transformation of a coherent field between the front and back focal planes of 
a ihin lens. 
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Figure 17-16 A setup for real-time image processing. In the experiment described above w(x} 
= &(x), i.e., a pinhole so that # = constant and #4 = w)*H4. 


spatially modulated fields are denoted by u, and w,, respectively. Similarly, beam 2 
is collimated by passing through a pinhole in plane z and then through lens L2 
resulting in a plane wave #,. The three beams are then incident on a nonlinear 
medium (a crystal of BSO m the original experiment). Using the Fourier transfor- 
mation property of a lens |see Equation (17.10-3)], the three fields incident on the 
nonlinear medium are #,, #4, and K, (=const) where #, and #4 are, according to 
(17.10-3), the spatial Fourier transforms of u, and #4, respectively. 
The multiplication property (17.8-2) of the nonlinear medium causes a field 


E, œ Avia (17.104) 


to be radiated to the left by the nonlinear medium. This field is thus proportional as 
indicated to the product of the Fourier transforms of #, and wf. A distance f to the 
left of LI in plane (3), one obtains according to (17.10-3) the Fourier transform of 
E, or according to (17.10-2)} 


tislX, Y) © ay ® Ha (17.105) 


The field u, is thus proportional to the two-dimensional correlation of the images 
#, and #4. Note that this complicated mathematical operation is performed in real 
time. The result of a correlation experiment based on the geometry of Figure 17-16 
is shown in Figure 17-17. 
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Figure 17-)7 The results of the four-wave image processing experiment sketched in Figure 
17-16. The input fields are transparencies ij, tto. #4, While the output is u. Rows (a) through 
(c) illustrate correlation while row id) illustrates convolution. (After Reference [27].) 


Much of the present research in phase conjugate optics centers on the use of 
noncentrosymmetnc photorefractive crystals such as barium titanate and strontium 
barium niobate [23-25]. In these crystals a standing optical wave pattern, such as 
that produced by the interference of two beams, A, and Ay, generates, by excitation 
and retrapping of impurity atom electrons, a corresponding spatially alternating elec- 
tric field grating. This leads, via the electrooptic effect, to a spatial grating of the 
indices of refraction. Because of the diffusion and drift of the electrons responsible 
for the electric field, the index grating 1s displaced spatially with respect to the optical 
intensity pattern. This can cause power exchange between the very two beams, A, 
and A4, that *‘write’’ the grating. This possibility does not exist in the conventional 
four-wave mixing, treated in this chapter, where no corresponding spatial shift exists. 

This phenomenon of power exchange has been used to perform phase conju- 
gation experiments without the need to supply externally the pump waves A, and 
A, [26]. It forms the main subject of Chapter 18. 


REFERENCES 6465 


17.11 COMPENSATION OF FIBER DISPERSION 


One of the most important new applications of optical phase conjugation is the 
compensation for pulse spreading due to group velocity dispersion in optical fibers 
(26, 27]. This topic is discussed in Sec. 3.5, 


Problems 


17.1 Show, using the arguments of Section 8.1, that third-order optical effects as 
defined by (17.3-2) can exist in all homogeneous media. 


17.2 Show that the reflection of the holograms (b) and (c} in Figure 17-12 each 
satisfy the Bragg condition. 


17.3 Derive the coupled-mode equations in a manner similar to that leading to 
(t7.3-12, 17.3-13) for the case where the frequency of the incident wave w4 is related 
to that of the pump beams (w) by 


Wa = w — ð 


a. Show that the reflected wave frequency is w = w + 6. 
b. Solve the coupled-mode equations for the reflection coefficient [A ,(0VA,(0)|*, Plot 
it as a function of the frequency offset 6. 


17.4 


q. Solve the degenerate (w; = w, = w, = @a) coupled-mode equations (17.3-14) 
as modified for (ordinary) optical losses. The new equations are 


da} 
dz 


dA i 
= = jxe “*A* + aA, 
dz 


K = 7 Eea 
E 


where æ is the optical amplitude loss coefficient (assumed the same for all 
four beams). 

b. Plot the reflection coefficient (A,(0)/A,(0)|" as a function of (xL) for aL = 
0.1, 0.5, 1, 2. Discuss qualitatively the effect of the losses. 


= ike “A, — AX 


17.5 Invent an optical AND gate using phase conjugate optics. 


17.6 Justify the image processing demonstrated in rows (a), (b), and (d) of Figure 
17-17, 
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18.0 INTRODUCTION 


I wo-Beam 
Coupling and 
Phase Conjugation 
in Photorefractive 
Media 








In Chapter 17 we investigated the exchange of power among four optical waves at 
frequencies wi, Wa, w, and w4 = w, + w — w that is mediated via the nonlinear 


optical response of the medium [see (17.2-2)] 

P(r) = YA (Are (TAS dre Pe var Matk kor + ee, (18.01) 
where Anis = 1. 2,3) is the complex amplitude of the mth Cartesian component of 
the sth wave. The coefficient X, characterizes the nonlinear polarization response 
of the material medium (atoms, molecules}. Relation (18.0-1) is local {it involves 
field quantities at the point r only), and the coefficient Xue can, Mm principle, be 
obtained by solving for the (local) nonlinear response of the atoms or molecules [2]. 
There exists a very important class of nonlinear interactions in which the response 
is nonlocal. Among these the photorefractive effect and stimulated Brillouin scat- 
tering are the most important since they both lead to large effects. Both of these 
cases can be described by a scenario in which two of the incident waves, say | and 
3, “write” an index of refraction grating in the medium that is proportional to their 


{spatially and temporally varying) intensity interference pattern. 


Ape AyAsge oe ee 
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The third wave at w, is Bragg-scattered from the grating, resulting in the fourth 
wave 


Ag om AnA, -a A, AAS exp{il{w, + iy — da — ik + k- - k) ; rj} 


which has the same form as (18.0-1). 
Before considering this dynamic case, we take up the simpler situation of a fixed 
index grating. 


18.1 TWO-WAVE COUPLING IN A FIXED GRATING 


We consider a two-wave optical feld at a radian frequency w 
| l 
Eir) = ; A (rje ™T + L aae e+ ee. (18.1-1) 


so that the complex amplitudes of the beams are A, 5. The beam polarization 18 taken, 
for simplicity, to be perpendicular to the plane of the paper. 
The two waves are propagating in a medium with a spatially periodic stationary 
index distribution (‘*grating’’) 
air) = ag + wn, cosK- r+ @) (18,1-2) 
as shown in Figure 18-1. 
The paraxial wave equation that is obeyed by the field (see 17.1-2) 1s 


VE + were = 0 (18.1-3) 
where the dielectric constant now has a contribution from the grating 
é(r) = etlr) = é [na + (none “ST? + cc) (18.1-4) 
Substituting (18.1-1) and (18.1-4) in (18.1-3) leads to 


l dA, 

L | —2ik, — =~ KA, eT + ee, 

4 EK | dz l Je 
i . dA -kar 

+ 5 -2x T — gaa)e k; + ČC. 


+ wpe [m + (none Pe E" + cep 


A A 
4 4 e ft + > et] — 0 


(18.1-5) 


where we neglected , 
A yi 
dz dz 





We observe by inspection that spatially cumulative exchange of power takes place 
when the {Bragg} condition 


k, — kı = K (18.1-4) 
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Figure 18-1 (a) Coupling between beam | propagating along k, and beam 2 ik») caused by 
a fixed index grating with a grating vector K. (b) The Bragg condition diagram k = k» — k,. 


is satisfied.’ Keeping only synchronous terms (terms with similar exponents) and 
recalling that in an isotropic medium k; = k; = w V jt€pity helps us simplify (18.1-5) 





dA i Tit | 
cos@ = = -— A, — §— eA gettin Kr 
dz ? 
dA di Th 
casé = = -3 A; — i= g'a g" 5 tK (18.1-7) 
* 0 


where loss terms —(a/2) A,, were added phenomenotogically to account for ab- 
sorption and Ay = Zm wW uep) is the wavelength in free space. 20 15 the angle 





‘When condition (18 1-6) ts not satistied the power exchange reverses stan every Af = alk. — k; - 
Kj}. When (18.1-6) 1s satished the product term in (18.15) contains synchronous terms with factors 
exp(—fk, -r} and exp — ik - r). 
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between k; and k», and z 1s the distance measured along the bisector, so that z =r,» 
cos@. Expressing the amplitudes in terms of magnitudes and phases by using the 
definition A, = VI, exp(—i@,) leads to (in what follows we take k; — k; + K = 0, 
1.¢., the Brage condition is satisfied) 





di Imn e o, 
co — = — al, + WIL, sinih, ~ h + h) 
az Ao 
di 27TH E 
cosd = = —al, - wi VII, sinid, — 65 + @) (18.1-8) 
Z } 


Note that the coupling at a pomt r depends on the local phase h = (i — $: + @). 
lf the phase y is zero, no power exchange takes place. Hf = + m2, the exchange 
is maximum. The case y = +2a/2 according to Equations (18.1-1) and (18.1-2) 
corresponds to á grating that ts displaced by a quarter period with respect to the 
intensity interference pattem of waves | and 2, In the most common scenario, a 
single wave, say 1, is incident on the grating and wave 2 is the diffracted wave. In 
this case it follows from the second equation of (18.1-7) that wave 2 is generated 
with a phase @, = @, + @ + mi2, Le. fb = —a/2, which results, according to the 
second equation of (18.1-8), in a maximum positive value for the power exchange 
di édz. 
The solution of (18.1-8) in the case of = — 2/2 becomes 


u mnz 
L(z) = 10e cos? (z) 





L(2) = Oe sin? (zs) (18.1-9) 


so that in a grating of length € the diffraction efficiency is 


(0) 


ok \ {mnt 
= exp | -— | sin 18,1-10 
P | cos 4 (a t ) 
This formula, first obtained by Kogelnik |1], is very useful in interpreting a large 
variety of experimental data involving fixed volume gratings and holograms. 
We are now ready tu consider the more interesting and varied case of dynamic 


scattering where the grating is not fixed but is generated in ‘‘real time” by the very 
two waves that scatter from tt. 


y 





18.2 THE PHOTOREFRACTIVE EFFECT—TWO-BEAM COUPLING 


In Section 18.1 we discussed the phenomenon of two-beam coupling (or diffraction) 
in a fixed hologram. In this section we will discuss the two-beam coupling by a 
hologram that is formed by the intensity interference pattern of the two (coupled) 
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beams themselves, Under such circumstances the “‘writing’’ of the hologram by the 
two beams and the coupling of the (same) beams by the hologram cannot be con- 
sidered separately, as was done in Section 18.1, and need be treated self-consistently. 
The phenomenon is known variously as two-beam coupling, dynamic holography. 
and real-time holography. The two most important classes of interactions that give 
rise to two-beam coupling are stimulated Brillouin scattering and the photorefractive 
coupling. 

The photorefractive effect can be defined as a change in the index of refraction 
(n) of a material medium that is proportional to the intensity pattern of the light. It 
thus follows that since every material possesses a nonlinear optical response of the 
type given by Equation (17.3-7) 


PSO = 3y DR ETE, (18.21) 


the material also displays a photorefractive effect since for the case of a single beam, 
ie. putting i; = j = k = f, we can obtain from (18.2-1)} the relation An = (1/2) 
YEK ne) where n is the index of refraction when the field amplitude is zero. The 
nonlinear coefficient y‘”’ (see Table 17-1} in most materials is very small so that 
one requires very large optical intensities such as are available from pulsed lasers 
or from guided waves in small cross-sectional optical waveguides to affect appre- 
clable (An > 107°) changes of the index of refraction. The cases of stimulated 
Brillouin scattering and that of the photorefractive effect are exceptions to the rule 
and lead to very strong effects. In each of these two cases, however, the interaction 
is mediated by a nonlocal effect—a traveling hypersonic wave in the case of Bril- 
louin scattering, and of a traveling, or stationary, spatially periodic charge distri- 
bution in the photorefractive case. This gives rise to index changes that are orders 
of magnitude larger than those due to local atomic (or molecular) nonlinear response 
of the type described by (18.2-1). We will start with a description of the photore- 
fractive effect. 

This effect takes place in impurity-doped electrooptic crystals (i.e., crystals lack- 
ing inversion symmetry as discussed in Section 8.1). Let such a crystal be subject 
to a sinusoidal intensity distribution 


Kx) = h + Let + ec. (18.2-2) 


caused by the interference of two, mutually coherent, optical beams as shown in 
Figure 18-2. The optical intensity causes carriers, say electrons, to be excited from 
occupied donor states (the ND states of Figure 18-3) to the conduction band. Once 
excited the now highly mobile electrons will migrate away under the influence of 
diffusion and any internal or external electric fields until captured by a trapping 
center Nj, usually an empty donor {i.e., a donor that has lost its outer valence electron 
either by excitation to the conduction band or to a deep acceptor N4). It follows that 
at steady state the high intensity regions will lose electrons while those of low 
intensity will acquire an excess of electrons. 

The resultant space charge distribution Ax is shown in Figure 18-2. Also shown 


is the electric field £,,. = ! Jp. dx that results from the charge separation. Since the 
E 


Fhotorefractiye material 
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Figure 18-2 The photorefractive mechanism. Two coherent light beams intersect in an elec- 
trooptic crystal, forming an interference pattern. Electrons are excited where the intensity 1s 
large and migrate to regions of low intensity. The electric field associated with the resultant 
space charge operates through the electrooptic effect to produce a refractive index erating. $ 
is the phase shift (in radians) between the light interference pattern and the index grating. 
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crystal 1s electrooptic, an index grating An x rE.. is induced in the crystal by this 
feid where + is the appropriate electrooptic coefficient. This index prating is dis- 
placed by a quarter period with respect to the charge distribuuon. This shift ts due 
io the relation VE, = pete. To analyze the physics of the grating formation we 
refer to Figure 18-3. The photorefractive crystal contains two species of atoms, the 
donor atoms whose density is N,(cm™*} and acceptor atoms (N4). Since the energy 
of a valence electron m the acceptor atom state is lower than that of the donor, each 
acceptor atom has deprived a donor atom of an electron. This leaves behind a density 
(ND) = N, of ionized donors (the ( brackets represent a spatial average). The re- 
mainder (Np — No) of the donor atoms are candidates for excitation by the optical 
field. Each such excitation generates a free (mobile) electron in the conduction band 
while, simultaneously, converting a unionized donor atom whose density is 
(Np — Np) into an ionized Ng site. Electrons can be trapped by the N5 ions, returning 
them in the process into the unionized state. While in the conduction band the elec- 
trons are free to drift under the influence of the local electric field and diffuse. 

In the above discussions we took the mobile charge carrier to be an electron. In 
some crystals it could be a hole. Simultaneous existence of electrons and holes is 
also possible. Also, the charge designation, Nj and Ni,(=Np — Na), for example, 
are meant to represent the change in the charge state of the atom and not its true 
state. In BaTiO, for example, Nj, stands for Fe** ion, in which case NY, will represent 
the Fe** state. This will be discussed further on in this section. 

The density of electrons in the conduction band 1s denoted by z.. The three 
species listed above coexist in the presence of the interaction with the optical field 
as weli as the diffusion, drift, and trapping processes. The process indicated in Figure 
18-3 converts the donor (N%,) atom into an electron trap (N5) while the trap, having 
gained an electron, becomes an Nip atom so that the spatial average of each species 
remains constant while the focal concentration may vary. The acceptor atoms N, are 
fully occupied by electrons at all times so that in the dark (NA) = Na where © stands 
for spatial averaging. The main role of the deep acceptors N4 18 to ensure that there 
exists everywhere a large population of traps (Nay = N, that can readily capture 


Conduction band 





hy 


Valence band 


Figure 18-3 The deep impunty levels involved in the charge migration and trapping oi a 
photoretractive crystal. 
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mobile electrons. Otherwise electrons could be trapped only at the sites from which 
they were excited, which would not give rise to the desired charge separation (i.¢., 


grating). 
The rate equation for the donor atom density 1s 


fn 
OM ol N _ (2) IG)(Np — NB) - yon NÉ (18.2-3) 
at Av 
where @p is the absorption cross section of the Ny = Np — Np donor state atoms. 
Yp is the recombination coefficient of a free electron at an Np site. Yp is related to 
the commonly used recombination cross section Op by Yo = Oy, where Vyp 15 the 
mean thermal velocity of the free electrons. 
The current density /,(A/m’) is the sum of a drift and a diffusion term 


On 





Fl, 
J, = penE, + eD — = pen E, + kafu (18.2-4) 
x 


g ax 
where we use e = |e| and the Einstein relation eD = k,7y relating the electron 
diffusion coefficient D to the Boltzmann constant ka, the mobility u, and the tem- 
perature T. The current continuity relation V-J = —dp/dt becomes 


of a 
ax € at ( DB ne) ( ) 
and the Gauss relation 
aE Ni- n, -N 
Obs Z ge = OP T Be T Ma) (18.2) 
ax & 


We will first solve for a(x, £), pix, t), and E(x, À by assuming that the spatial 
modulation is small so that it can be represented by the first two harmonics (n = 0, 
n = 1) of the spatial Fourier amplitudes 


NiO, D = Dy + [De + ce] (18.2-7) 
nx, D = na + [rae + ce] (18.2-8) 
E(x, D = Ey + (E¥e 0 + cc] (18.2-9) 


Since the crystal is charge-balanced, it follows that 
(p) = e(Np — on — Na) = (Do — na — Ng) = 0 


where () denotes averaging over x. In addition, Fy, the average value of the interna! 
field E,, is equal to the externally applied electric field, 1f one exists. 

The following approximations that are justified by the actual numerical values 
in real crystals are made 


Np = Na 3 Het) Di > ARa 


1 | 4 


~10"% cem ~10 em? 10" cm? 
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The electric fields of the two interfering beams are 
Eir, 0 = @ A mett *r + ce, 
_ Et, 1) = Aare?" + ee, (18.2-10} 
The squared magnitude of the field is thus’ 
K(x) = (E, + E,) (E; + Ep))space-rime 
= |A,P + [AF + ê - êA Aze eea el + ee) (182-11) 
Comparing the last result to (18.2-2) leads to 
K =k, —k, =@]k, — kf) = |A,)? +J 
0 = w - ow, (= 6, -8A,A5 (18.27110) 


We note that the interference term /, is zero when the two beams are mutually 
orthogonal. We have also assumed that in general w; # w. 

We substitute (18.2-4} into (18.2-5) and eliminate 11,9, Eq, nei Do, and D, using 
(18.2-3) and (18.2-6). We take advantage of the inequalities and neglect the product 
of second-order terms, and after a good deal of algebra, obtain [3] 


oF EAE, + Epke"! — a7") 





E* a — p — r 
"Ty Eo — OtglEn + Ed] + Ey + Ep + OtoEo) 
_ eN Yo 
Q=a,-a, ES OK E, = ra (18.2-42) 
kyl K 
E = externally applied field, Ep = — 
€ 
Nahv Eo + {Ep + E) 





ty = T= 
© apNplo "Eo + (Ey + Ep) 


The steady-state response is obtained at ¢ > 7, at which time the transient term 
exp(—t/r) can be neglected. Under typical conditions using a grating period 277K ~' 
= 2 um and the above approximate values for Np, Np. and Na, we estimate in 
BaTiO, 


Ep ~ 800 Vem = Ey ~ 118 Viem 
If no applied field is present Ey = 0, and the steady-state internal field (18.2-12) 


st . n) l Ep ithe 
Eg ~ -i{]____“*».__¢ 





+ OF 
1 + EEn ii (18.2-13} 


T= to 
1 + EWEp 

“The temporal averaging <> ine 15 over a few oplical periods so that ‘slow’ variations such as exp[tia, 

— eY) survive. The spatial averaging is over a few optical wavelengths 
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If we take the steady-state limit of Equation (18.2-12) in the case w, = w 
({2 = 0) and no extemal field. (£,, = 0), we obtain 


i, E 

EX = —j — —-"— (18.2-14) 
fg Ep 
| + =- 
Ey 


A few basic features of fundamental importance for practical applications stand out: 


1. The factor (~2) represents a quarter period shift of the index grating with respect 
to the intensity pattern. 

2. EY (and An) depend not on the total intensity but on the fractional modulation 
fifa. 

3. The space charge field tends toward the smaller of the Ey and Ep (multiplied 
by /,/I9). 


These last two conclusions merit some further discussion: The total amount of sep- 
arable charge ts limited. The maximum separation would result when approximately 
ail the traps in the low intensity regions are full, while all the traps in the high 
intensity regions are emptied. Since the initial density of such traps is N5 = M4, the 
resulting charge density can be approximated by 


Pa = Nye cosKx = Re(N,ee™) 
From the Gauss law V | E = pe, we obtain, using compiex notation, 


w ieN a 
EK 





= -iE (18.2-15) 


We thus identity Ey with the maximum space charge field that results from full 
separation (by half the grating period A/2 = a/K) of the available charge (eN, per 
unit volume), 

The question then arises as to why the internal field is prevented from reaching 
a Value ~Ey and is limited, instead, to a value of ~Ep = k,TK/e when Ey > Ep. 
To answer this question, consider the electron current resulting from the excitation 
of some initial distribution of mobile carriers into the conduction band in the pres- 
ence of a space charge field £T (due to earlier charge separation). From (18.2-4) 


On, 
J, = pen EY + kelp — 
ax 
Since the initial distribution n, mimics the (negative) of the intensity (18.2-2), 
we can wnite 
n(x) = Me Mae + oc) and 
E, (x) = Efe + ce. 
The fundamental component of the current density becomes 


Je = (pengoky + iKkgTpn.sje' + ec. 
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It follows that the electron current vanishes when the space charge field EY reaches 


a value 
kak fn n Aa 
E* = =i — |—] = -iEn | — 
e Hg; Rey 


and no further charge separation takes place. The internal space periodic held £7 
thus gets arrested at a value ~Ep and cannot achieve the charge-limited value of 
Ey. This situation changes in the presence of an external field Eg that can “‘over- 
power” the internal space charge field so that ET tends, according to (18,2-12)}, to 
a value of ~ —i(/,/f,)E,, corresponding to full charge separation, Figure 18-4 shows 
the theoretical dependence of the space charge field EF on the external field Fy. Of 
special interest is the change of ET from an initial value smaller than the smaller of 
Ey, and Ep to a final value approaching Ey. in this particular example a large trap 
concentration N, leading to a limiting field of Ey, = 2 X £0° V/cm should give, 
according to curve (b), a fourfold increase in the internat space charge field with the 
application of an external field £a ~ 10° V/cm. Figure 18-5 shows experimental 
data from two strontium barium niobate Sr Ba; ..Nb.O, (SBN:x = 60%) crystals 
doped with Cr. An increase in the space charge field by about a factor of three is 
seen for Ea ~ 10° V/cm. Experimental data of the dependence of E} on Ep is shown 
in Figure 18-5, The values of £Y are deduced from two-beam coupling experiments 
that are discussed later. 

Two of the most important features of the analysis are the dependence of the 
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Figure 18-4 A theoretical plot of the amplitude EY of the spatially periodic internal electric 
field in photorefractive crystals [see Equation (18.2-12)] with 1 = 0, £ —> æ% as a function of 
the externally applied field E, The characteristic fields are: En = 10° V/cm and (a) Ey = 5 
x 10° Vicm, (b) Ey = 2 x 10° Vem. (Private communication K. Sayano, The Califorma 
Institute of Technology and R. R. Neurgaonkar, Rockwell Intemational Corp.) 
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Figure 18-5 Experimental data of the two-bearn coupling gain l œ EY as a function of applied 
electric field £, in two doped SBN:60 crystals. (After Reference {4].) 


internal field E¥ on the grating period A, and the dependence of 7 on intensity [6]. 
If we use the above definitions of En and £y, we can rewnte Ey of (18.2-12) as 


ge = ~i L) hii (18.2-16) 
| : I, $ + iD 14 ek, TK’ l 
eN, 





% 2 4 6 g 10 
A,( em) 


Figure 18-6 Two-beam coupling coefficient versus grating wavelength for Ea = 0. The cou- 
pling coefficient T is proportional to the internal field £F of Equation (18.2-16). (After Ref- 


erence [3],) 
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Figure 18-7 Photorefractive response time of the BaTiO, crystal versus intensity for A = .605 
pm, A, = 1.4 wm. (After Reference [5].) 


sa that the limits of K > 0 (A, —> ») and K — % (A, —> 0), EY — 0. Experimental 
evidence illustrating the dependence of E, on the grating period 1s shown in Figure 
18-6, which shows an experimental plot of a quantity proportional] to the internal 
field as a function of the grating period A, = 2@K '. Figure 18-7 shows the measured 
dependence of 7 on the intensity Jy 


The Grating Formation 


Now that we have determined the space-periodic electric field created by two inter- 
fering optical beams (18.2-12}, we will derive an expression for the resulting re- 
fractive index grating induced by this feld. 

The change in the optical indicatrix due to a (low frequency) electric field £, is 


given according to (9.2-1) by 
l 
a=) = Types 
n dy 


where r;, 1s the electrooptic tensor element. This corresponds to a change in the 
index of refracuion expenenced by a propagating wave 


l 
Ån = 3 Hat exch (18.2-} 7a) 
where E is the low-frequency electric field, and rs is some linear combination of 


the electrooptic tensor elements r,, that depends on the crystal orientation and the 
feld direction. We describe the spatial dependence of the index of refraction as 
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Fae h 
nix, D= mo + 5 ae elft-Ku 4 ce (18.2-17b) 
0 


2 J, = ê ĝ& A, AŠ so that, using (18.2-17a), 2, is defined by 








where /, = |A |? + JA: 


=t “8 ËA A? 
ie 1 _ Hye Hp oA] AZ a — br EX (18.2:18) 
fy Íy 
We take n, as real so that œ is the phase shift between the intensity pattern and that 
of the index a(x). The quantity »; is thus the index modulation amplitude (within a 
factor /,/fo). From (18.2-12) in the case w = w- ({2 = 0) 


, IE Eo + Ep) 
” Ey + Ey + Ep) 


ib 
Ae = rom 


(18.2-19) 
We note from (18.2-17} and (18.2-19) that the index modulation does not depend 
on the absolute intensity but only on the spatial modulation index |Zo = 
lê êA AŻ. This reflects the fact that the role of the optical field is only to redis- 
tribute the electronic charge so that the maximum space charge field and An are 
limited, as discussed above, only by drift diffusion processes and by the total avail- 
able charge, but not by the intensity. 


Refractive Two-Beam Coupling 


The index grating registered by beams £, and £, in a photorefractive medium causes 
power transfer by coupling £, and E, to each other. The coupling is due to smul- 
taneous Bragg scattering of both beams from the grating into each other. Since the 
grating is due to the interference of the two beams, the Bragg condition K = k; — 
k, is automatically satisfied and ensures that beam ] is diffracted exactly in the 
direction of beam 2 and vice versa, hence the coupling between the two beams. 
What's more, in the case where œw, # w the grating moves with just the right 
velocity ((w, — wX K) so that the Doppler-shifted frequency of the incident beam 
1, ien O1 + A@poppter 18 equal to that of beam 2 (w) and vice versa, The analysis 
starts with the wave equation (6.5-3). 


VE + wpe(nnE = 0. em) = ey ir) (18,2-20) 


Using Equation (18.2-18) for a(r}, assuming n, < no, and putting wpe, = wic? 
leads to 


Fig ft ie, ' êA; A> 


eit Ko 4 e. |E = 0 (18.2-21) 
0 


2 
VE + 2 Ç + 
C 
The field E is the sum of the two fields E, and E- (18.2-10) that ‘‘write’’ the 
grating. If we substitute E into (18.2-21} and for simplicity replace the vector E by 
a scalar E (this requires the use of the proper electrooptic coefficient, or combination 
of coefficients, r- in (18.2-18}], the result is 
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dA, +4 
(- —2k, — T. an iri) — oe gfe + ce 


a 
+}(- ity = Aor.) k a) gfe karn 4 ce, 
oF ig Ê AA} iliw i (kyr) karst] 
+j” o + ngoie += gilt irr il + oe, 
E 
X [Ar eee + Arper d + oc] = 0 (18.2-22) 


ato Lo. 
, heglecting the second derivative terms compared to 





Recognizing that kj + = = 


those involved in the first derivatives (this is the slowly varying amplitude approx- 
imation), and equating separately terms with the same exponential factors lead to 
the coupled wave equations 





dA a mm, a Al 
COs noT T3 - į; — e Ela aa, 
dÀ a any oH Ai 
cos B; i = -7A = i= E p a 8A, (18.2-23) 


where 6, and ĝ, are the angles between k, and k, and the normal tu the crystal input 
face, taken as z = 0. The loss term œ was added phenomenologically to account for 
absorption in the crystal. 

Before considering some exact consequences of (18.2-23), we might contem- 
plate some qualitative features. Using (18.2-19) in the limit Ey & Ep, En = 0 and 
$ = — nf, we can recast (18.2-23) in the form of 








dA à E,IA,| 
cos g, —2 = —“ A, — f rolê,- ê) 2 1 |a (18.2-24) 
Ü 


which for rar > 0 indicates the growth of A, at the expense of A, with an initial 
exponential growth constant 


3 A T 
y= | 2 plê êDEp Hal -2 (18.2-25) 
À Ía 2 
The direction of power flow depends on the sign of r.y and thus can be reversed by 
inverting the crystal orientation. Defining normalized intensities as $, = |A, 
$a = |A,|’, we obtain directly from (18.2-23) 


cos 6, 2, = —gf; — = ê- ê sin (PF FAG, + Fa) 


i} 


apy _ 


cos @, —— d 


-af + -ë sin (P)P FA Fi + $2) (18.2-26) 
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A similar analysis for ordinary nonlinear transparent materials that are charac- 
terized by areal yt” will lead to @ — 0 (x) and n(x) ‘im step’’) so that, according 
to (18,2-26), no power exchange takes place. In a photorefractive material, on the 
other hand, where n(x) is given by Equation (18.2-17, 18.2-19), @ = + 1/2 1s possible 
and the power transfer is maximum. By adding the last two equations, we obtain 


d 
dz (fi cos 6, + $2 cos b) = ~al(F¥, + Ah) 
which in the case of a = 0 amounts to the conservation of total power. 


Two-Beam Coupling—Symmetric Geometry 


In the case of @; = —@, = @, illustrated in Figure 18.8, Equation (18.2-26} can be 
solved exactly. If we define Jj, = $i”, ri = r, = r = z/cos@ is the distance 
measured along the beams’ propagation directions 











dh yd p Sil = Ji) 
dr J, J, 
af Jid Jd, — £5) 
— = 3 = 2?) ——— 2- 
7 7 7 (18.2-275 

J, = Ji + da 

o 2TA n, 
2 = 1 ê - ê sind (18.2-28) 


These equations can be integrated directly. The result, when expressed in terms 
of the original intensity varabies, 1s 


FO) + $10) 
FO) + $(O)e"" 
$10) + FAO) 
$ (Ole + $0) 
In the case of £(0) < $,(O)e"*"’, the last equation becomes 

Flr) = FO" (18.2-30) 


This predicted power exchange has heen observed first by Staebler.and Amodei in 
1972 (Reference [7]}. 


Fir) = Pe | 


Jir) = Fe” (18.2-29) 
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Figure 18-8 The symmetric two-beam coupling configuration. 
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Numerical Example: Two-Beam Coupling in BaTiO, 


BaTiO, 15 an electrooptic crystal with a perovskite structure that is ferroelectric at 
room temperature (its electrooptic constants are listed in Table 9-2), which possesses 
an extremely large electrooptic coefficient. The particular coefficient that comes into 
play in the two-beam coupling is rs, = ry. = 16.4 X 10 ' mV. Using the following 
data ty = 2.5, rey = Fad2, EY ~ Ep = 5 X 10? Viem. A = 0.5 pm, @ = m2, 
ê, = êa = 0,4, = l, = fp/2, and using Equations (18.2-28) and (18.2-18) 


_ 2a 


2. 





re 
- q - 
sind =r y He? eitÈ p == Af) Cm 


This is a very large gain constant. To put it in perspective we may recall that 
most laser media provide gain of good deal less than | cm™'. As a matter of fact. 
only in semiconductor lasers do we encounter similar gains. 


The analogy of photorefractively induced gain to ordinary laser gain is quite 
fundamental since in the presence of gain all we need do to obtain oscillation ts to 
provide optical feedback. A whole new class of optical devices has sprung over the 
last few years that depends on photorefractively pumped oscillators [i 1, [2]. Some 
of these devices will be described in the remainder of this chapter. Reference [13] 
contains a number of review articles on photorefractive topics. 


18.3 PHOTOREFRACTIVE SELF-PUMPED PHASE CONJUGATION (10, 11, 12) 


The large optical amplification by two-beam coupling m photorefractive crystals can 
be used to ‘‘pump’’ a new class of optical oscillators, and these in turn can pertorm 
a variety of tasks. Most of these tasks involve passive phase-conjugate reflectors. 
that is, phase-conjugating mirrors that do not require externaily supplied pump beams 
[9, 10]. To illustrate this principle, consider the configuration of Figure 18-9. 

An input beam 4 provides gain, by two-beam coupling, to beam I in a photo- 
refractive crystal placed inside a two-mirror (R), R.) optical resonator. If this gain 
(see Eq. 18.2-30) is sufficient to overcome the crystal and mirror losses, an oscillating 
optical field builds up inside the resonator. The two traveling beams | and 2 that 
make up the oscillating field then play the role of the conventional pump beams as 
in the canonical four-wave phase-conjugatton geometry of Figure 7-2, resulting in 
a reflected beam 3 that is the phase-conjugale replica of the inpul beam 4. A key 
point here is that beam 4 can amplify the resonator mode beam | even when it {beam 
4) bears an image. The presence of spatial features on beam 4 (due to the image) 
only influences the amount of gain. The spatial form of beam | is determined solely 
by the resonator, since it is a mode of the latter | 12]. 
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Figure 18-9 A photorefractively pumped optical oscillator. 


The possibility of phase conjugation without externally provided pump beams, 
the so-called ‘‘self-phase conjugation, ` opens up a new area of practical applications 
involving image processing and distortion correction. Before we move on to discuss 
these applications, we show in Figure 18-10 an impressive demonstration of correc- 
tion for propagation distortion following passive (self-pumped) phase conjugation 
by J. Feinberg [10]. The feedback for the photorefractive oscillation in this case is 
provided not by external reflectors, as in Figure 18-9, but by total mternal reflection 
in the photorefractive (BaTiO, crystals), The point to appreciate here is the com- 


Conjugator 
Conjugator ; 


alone distorter 





Mirror Mirror 
alone $ 
distorter 


Figure 18-10 Images of a cat reflected from a self- pumped phase conjugate mirror (SPPCM} 


of BaTiO;, a combination of a distorter and a SPPCM, an ordinary mirror, and an ordinary 
mirror plus a distorter. (Courtesy of J. Feinberg. University of Southern California [10].} 
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parison of the distorted image (image + distorter} to the distorted and (phase) con- 
jugated image (conjugator + distorter). 


18.4 APPLICATIONS OF PHOTOREFRACTIVE OSCILLATORS 


In this section we will describe some generic applications of photorefractive oscil- 
lators. In principle almost any application that uses ‘‘conventional’* phase conjugate 
reflectors, 1.e., ones that depend on externally supplied pump waves (A, and A, in 
Figure |7-1()) can also use a self-pumped phase conjugate mirror [16]. As a matter 
of fact, the dynamic distortion correction of a laser mode demonstrated in Figure 
17-11 employs a self-pumped phase conjugate mirror consisting of the crystal c and 
the single mirror Ma. 


Rotation Sensing 


As a representative example of the applications of phase conjugate mitrors we take 
up the case of fiber rotation sensors [17, 18]. A rotation sensor based on the Sagnac 
effect is shown m Figure 18-11. The basic principle of such a sensor is that light 
propagating in a coiled fiber (coil radius = R} will undergo an extra phase shift 


_ QaRL 


18.4-1 
vie (18.4-1) 





$ 


where L is the length of the fiber, c, A are the vacuum value of the velocity of light 
and the wavelength, respectively, and £} is the angular rotation rate (rad/s) about an 
axis normal to the plane of the loop. {1 > 0 when the light propagates in the same 


„~ Sensing arm 





conjugate 
Mitror 


Figure 18-11 The generic configuration of an interferometne fiber rotation sensor employing 
the Sagnac effect and a self-pumped phase conjugate mirror. 
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BS, Li F La BS 





BaTiO; 


C 
Figure 18-12 Experimental fiber-optic gyroscope setup using a self-pumped phase conjugate 
mirror, Instead of the two fibers in Figure 18-13, the experimental setup of this figure uses 
the two polarization modes of a polanzatton preserving fiber. (After Reference [18].) 


sense as the rotation and is negative otherwise. Note that @ is independent of the 
refractive index n of the fiber material (17). 

The derivation of is based on relativistic considerations. The correct result, 
however, can be obtained almost rigorously, from a consideration of the effective 
elongation (shortening) of a fiber experienced by light propagating in the same (op- 
posite) sense as the rotation. 

In the interferometric arrangement of Figure 18-12 a beam splitter sends one 
part of the input beam through a coiled fiber (sensing arm) while the other portion 
of the split beam enters the ‘‘reference’’ uncoiled arm, Both beams are then reflected 
from a self-pumped phase conjugate mirror, retraverse their original path and recom- 
bine interferometrically at detector D. Consider first the beam in the sensing arm. 
On its forward path between planes A and 2 it undergoes a phase shift 


27RL 
by = kla +70 + belt (18.42) 





where k = 2arn/A, and o,.(f) accounts for random (“‘noise’’) phase fluctuations in 
the sensing leg that are “‘slow’’ on the time scale of a round trip (these could be 
due, for example, to strain or temperature variations). The phase of the beam after 
reflection from the conjugator at point 8 is the reverse of the input phase plus an 
additional phase @, 


2TRL 
$a == —kh, 7 -i {} = elf) + A9, kL, kL, rlt), derft)] (18.4-3) 





The last term ¢, in (18.4-3) is of fundamental importance. In the case of a single 
input {ie., with the reference arm blocked-off) $, = 2kL, and the overall phase 
delay $; + œ, due to L, is 2kL», as required by causality. In the case of more than 
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one input beam, the phase delay term œ, 1s the same for all of them’ [19], so that 
the relative phases of the beams are reversed, as required for phase conjugation, 
while the absolute phases are not. After retracing the original path, the sensing beam 
returns to A with a phase 





27KL 
Dense = |u, E a 9) B rlt) t p [1 kL, kL, glt). bet 








cA 
+ (i _ ome Q + on) 
cA 
4aRL 
= — M EN + AI kEi kla. belt), beat) (18.44) 


note that the phase shift due to {2 has the opposite sign on the return trip since the 
sense of rotation relative to the beam 1s now reversed. 

Repeating the same procedure in the case of the reference beam teads to a phase 
of the reflected beam at plane A 


Deer = RL, + be lf) + pA KE RED Geil). Ger) 
+ kL, + drit 
= AAN, kLy, La, Pritt). derlt)) (18.4-5) 
The interference output signal at D thus involves the phase difference 
Aahh 
Pa — Pome = —— pQ (18.46) 
cA 


from which the extraneous effects of phase fluctuations ai, Òga, that usually limit 
the sensitivity of such sensors, disappeared. 

A basic point that should have emerged from the preceding discussion 1s that 
although a passive (self-pumped) phase conjugate mirror does not reverse the ab- 
salute* phase of an incoming beam, it does reverse the relative phases of the Fourier 
components (partial plane waves) that make up the beam. This property ts sufficient 
to guarantee wavefront reversal and enable various sensor applications [19]. Further 
discussion of this point is included m Problem 5 at the end of this chapter. 


Mathematical and Logic Operations on Images 


We have already discussed in Chapter 17 how nonlinear optical techniques can be 
used to perform spatial correlation, convolution, and other operations. in the follow- 
mg we will discuss some new mathematical operations that can be performed with 
passive (or externally pumped) phase conjugate mirrors. 


"The crystal “regards” the multiplicity of input beams, which are coherent relative to each other, as a 
single, albeit complex. beam. The phase œ, 1s thus due to the complex bul siagie grating ‘wnten’ in 
the crystal by this composite beam. 


** Absolute phase" here is taken to mean the phase relative to some coherent reference wave. 
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Consider the configuration shown in Figure 18-13. A plane wave with amplitude 
E., is split by a lossless beam splitter BS, whose reflection and transmission coef- 
ficients are equal to r and ¢, respectively. Let r' and t’ be the amplitude reflection 
and transmission coefficients for waves mcident from the opposite side of the beam 
splitter. Each of the two resulting (split) waves passes through a transparency with 
amplitude transmittance T, for beam 1 and T, for beam 2. The two beams are then 
reflected by a self-pumped phase conjugate mirror (SPCM) with phase conjugate 
amplitude reflectivity X. The phase conjugate beams recombine interferometrically 
at beam splitter BS, to form an output field. The total field at D, is 


Boy © EX, [(eT2)*R Tot + (TORT r] = EPROM (7AP — T (184-7) 
where we took advantage of the time reversibility condition 
rt + rfp = Q (18.4-8} 
The intensity at D, becomes 
Fou = Esaf * (RPT P — [Pal P rel Fin 
x [r POT (18.4-9) 
where O represents the Boolean ‘‘exclusive or’’ operation. The field at D, is thus 


the difference (squared) of the intensity pattern of the two transparencies. Similarly 
the field intensity 7’ at D, is 


yo TP + PUPP -= PPPRP 
a [TP + (Po? when |r? = 5 (18.410) 


Crystal 





Ti 


D D, 
Figure 18-13 An experimental arrangement to demonstrate image addition and subtraction 
(the ‘exclusive or” operation): (After Reference {20].) 


(uj 


(C) E 
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Note that when T, = e4 and T, = ge“, i.e., pure phase modulation, F, = 0. 
This is at first sight, an amazing result. A little thought, however, will convince us 
that this is as it should be. When the transparencies are lossless (which is the case 
for Tia = expliĝf o(x,)]) a “time reversal’’ by the conjugator should result in a 
return field at the beam splitter BS, that is a time-reversed (phase conjugate) replica 
of the incoming field. Since no field entered BS, from the direction of D,, none can 
emerge that propagate toward BS,. Since in this case |7,| = |T| = constant, the 
vanishing of the field propagating toward D, comes about by destructive interfer- 
ence, point hy point, of the two fields as expressed by (18.4-7). When T, and T, 
are, each, spatially intensity modulated the point by point destructive interference is 
no longer operative. A dark area in F, cannot, obviously, interfere with a bright spot 
on £3. More globally, the path becomes lossy (or amplifying) and, except for the 
trivial case of uniform and equal, |7 || = |T]. the time reversibility property of phase 





conjugation (see Section 17-1) does not hold. The striking advantage of the phase- 
conjugating interferometer described above is that the system works without any 
need to balance L; and La or to maintain their path difference constant to within a 
small fraction of A as is usually required with conventional interferometers. 





(d) 


Figure 18-14 The results of image subtraction using the setup of Figure 18-15 (see text for 
details). (After Reference |20].} 
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Figure 18-14 shows the result of experiments using the setup of Figure 18-13. 
Figure 18-16{a) shows the image at D, of a semicolon transparency place at 7, with 
beam 2 blocked and in (b) the image of a colon placed T, with path | blocked. 
Figure 18-4(c) shows the result of *‘subtraction’’ as observed at D, while (d) shows 
the image at Ds. 


Problems 


18.1 Obtain the expression for the diffraction efficiency of a fixed hologram as in 
(18.1-9} when a slight deviation from the Bragg condition exists, 1.¢.. 
‘A = k- T: k, K £ 0 

Consider the effects on the diffraction efficiency of: 

a. A small angular departure (6) of the incident beam from that of the Bragg con- 
dition. 

b. A small deviation of the wavelength. [Hint: Using Figure 18-1(b) show that for 
å << 1, (kə — k; — K)-r = &£8(sin§)z.] 

18.2 


O. Obtain an expression for the diffraction efficiency of a transmission hologram 
(Figure 18-1) as a function of Af where A is defined by 


A = |k; - k, + K] 


and f is the length of the hologram (in the z direction). 
b. Plot the diffraction efficiency of a fixed hologram as a function of A for a fixed 
incidence angle. Assume A = 0 at some nominal Ao. 


P 





18.3 Derive an expression for the diffraction efficiency |A ,(0)/A.(O)/’, of a reflec- 


tion hologram as shown in the accompanying figure, 


mtr) 
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INTRODUCTION 


Optical solitons are pulses that propagate without changing their shape in optical 
media. This is due to a balance beween two effects: (1) The group velocity dis- 
persion of the medium. This effect characterized by the parameter £” [B" = (d8 
dw”)], and as shown in Section 3.4, causes transform-limited pulses to broaden. (2) 
The Kerr effect described by the relation n = fo + nai and treated in Section 17.2. 
It is interesting to note that solitons are not kmited to optics. As a matter of historical 
interest, a solitary water wave was observed and first described by John Scott Russel 
in a barge canal in Great Britain in 1834 [E]. 


19.1 THE MATHEMATICAL DESCRIPTION OF SOLITONS 


To illustrate qualitatively the basic physics of this phenomenon, we consider first in 
Figure 19-1 what happens to a transform-limited optical pulse as it propagates in a 
fiber whose index of refraction depends on the field intensity f, 


n = Ny + fal (19.1-1} 
To be specific, we will assume a Gaussian pulse 
i f at 
Er” CViewp i — =) (19. 1-2) 


where C is a constant that does not play a role in this discussion. After a short 
propagation distance, AL, the pulse will emerge as 


L 
Ean = CViex ta = wå 





C 


nil ») exp (-ar7/2) 
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Figure 19-1 Phase modulation (chirping) of an optical pulse propagaling in a medium with 


Fis > (), 
[ts output phase is thus 
(My AL ` 
CAL, i} = Wal = r [fn + Hafi expl- ear) 


while the instantaneous frequency is 


ALR ia 


f expli — at” 19.1-3 
T pi- at) ( ) 


wmAL, O = dadi = ag + 2 


and is plotted in Figure 19-1 for the case n- > 0. Over the central, and most important 
portion of the pulse, it is chirped positively, i.e., devdr > 0. We note that the sign 
of the chirp in Figure 19-1 is the opposite of that of Figure 3-12. It follows directly 
that if a pulse with, say, a positive chirp, de/dt > 0, enters a linear dispersive fiber 
2 

with 8” = E = -5 a) <Q, it will narrow with propagation distance since 
the late arriving high frequencies will be sped up during their transit relative to the 
lower frequencies. The position along the fiber where ail frequency components 
“catch up’ with each other is where the minimum pulse width occurs. Beyond this 
point the pulse rebroadens. 

Imagine a hypothetical fiber made up of alternating short segments, half of 
which have 8” < 0 and na = 0, while in the remainder 8” = O and n: > D. A section 
of such a fiber with three segments is shown in Figure 19-2. We start with a trans- 
form-limited pulse in plane 1, which by plane 2 becomes broadened and chirped 
due to the dispersion 6" # 0, as discussed in Section 3.4, Propagation in the nonlinear 
fiber (n > OQ} results in a reversal of the sign of the chirp at plane 3 without a change 
in the pulse length. The relative slowing down of the high frequencies occurring in 
the dispersive (8" < 0) last segment gives rise to a pulse with the original shape 
and zero chirp at 4. In an actual fiber, both effects (Le., n, and B”) exist simulta- 
neously. This results in steady-state nonspreading pulses—solitons. 

To find the properties of the soliton, we will derive first the wave equation 
governing propagation in a dispersive nonlinear channel. 
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Planes O 


Figure 19-2 A representation of the soliton physics in which the simultaneous effects of linear 
dispersion due to 8” and nonlinear chirping due to n, are shown. for the sake of illustration 
as Operating on the propagating pulse in succession, One umt cell of the periodic fiber is 
shown. 


fhe Wave Equation 


The physical nonlinearity that plays a role is that described above where the index 
of refraction depends on the wave intensity: 


n= No + nol (19.1-4) 


This last relation can be described alternatively using the language of nonlinear 
optics—see (17.3-7)—as 


Puido) = Sy E(w)? E(w) (19. 1-5) 


where y = y™{— w, w, w, —@) is the third-order nonlinear optical constant of the 
medium. Using the relations 


D= &E + P= gl + YE + Phe 
= eE = egn*E 
and assuming that the nonlinear polarization is smal] compared to the linear one, 


j.e., 
Px “a Eal 1 + ME 
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we find that z, and y*” are related by 


2 
Eglo 
H 
3 No n 
— 
IH 
= I— 19.1- 
(no y 2) ( ) 


With relations (19.1-?) to €19.1-6) at hand, we are ready to solve the scalar 
Hemiholtz wave equation (1 7.3-3): 


PE ë 
or H ap 





WEG, yY 2; t) — [iE PuL (19.1-7) 


where £ is the dominant transverse feld component. 

We are interested in fiber solitons where the mode confinement in the transverse 
dimensions renders the problem one-dimensional. We take the propagation direction 
as z and replace the field E(x, y, z, t} by E(z, t}, which is some average of E(x, y, z, 
Ð over the transverse cross section (x, y). This renders the problem one-dimensional. 


F(z, 1) = Reliz t) explf(@pyt — Bol] (19,18) 


where Baw) is the propagation constant of the mode. 

in a typical case, the temporal duration of @ might be --107'' s, while the 
carrier period 27/w, is ~107'* s. Substituting (49.1-8) in (19.1-7) and using (19.1-5) 
leads to 
[—2ifBod' — Zim ped — Bod + wiped] expli(wof — Baz) 


2 
= 3 py” z plt b expte — B (19.19) 


where following (19. 1-5) we took 
Puig D = Ref3 Ple, n hiz, t) explilwyt ~ Boz))! 


which is valid for the case where ġ varies slowly compared to the physical processes 
responsible for vy. We used the definitions ġ' = adydz, @ = adat and neglected 
‘small’? terms involving @ and œ”. If, on the right of (19.1-9), we take advantage 


of the inequality uid > ah > h, we obtain 
—2uByb' — Liwowed — Bop + uep = —3 y pole ¢ 
Bo = WV HE (19.1-10) 
Next we take the double (space and time) Fourier transforms (FT) of (19. 1-16). 
Recalling that 


FT(@(z. t} = -= | hiz, N expl—i(yz + QN dz dt = $ip, Q) (19.1-11) 


(19.1-10) transforms to 
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|-2iBolip) — Ziwppe(iQ) - B} + orueld(p, N) 
= 3y" pT [PE 


From Equations (19.1-8) and (19.1-11) it foliow that 
E(x. t} = IE $ip. {D expli{(ae + Ot — (Ba — pia} dp dQ 


dp, {}) is thus associated with the optical frequency (w + £2), so that in (19. 1-12} 
we replace e everywhere by 


n? o} (19.1-12) 





Í 
ewt N Seten + 5 ee + 


d'e 


dE 
= — =, 
dao | 


19.1-] 
wal, (19.1-13) 








With the substitution of {19.1-13)}, Equation (19.1-12) becomes 


7 
| -ipai — Ba + wpe + (zone + f e)a t 
2 Ht 


E 
loue + = 
( fl Ve 





Jaro = 3y uaFTije e}  (19.1-14) 
Expanding 

Bean +O = 8, + pa +- B. 

= (wo + Vua + Q 09.1140) 


If we use the expansion (19.1-13} for e(œ + {}) in the second equality of the last 
expression and compare the resuit to the first equality, we find, after equating sim- 
ilar powers of 22, 


pà- -£s va p= Bs vee 
2€ 2€ 


With this last result, (19.1-14)} can be rewritten as 


rs FUE) = -i 5 x wad TOPO 


Bolipé) + = = 08) +j— 
where we assumed sue! < Bie'le. 
We now return to the (z, © domain by taking the (double) inverse Fourier (IFT) 


transform of the last equation. We use the following relations: 
a g at d 
IFT{ipd} == 6G) FNG) == Oo 1) ETFTIA = ete 


This results in the envelope wave equation for $(z, t) 


id 1 d¢ ; B" de p“ ; 
-= + Á = =| -= 19.1-18 
az D, at 5 ar i ao) $j Q { ) 
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We find it useful to transform to a coordinate system moving at the group velocity. 


Uy. 


=t- — 
Ug 
In addition we define 
ih H 3 {3} 
= c= 2 itar 
Ù 
and rewrite (19.1-15) as 
8b senp’, „n P , 
“i seme 5 I'l os + role = 0 (19.1-16) 


which is the main result. To solve if, it is convenient to define the following dimen- 
sioniess variables: 








Lf? I2 
_#_ [2 - eN . 
y b, nd $ $o (£1 (19.1-17) 





This last equation is formally the same as the Schrödinger time-dependent equation, 
except for the nonlinear term |f% It is often referred to as the nonlinear Schrödinger 
equation. A solution {the fundamental solution) of (19.1-18) in the case of 8” < 0 
15 


-i 
Ye, 7) = Sech(7) exp = (19.1-19) 
In terms of the original (z, t) variables, the fundamental soliton solution is 


O(z, th} = asen) col Z) (19. ]-20) 
Ty 2Z0 


and is illustrated in Figure 19-3, We may view the soliton width 7, as an independent 
parameter that uniquely characterizes the soliton in a fiber with given n, and 8”. It 
follows from (19.1-17) that for a given To the two remaining constants of @({z, t), 
dy, and zp, are determined. Recalling that the pulse energy is proportional to A-iper 
X PGT, we obtain from (£9.1-17) 





Bm «x ty (19.1-21) 
pulse energy 
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Figure 19-3 The fundamental soliton. 


so that lower-energy pulses are broader. This causes pulse broadening due to atten- 
uation in long fibers, a problem that can be remedied with the use of optical ampli- 
fiers. We note that in a given fiber (fixed 6" and n-), the peak electric field $a of 
the fundamental soliton is fixed by the relation 5 = (|8"\/y79). Since the field is 
limited essentially to the fiber core area gp, the total power in a soliton is 








cg np” 
P soliton = f r 
27 YT 
B'i 
P solton ~= Fy 
" 2YTHNo 


The numerical example that follows will help us get some appreciation of the 
soliton properties and the range of soliton powers. 


Numerical ExXample—Optical Solitons in Silica Fibers 


We will use the following data: X = 1.55 X 10% m,n = 1.45,m = 3 X 107° mW, 
Y= nmin = 2.39 X 1016 mW ohm, the fiber diameter Dabe, = 105 m, We 
will assume a data transmission rate fpi = 10!” bits/s and a corresponding Trwyn = 
3x 1g! 8, To = tTewun/l./6 = 1.70 X I0!!! s, 

The peak pulse power in the fiber soliton mode is 
ajin _ amle" 
2H  2noyrè 


(we used ġ3 = |B" yri) where g; = effective cross-sectional area of fiber ~ 100 
(um). We use expression (2.9-32) for 8”, 8” = (-A+/2mc)D, and use a value of D 
= |8 X 10 £ s/m”. (This corresponds in Figure 3-10 to a value of D = 18 ps/nm- 








P soliton 
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km appropriate to A = 1.55 um in a fiber with zero dispersion at A = 1.33 am. The 
corresponding value of B” is —2.31 x 107” s*/m. The result is 
p omiB" _ 107" x 1,45 X 7.8 x 107 
men O An yT 2 X 377 X 2.79 X 107 x (1.7 xX 107 "Y 
= 0.056 watt (peak power) 





We note that if we wish to communicate at a higher bit rate, ie. fe > 10'° bits, 
we need to use smaller values of 7). This will increase the peak power, which is 
proportional to 797. At power levels, exceeding, say 100 mw in our fiber, the cor- 
responding optical intensity, in a typical fiber, will be near 10° watts/em*. This 
intensity 1s sufficiently elevated so that nonlinear effects such as Raman and four- 
wave mixing become important and lead to degradation [2]. 

Much of the present interest in solitons for optical fiber communication is a 
result of a series of experimental demonstrations by L. Mollenauer (3, 4] which have 
established its viability for long distance (thousands of kilometers transmission). 


Problems 
19.1 Rewriting Equation (19.1-15) as 
g L PF ni 
oo EEE = i aR 
OZ OU, 2 or 2er 
where we used 
y” — Eig 
3I ` 


i 
P 
Show that for short distances, where the dispersive (j") effects can be neglected, a 
pulse with an input envelope 


uv. = 


At) = dy exp(—ar’) 


propagating in a nondispersive (8" = 0) fiber becomes 


Met) = of: - z) "E a ea 0) 
U 207) 


§ 





19.2 Show that for a Gaussian optical pulse with an envelope dit) = dw exp(—ar) 
and input intensity (in watts/nr’) 


2 2 
Kr = gol =h expi— lat), Í = ka (2) 


Propagation in a dispersive (8” # 0) and nonlinear (7, # 0) fiber results in a chirped 
output pulse whose envelope near the peak can be approximated by 


4 2 
7 ? Jag 
bet) = d: E z) exp Zumal ( E z) | 
Vay E Be 


where an, uninteresting time-independent phase shift was left out. 


19.3 Consider the propagation of a pulse through a penodic fiber such as shown 
in Figure 19-2. Assume that in plane | the pulse envelope is a chirpless Gaussian 
pulse &{f} = exp(~ar’). Show, using the results of Section 3.4 (Eq. 3.4-26 is es- 
pecially relevant) and problem 19,2, that the chirping of the pulse due to propagation 
between planes i and 2 can be reversed between planes 2 and 3 so that the pulse 
returns to its original envelope at 4 as shown in the figure. Derive the conditions 
necessary for the pulse envelope to repeat itself between 1 and 4. [Hint: You should 
find that the condition for phase reversal and pulse restoration between planes 1 and 
4 is 





h= Molga (A) VI + Q6'Lay (3) 
mn, by 


where 2L is the length of the dispersive fiber segments (Figure 19-2 shows a unit 
cell which contains two dispersive sections of length L straddling a nonlinear fiber 


of length Ly]. 
19.4 Show that in the case of 
L= (in) 
and in the limit of 
ABBL < | 


expression (3) agrees with the results of Section 19.1 for the soliton power Proton 
(Do not worry about factors of the order of magnitude of unity.) 
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20.0 {INTRODUCTION 
Some of the most important and elegant phenomena related to optical waves and 
their detection can only be explained using the extension of the formalism of quan- 
tum mechanics to optics, 1.¢., ‘‘quantum optics.” Important topics that fit thts cat- 
egory involve amplitude and phase noise (fluctuations), the statistics of photo-gen- 
erated electrons, and the new field of nonlinear squeezing. These areas are just too 
important to forego. Somewhat to my surprise, I found that by asking the student to 
accept just one result from quantum mechanics, it is possible to treat all the above- 
mentioned phenomena classically and obtain results that agree with those of quantum 


optics, 


20.1 THE QUANTUM UNCERTAINTY GOES CLASSICAL 





One of the better-known uncertainties of quantum mechanics relates to the simul- 
taneous measurement of the position (x) and momentum (p) of a particle and decrees 
that the product of the uncertainties Ap and Ax must obey [1] 


Ap Ax 2 A? 
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where A. = A/2a and k = 6.62377 X 107" joule-sec is the Planck’s constant. These 
fundamental uncertainties extend to optical measurements such as measurements of 
the amplitudes and phases of optical ftelds. Their proper study involves the elegant 
formalism of quantum optics (I, 2, 3]. Since we have foresworn quantum mechanics 
in this book, we cannot approach this subject from first pnnciples. We can, however, 
appreciate many of the consequences and even obtain numerically correct results for 
the important scenarios by accepting just one basic consequence of quantum me- 
chanics: that of the uncertainty principle. 


The Uncertainty Principle 


Let us represent the classical monochromatic electric field of some mode oscillating 
in a resonator as 


e(t) = |E] cos(wt 1 A) = RelE expGiwt)] (20.1-1) 
where 
E = |El exp(i8) = E, + iF; (20,1-2) 


is the complex phasor representing the field. It is shown in Figure 20-1 (a) as a vector 
in the complex E plane of length |E| and projections £, and E, along the real and 
imaginary axes, respectively. 

According to quantum mechanics [1, 2}, the complex amplitude £ in (20.1-2) 
cannot be specified exactly. This uncertainty is represented in Figure 20-1(b) by 
means of the ‘‘uncertainty circle.” The most probable position of the tip of the 
phasor £, on measurement, will be found near the center of the circie. The field 
phasor corresponding to the center of this circle is denoted as (F), the “expectation 
value’’ of E. The expectation value corresponds to the quantum mechanical ensemble 
average, that is, to the average of a large number of independent field determinations 
(measurements) under identical conditions. This expectation value obeys in all re- 
spects the same (Maxwell's) equations as its classical counterpart. There is even a 
theorem in quantum mechanics, Ehrenfest’s theorem [2], to prove it. 

Repeated measurements of the projections of E, E(t}, and £,(t) will yield dif- 
ferent results, and the results for E(t) = E + IE-t) will tend to cluster about the 
center of the circle, which is a graphical way to describe the most probable region 
in which the tip of E(r) will fall. The uncertainty that results from this inherent 
quantum-imposed spread in the values of E(t} can be thought of as quantum noise. 
We shall devote the rest of this chapter to a consideration of the consequences of 
this noise in optical measurements. 

A classical approximation of the quantum physics is to wnte the basic mono- 
chromatic field of an electromagnetic mode as 


e(t} = Re[E(t) exp(iwt)) = E(t) cos wt ~ Elt) sm wt = (20.)-2a) 
where the complex amplitude £(r) is 
F(t) = E) + E(t) 


Imé 


Ree 





(i) 


ReE 





if) 


Figure 20-1 (a) A classical phasor representation of the optical field. (b} A representation of 
a coherent field that is consistent with quantum optics. In this special case, AZ, = AEn (c) 
The electromagnetic field representation of an unexcited vacuum (# = 0) optical mode. {d} 
An equivalent representation of the field with a random phasor added, vectonally, to the tip 
of the classical phasor. (€) A ‘‘squeezed’” field. (f) A squeezed vacuum ( = 0) mode. The 
squeezing factor iss > |. 
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Figure 20-1 (Continued) 
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Figure 20-1 (Continued) 


and 
E\(t) = (E\(t)) + AED = Ey + ABW 
E(t) = (E(t) + AEWA = Ey + AEX (20. 1-3) 


where (E; o(f)) = Eig 2 is the expectation value of E, ,(t). AE {f and AE3(t} 
represent the fundamental quantum mechanical uncertainties. They have zero mean 
(AE, AD) — 0, and are uncorrelaied (AEAEE) = 0. () everywhere indicates en- 
semble (or temporal) averaging. 

Before proceeding with a description of these fluctuations, we will, as is the 
practice In quantum optics, find it useful to relate the mean electric field of a mode 
to the mean number n of optical photons (quanta) in the mode. Taking the mode 
volume as V, the dielectric constant of the medium as €, and using Equation (1.3-22) 
yields 


; KEV = nie = Field Energy within volume V 


so that the mean field amplitude is expressible as 


e= (2) Vasava 


€ 


171 

2A 

A= (2) (20.1-4) 
eV 


if we define the measure of the fundamental quantum mechanical uncertainties as 


AE, = (E; — E" = (AE y7 
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with a similar expression in which 1 — 2 for AF., then according to quantum 
mechanics [2] 
2 


A 
AE,AE, = (20.1-5) 


This is the only quantum mechanical result that we will use. 


The output field of most laser oscillators is in the so-called coherent stare [1,2] 
in which the uncertainty is divided equally between two quadrature components £; 
and È 3: 

A 


AE, = AE) => (20.16) 


or using the normalized dimensionless field, x = =, we can rewmnte (20.1-5) as 


l 
Ax, Ax, Ta (20.1-7) 


and for the coherent state field 


Ax, = Ax. = - (20. 1-8) 
A profound consequence of the uncertainty relation, Equation (20.1-5), is that 
it applies even to a mode that, classically, is not excited, that is, n = 0. This so- 
called varuum state, which corresponds to (20.1-3) with E,» = E- = 0, is illustrated 
by Figure 20. 1(c). 
Flectromagnetic fields in which the uncertainties of the two quadrature com- 
ponents are unequal, i.e., Av, # Ax, are called squeezed states. Such states have 
been produced recently using nonlinear optical techniques [4, 5}. A squeezed elec- 
tromagnetic field is dlustrated in Figure 20.!(e). A squeezed vacuum field is shown 
in Figure 20.1(f}. Instead of representing the field in terms of the quadrature ampli- 
tudes E, and £,, we can use the description of Figure 20.1{d) in which a random 
phasor 

f(t) = Hle” = AE\(t) + AE) (201-9) 

is added vectorially to the average phasor (E). 


The phase angle œ of this fluctuation phasor measured from {£} is uniformly 
distributed (is equally likely to occur) between 0 and 277 while 
A’ 
(le) = AERD = > (20.1-10) 


Some of the consequences of the uncertainty relation (20.1-5) are explored in 
what follows. 
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The Energy of an Electromagnetic Mode 


This energy is given classically by 
l l , 
g= z EVEE*) = EVIL + |€| cos ay’ + HP sia] = (201-1) 


and choosing, without loss of generality, the direction of (E) as the real axis so that 


E=L+ {cosa + itl sina  L= (FE) 


(€) = S (L? + 2L€| cos a + lE? cos? a + JEP sin? a) 
Vi, wm Vf, l, L) 
= — -+ = —— +- = +- 1- 
E + (EP) = 5 ę n+7A ) hafn =} (20.1-12) 


where we used the definition of A in (20.1-4) and (sin? a) = (cos? a) = 4, as well 
as the fact that (cos a) = 0, since æ is distributed uniformly between 0 and 27. It 
follows that in the case when the classical field is zero, i.¢., (£) and n, according to 
(20.1-4), are zero, the mode energy is Ae¥2. This is the so-called zero point vibration 
energy of the mode. It is one of the main consequences of quantum mechanics and 
it does not have a classical counterpart. 


Unceriainty in Energy 
The uncertainty of the mode energy € can be defined by 
AEV) = (8 — (O = (6) ~ (BY 
Using (20.1-11) for €, taking {cos” a) = 0 for n odd, and neglecting terms 0(£*/L"), 
we obtain 


AG = (AG!) = hon 


or in terms of the number of photons, X, in the resonator 
AÉ 
AN = ka Vn = VIN} (recall n = (NY) 


(ANY = (N) =n (20.1-13) 


where AN = (N — ny”. 

The relation (20.1-13) between the mean square uncertainty in the number of 
photons X and the average number (N) applies to a Poissonian probability distri- 
bution of the photon number N {2, 3] 


(Nye ™ 


= (20.1-14) 


PN) = 


for the number of photons X in the resonator. 
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Phase Unceriainty 
The uncertainty Af in the value of the field phase ts obtainable from Figure 20. 1¢d)} 


é| sin a , 
(AB? = (ABU) = (me ) 


l 
-À 
_ de ksin a) 2 
L? Atn 
| 


n 


where we assumed if | <€ L and used the fact that (t) and œit) are not correlated. 
Using (20.1-13) we obtain 


ANAB => (20.1-15) 


where AB = (ABF). This is a most important result and states the fundamental 
quantum mechanical limit on the simultaneous measurement of the phase (8) and 
excitation level N of an electromagnetic field. 


Fluctuation of Photoelectron Number 


If an optical wave is incident on a perfect photodetector whose area ts Aea then for 
each incident and absorbed photon, ideally, one photoelectron ts emitted. The re- 
sulting current is thus 


_ ecelEl’ Ana 
i-—_ 


20,1-16 
Pho ( 


where e is the absolute value of the electronic charge, and the power incident on the 
detector is celE|* Axa- If we use the dimensionless field x = EVA (A is defined in Eq. 
20.1-4), the expression for the current becomes 


. ECA oa J F 
i = —_ |i tx 
y [xy + x3] 


ECA aa 
= y (x70 + X50 + 2X At] + Ixix) (20.1-17} 


= fp + Ai 
where x, = Xio + AX), X = Xa + ÅK, 


CA rea 


—_— 


lg = 





(x2) + x2) = =n (20.1-18) 


R 


Al = 2 7 (XX + XÅ) (20, 1-19) 
F 
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where we used xj, + x2) = KOPA = n: 
“V 
Lr = ra length of quantization volume used in Eq. (20.1-4) 


The total number of photoelectrons emitted during a time interval 7 = Lec 
(corresponding to a bandwidth A = 1/7) is 


iT _ [ig + AKDT 


N, = 
E E 
WW) == n 
E 
A D ae 
(ane) = SOUP = argh, + xo 


= A[xjp((Ax iy) + xA H 
= Axio + X30)((Ax,)*) =A 
where we used (Ax, Ax,) = 0, Equation (20.1-18), and (Ai} = 0 as well as 


l 
(Ar) = (Ara) = (Ax?) = 7 
It follows that 
(AN?) = (N,) (20.1-20) 
so that the photoelectrons number N, obeys Poisson’s statistics. This was also shown 
in (10.10-18) to be true for the photons, Poissonian statistics apply to the case where 
each event (electron emission in this case) is completely random and independent 
so that there exist no correlations between individual emission events. This is exactly 
the scenario shown in Sections 10,3 and 10.4, which leads to shot noise in the current 
spectrum 


0 
5,0) = = = 2ei, (20.1-21) 


where 5;(v) is the spectral density of the photocurrent at the radio frequency v. We 
have thus demonstrated that the electronic shot noise in the photocurrent can be 
attributed to the quantum field fluctuations. 


Minimum Detectable Optical Power increment 


Most of the methods used to measure the power of an electromagnetic wave employ 
detectors that convert absorbed optical power to a proportional output current. In a 
perfect detector, which releases one electron into the external circuit for each ab- 


sorbed photon, we have 
, Pe 


i= (20. 1-22) 
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where P is the optical power to be measured. Let our measurement of the current 
consist of accumulating it for T seconds, which results in a total number of coliected 


electrons (or holes) 
€ PT ft 
ND == > P= NAT) 
e hw T 


The mean-squared uncertainty in the power measurerent is thus given by 
TAN hoN 
W w 
(APY) = [=] (AN?) = |} WT) 
T T 
where, in the last equality, we used (20.1-20). The average number of collected 


electrons during the observation interval T is given by 


P 
(NAT}) = i. T 


so that 
Å 
(AP) = = (P) 


Defining, arbitrarily, the minimum detectable power as that power at which the root- 
mean-squared fluctuation is equal to the average, i.e.. 
(Phin = (AP))'” 


we obtain 


Pnn = AwB (20.1-23) 


B = 1/T is the bandwidth of the current integrating system. One often refers to the 
quantity Ae as the minimum detectable power. It is treated in some detail in Section 
11.4. 


20.2 SQUEEZING OF OPTICAL FIELDS 


It is possible to take a coherent optical field, such as the output of a laser, and reduce 
the fluctuation of one of its quadrature components, say, AF), at the expense of AF,, 
or vice versa. The resulting uncertainty diagram becomes elliptical, while the product 
AF AE; retains its initial value of A*/4. This is referred to as squeezing [4, 5]. 
Squeezing is accomplished, usually, by a nonlinear optical operation on the field. 
One of the most common methods of achieving squeezing employs degenerate op- 
tical parametric amplification, which is discussed in Section 8,6, In this, degenerate, 
case, the ‘pump frequency is twice that of the ‘signal, wpump = 2@signar- TO 
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demonstrate how squeezing is accomplished in this situation, we will need, first, to 
revisit the topic of parametric amplification. 

Optical parametric amplification is described by Equations (8.7-2). In the case 
of a degenerate phase-matched parametric amplifier, we have 


W, = w= wh = 2w 


If we designate the complex amplitude of the field at w as £, the amplifier equations 
become 


T =p 20.2-1 
r E E (20.2-1} 
wd — 
ga V peg By (20.2-2) 
0 


where no is the index of refraction. 

The coupling constant g is complex, since it is proportional to the complex 
pump amplitude £,. Without loss of generality, we can take the pump field at z = 
Ü as | 


Es 





E(t) = -|E,| sin 2et = E (e? — g Pay (20.2-3) 

This choice determines the time reference. In this case, E, = +4é/E,|, the coupling 
constant g is imaginary, and (20,2-1)} assumes the form 

dE | 

—_ zZ — Et 

z? 4 

wd — 
jel = = Vue IE (20.24) 
0 


It is convenient to express the “‘signal’’ field at œ as in Equation (20.5-2) in terms 
of its quadrature amplitudes, £; and £,, 


B 
E=(E,+iE) E=3Œ+E) E= > (E — E*)  (20.2-6) 


so that the time dependent (‘‘signal’’) field is given by 


e(t) = Re[E exp(iwt)] = Re((Z, — iE) exp(rar)] 
= E cosa — Essin at (20.26) 


If we substitute the first of Equations (20.2-5) in (20.2-4), we obtain 


dE, _ lgl 
dz 


dÉ, = mid E, (20,2-7) 


dz 2 


‘14 


“op” 


“signal” 
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so that at output of the parametric amplifier z = L 


EYL) = £,(0) ool 8 L) = E {0s 


where the squeezing factor s 1s defined, in accordance with Figure 20-1{e), by 
s = exp( siL/2) 


Degenerate parametric amplification is thus seen to lead to amplification of one 
quadrature component (£,} and to the attenuation of the other component (E). The 
choice of which component is amplified is determined by the phase of the pump E}. 
This is illustrated by Figure 20-2. If we now express the field amplitudes as in 
(20. 1-3), including their quasi quantum mechanical fluctuations, the last two equa- 
tions become 


EYL, t) = (E,9(9) + AEO, 9) op £E 


EAL, ) = (Exl0) + AEO, 0) a|- ee et) (20.29) 


The mean fields £,, and £5) as well as the fluctuations AE (t) and AF-(t) are thus 
found to be amplified (attenuated) by the nonlinear parametric interaction. The output 
(z = L) fluctuations are 


AE (L) = (AE (L, )Y)? = AE,(0) e )- > £ opf 2E) (20.2-10) 


2o “reject” filter 


_ pio ` 1 wie 
E,sin(2uv — k 4%} Parametric amplifier E lote T costar- ker) 
Nonlinear crystal — 
i _ jel 
E,(0.4 costu - ker) t=O tak -Eose 7 sinw kez) 
-E {etsin — ke) - 





Figure 20-2 A degenerate parametric amplifier (pump frequency equal to twice the signal 
frequency} used in generating squeezed fields. 
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The uncertainty product 


AS 
AF (DALAL) = AF (0AE (0) = a (20.2-11) 
remains unchanged, although the uncertainty area is now elliptical rather than cir- 
L 
cular. This 1s illustrated in Figure 20-3(a) for the case of exp gl = 2. 


The case of a parametric amplifier with no input is particularly interesting. 
Classically we expect no output. Quantum mechanically, however, there exists an 





E, Enep) 


| E at Input 





(b) 


Figure 20-3 (a) The input field to a degenerate parametric amplifier shown in Figure 20-2 
and the squeezed output fields for the case exp(|e|//2) = 2 (6 db squeezing). (b) Same as (a) 


except that the input field is zero. 
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input field, the so-called vacuum field, represented by the origin-centered circle of 
Figure 2()-i(c). This field can be represented classically by Figure 20-i(a) with (£,) 
= (E.) = 0 


e (Ð = Re{{AE,(0, 1) + iAE(O, t) exponi = AE (0, t) cos wt 
— AEQ, H) sin wt 
(AE (0, ) = (AE(0,9)=0 (20.212) 


2 


a aO A 
(AEO, 0) = (AE,(0, 9°) = 7 


The resulting output 18 given by (20.2-9) with £,,(0} = E0) = Ò and is 


EL, ) = AE (6, t) ex £) 


2 
E [gle 
EL, t) = AE, 2) exp ~~ (20.2-13) 
30 that 


L —|elL 
Eal = åE 0, HÀ apf EE) cos wt — AE 0, t) ef s ) sin w 


f 





corresponding to a field with a zero mean but with squeezed vacuum fluctuations— 
the so-called squeezed vacuum. The input (circle) and output (ellipse) fluctuation in 
this case are depicted by Figure 20-3(b) for a parametric gain exp ({giL) = 4. 


Experimental Demonsiration of Squeezing 


The experimentat setup used often to demonstrate squeezing [5] is shown in Figure 
20-4. The output of an optical parametric amplifier at w is combined in a balanced 
homodyne receiver with the strong local oscillator, also of frequency w, which is 
coherent with that of the pump field at 2w. (Usually these two fields are derived 
from the same master laser oscillator at œ). The two combined fields, whose complex 
amplitudes are é, = IA/2[E() — €,()] and €; = I 2] Et) + €,(r)] are detecied, 
respectively, by photodetectors D; and D. The resulting currents 7, and 7, are sub- 
tracted from each other. The net current 7, — i, is fed to a spectrum analyzer that 
displays the spectral density of (i — i), a quantity. which according to (10.2-5) 
and (10.2-7), is proportional to (i; — 1,)*). The detected photocurrents are given 
according to (11.1-2) by 


f . 
T FE DETA) a 5 EW — ENEH ~ THD) 


i = 5 (Et + SADKER) + SHO) (20.2-14) 
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where ¢ is a detector constant. The resull of the electronic subtraction 15 thus 
in i = NERDEN + cel (20.2-15) 


This result illustrates the raison d'être for the balanced homodyne receiver. Since 
the output (i; — ii) contains only mixed (signal? x local oscillator) product terms. 
fluctuations Aé,(t) of the local oscillator field. which lead to “large terms 
€, NEF (1) in the photocurrents, i, and i», cancel out in the current subtraction. These 
terms would, in the case of a single detector receiver, mask the signal term EFEC). 

In most of the recent experiments [4, 5] demonstrating squeezing, there exists 
no input to the parametric amplifier, In this case, the output of the parametric am- 
plifier 1s given by Equation (20.2-9) with £ yy (0) = Ea = 0 


L 
E(t) = AE,(Q, nexe( £E) + jiAE.(O, Ñ vo( 2) (20.2-16) 


1e. the squeezed vacuum field. The complex amplitude of the local oscillator field 
at the beam splitter is taken as the sum of the average field plus a fluctuation term. 
The fluctuation may be due to basic quantum causes or any other cause. A phase 
factor exp(i@) accounts for the phase shifter 





Figure 20-5 Measurement demonstrating the phase dependence of the quantum fluctuations 
ina squeeved slate. The squeezing is achieved by degenerate parametme amplification, The 
phase dependence of the rms voltage trom 2 balunced homodyne receiver ts displayed vs, the 
local oscillator phase œ The noise vollage is centered on r = 1.8 MHz. With the parametric 
amplifier blocked, |p| — 0. the output 1s given by the dashed horizontal line with no & de- 
pendence, The dips represent 50 percert of the clectronic noise power relative to that of 
unsqueezed vacuum ‘te. (gi = 0} input [$I 
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€a can, without any loss of generality, be taken as a real number, Substituting the 
‘last two equations for @,(£) and E(t} in (20.2-15) and neglecting the terms involving 
ÀE, (f), since AG, (+) € €o results in 


L 
(i-i) = bro AEC nexp( £E) cos ¢ 


~ AE,(0, pep- s) sin 6) (20.2-18) 





Since both (AZ (t) and (AE {t} are zero, the time-averaged (7, — i,), the quantity 
that normally wil! be registered by a sensitive ammeter, is zero. This problem 1s 
avoided by squaring (i, — $i). This is accomplished usually [5] by the spectrum 
analyzer, which displays the spectral density 5 ,({2) of the input f(t) where 


(ro) = |. saan 


Coherent state (no squeezing) with x = 2.5, and § = 0 





Electric field 
D 


Time in optical periods 
(a) 


Squeezed state with x = 2.5, 5 = 4, and Ñ =0 


Electric field 





Time in optical periods 


(b) 


Figure 20-6 Representation of: (a) unsqueezed electric field, (b) squeezed (s = 4) state, {c} 
unsqueezed ‘‘vacuurn”’ field, and (d) squeezed {s = 4) vacuum field. 
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Vacuum siate (no squeezing) 
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Figure 20-5 (Continued) 


as discussed in Section 10.2. In our case, the input is f(t) = i.(f) — i.(f), so that the 
output of the spectrum analyzer is proportional, in the case of a constant Sei (0), 
to 
Sa-a (O) & (liz — Y) = WEZoKAE O, OY Yexp(lglLycos’¢ 
+ ((AE:0, 1)’dexp(—|giL)sin’¢) (20.2-19) 
= PEA lexpiigiliose + exp(—{glL)sin’¢] 
where we used (20. 1-6) and (AE (DAE {n} = 0. 

A typical result of such an experiment is shown in Figure 20-5. The observed 
dependence of the photocurrent fluctuations on the phase ¢ of local oscillator field 
is in agreement with (20.2-19) and constitutes a dramatic verification of squeezing 
of the vacuum fluctuations. The dashed horizontal line is the result when the optical 
parametric amplifier is blocked. 

It is instructive to view the squeezed states by plotting in Figure 20-6, the actual 
sinusoidal optical fields corresponding to six representative points inside the uncer- 


tainty ellipse of Figure 20-1(e), We recall that each such point represents a possible 
realization of the field (complex) amplitude. The case of no squeezing (s = 0) is 
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Lh 


Normalized photocurrent 
noise power 


05 





R=, l 


Figure 20-7 The normalized photocurrent noise current spectral density at » = 29 MHz as a 
function of the injection current to a semiconductor laser. iw is the oscillation threshold current. 
SQL—the standard quantum limit—is the level corresponding to shot noise. (After Reference 


[7].) 


shown in Figure 20-6(a), while a squeezed state with x = 2.5, 5 = 4, P = Ù is shown 
in (b). We note that in the squeezed state we trade an increase in the accuracy of 
measuring the frequency (or phase} for an increased amplitude fluctuation tn quali- 
tative agreement with (20,1-15). The vacuum state (E> = 9) is shown in (c), which 
contains plots of representative points from Figure 20-f(c), while the squeezed vac- 
uum, Figure 20-1(f), is shown in (d). 

Another type of squeezing, ‘‘number squeezing, ’ which results in photocurrent 
noise level below that of shot noise, can be exhibited m semiconductor diode lasers 
[6]. This squeezing results when the injection current to the lasers is highly constant 
and/or when proper, frequency dependent feedback is empioyed [7]. Such lasers 
may find practical uses m communication [8] and atomic measurements [9], for 
example. Experimental data showing such squeezing is shown in Figure 20-7. 

In conclusion it is worthwhile to remind ourselves that the classical treatment 
of this chapter seems to do a good job in representing the results of the rigorous 
quantum treatment—but only up to second-order electric field products. If we were 
to ask some more difficult questions, say those mvolving expectation values of the 
electric field raised to third power or higher, the classical approach fails. 

A comprehensive review of the topic quantum noise in optics 1s found in Ref- 
erence [10]. 
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The Kramers- 
Kromg Relations 


Here we present the denvation of the Kramers—Kronig relations 


] +a r f 
y'(w) = — P.V. | ae) da 
T - tu 





= w — 
+ w’) (Al) 
y"(#) = -= P.V. | as T du! 
T -e W — & 


that were given without proof in Equation (5.4-4). These relations are valid when 
x(w) = y'(@) ~ iyw) has no poles in the lower half-complex-a-plane |when y(a) 
has no singularities in the upper half-plane. similar relations, but with opposite signs, 
result]. For this case, we integrate the function yw’ )/(w@" — w) over the contour 
shown in Figure A-1. 


| He) ay’ + | SEED 
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where e' is the semicircle extending from —& to R, whereas c 1s the semicircle 
around œ. The right side is zero since y(w')(w' — w) has no singulanties inside the 
contour. We next take the limit of (A-2) as R — % and e — 0. The integral over c’ 
vanishes for y(%) = 0 while the integral over e becomes 
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Figure A-1 The integration contour of (A-2) used to derive the Kramers—Kronig relations. 


where we took w' = w + se’? over c, The sum of the second and third integrals of 
(A-2) in the limit ¢ — 0, R > %, ts, by definition, the principal value of the integral 
between — and %. The final result is 

+ pa F 
MOO iw (A-3) 
w — œw 


— oh 


i 
xw) = m P.V. 


Taking y(w} = y'(w) — iy"(w) and equating the real and imaginary parts of both 
sides of (A-3) yield Eqs. (A-1). 

Another useful form results from the requirement that y(— w) = y*(@) so that 
x"(@") is an odd and y'(w') is an even function of w. We can multiply (A-1) by 
(w + w¥(w' + w) and obtain 

Ff a’ ay 
L > a dw 


3 on 

xy'(w) = p P.Y. i (A-A) 
where the integral involving y'(w’) is zero, since y”(w') is odd. In a similar fashion, 
we derive 
20 = y'(w) 
if a f 
y (w) = 7 P.V. f ce dw (A-5) 

The requirement that y() have no poles in the lower half-plane is satisfied by 
passive linear systems. This is so because the Fourier transform P(w) of the polar- 
ization P(r) is equal in a linear system to the product y(w)E(w) where E(w) is the 
Fourier transform of E(t). One consequence of this relation is that the natural fre- 
quencies of vibration are the poles of y(w) and a pole a, — iw, in the lower half- 
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Figure A-2 The contribution to the refractive index and absorption coefficient of 30 periods 
of 70 A GaAs quantum wells doped to a surface density of 2 X 10? cm~’ and separated by 
440 A GaAlAs barriers. (From: G. Almogy, A. Shakouri, and A. Yariv, “Observation of 
birefringence induced by intersubband transitions in quantum wells,” Appi. Phys. Lett. 63:20, 
2720, 1993.) 


plane corresponds to a solution ee”. This represents an indefinite increase in 
energy with time, which is not possible in a passive linear system. The presence of 
poles in the lower half-plane can also be shown to violate the causality relation since 
it corresponds to a response of the polarization P(t), which precedes the driving 
‘force Eft). 

Figure A-2 shows plots of the absorption coefficient a(+), which is proportional 
to y"(»), in semiconductor quantum wells (see Chapter 16), and of the change in the 
index of refraction An(y), which is proportional to y'(v). The crosses and dots are 
experimental data. The solid An curve is derived using the Kramers—Kronig relations 
from the solid curve fit to the a(r) data. 
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The Electrooptic 
Effect in Cubic 
43m Crystals 


As an example of transverse modulation’ and of the application of the electrooptic 
effect we consider the case of crystals of the 43 symmetry group. Examples of this 
sroup are: InAs, CuCl, GaAs, and CdTe. The last two are used for modulation 1n 
the infrared since they remain transparent beyond 10 gm. These crystals are cubic 
and have axes of fourfold symmetry along the cube edges ((100) directions) and 
threefold axes of symmetry along the cube diagonals (111). 

To be specific, we apply the field in the (111) direction—that is, along a three- 
fald-symmetry axis. Taking the field magnitude as E, we have 


E 
FE = —=(e, + & + e) B-| 
V3 (e, (B-1) 
where @,, @>, and @, are unit vectors directed along the cube edges +, v. and z 
respectively. The three nonvanishing electrooptic tensor elements are. according to 
Table 9-] [see 43m tensor], Fap Fs = Fap and Fog = fay. Thus, using Equations 
(9,1-2) through (9.1-4), with 


we obtain 


yyte 3 E 
E ‘2 (xy tor tac) =| (B-2) 





Transverse modulation is the term applied to the case when the field is applied normal te the direction 


of propagation. 
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as the equation of the index ellipsoid. One can proceed formally at this point to 
derive the new directions x’, y’, and z’ of the principal axes of the ellipsoid. A little 
thought, however, will show that the (111) direction along which the field is applied 
will continue to remain a threefold-symmetry axis, whereas the remaining two or- 
thogonal axes can be chosen anywhere in the plane normal to {111}. Thus (B-2) is 
an equation of an ellipsoid of revolution about (111). To prove this we choose (111) 
as the z“ axis, 50 


l l 
Co I Va ™ 
and take 
vel — 
V? v2" 
l 
WA tR! (B-4) 
Therefore 
,, i, 
ET tA 
l l 
ATR tye e9) 


i l l 
z= —— y" + — + -= 7! 
V2 Ve V3 


Substituting (B-5) in (B-2}, we obtain the equation of the index ellipsoid in the x’, 
y’, 2’ coordinate system as 


l rake 1 2y 
wry (a V3 ‘ (z v ee) 


so the principal indices of refraction become 


p PaE 
Ae = ne =A, 
93 


Wry 


Ro = fy ~ 
V3 


It is clear from (B-6) that other choices of x’ and y’, as long as they are normal to 
z' and to each other, wil] work as well since x’ and y’ enter (B-6) as the combination 
x’? + y”, which is invariant to rotations about the z' axis. The principal axes of the 
index ellipsoid (B-6) are shown in Figure B-1. 








(8-7) 
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Figure B-1 The intersection of the index ellipsoid of 43m crystals (with E parallel to (111) 
with the planes x’ = 0, y’ = 0, 2’ = 0. The principal indices of refraction for this case are 
Fy My and Ay. 


An amplitude modulator based on the foregoing situation is shown in Figure 
B-2. The fractional intensity transmission is given by (9.3-4) as 


i, . 1 r 
ii 2 


where the retardation, using (B-7), is 


(B-8) 


V3.qnera [V 
P= dy gy = Somme (K) 


Ag d 
An important difference between this case where the electric field is applied normal 


to the direction of propagation and the longitudinal case (9.2-4) is that here I ts 
proportional to the crystal length /, 
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Figure B-2 A transverse electrooptic modulator using a zinc-biende-type (43m) crystal with 
E parallel to the cube diagonal {]11) direction. 
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A complete discussion of the electrooptic effect in 43m crystals is given in C. 
5. Namba, J. Opt, Soe. Am., vol. SE, p. 76, 1961. A summary of his analysis is 
included in Table B-1. 


Table B-1  Electrooptical Properties and Retardation in 43m (zinc-blende structure) Crystals 
for Three Directions of Applied Field (After C. 8. Namba, J. Opt. Soc. Am., vol. 51, p. 76, 
1961.) 
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Note in Traveling 
Wave Laser 


Amplifiers 


In Section 10.6 we discussed the effect of spontaneous emission power on the spec- 
tral width of the laser output. In this appendix we will derive the effect of sponta- 
neous emission noise on a laser amplifier in which the gain medium, with no mirrors, 
is used to amplify a weak input field. The basic engineering problem is to find the 
degradation of the signal-to-noise power that is caused by the (inevitable) addition 
of some spontaneous emission (noise) power to the amplified signal. A typical ex- 
perimental situation is shown in Figure C-1. 

An inverted atomic medium with population densities Xz and N; in the upper 
and lower transition levels occupies the space between z = 0 and z = L. An optical 
beam with power P is focused through an aperture with an area A, into the gain 
medium and exits through an aperture A. The coherent amplification of the input 
beam power P due to stimulated emission is given by 


dP = yP dz (C-1) 
where y, the exponential gain constant, is given by (5.3-3) as 
c*g(¥) 
= = —— 2 C-2 
y(v) = (Ny — N) San an (C-2) 


Let us consider next the details of how spontaneous radiation (noise) ts emitted, 
amplified. and mixes with the signal beam to degrade its signal-to-noise ratio. 
An element dz at z with area A emits spontaneously 
z N AvA dz 


N 


(C-3) 


Í spont 


watts of power. Since this power is emitted isotropically over the 4r solid angle, 
only a fraction 0/47 of the total is fed into the solid angle dQ subtended by the 


NOISE IN TRAVELING WAVE LASER AMPLIFIERS 73] 


Polarizer 
Screens 









| Detector 






Filter 
(Av) 


Figure C-1 A laser amplifier consisting of an inverted atomic medium contained between two 
screens, The signal beum is injected so that its waist comeides with the front sereen. 


laser beam and ultimately intcreepted by the detector. Similarly, it follows from the 
definition in Section 5.] of the line-shape function g(r) that only a fraction g(y)Av 
of the total spectrum of the spontaneous radiation falls within the transmission band- 
pass Av of the filter, The total noise power emitted by the elemental volume A dz 
within the optical spectral region Av and solid angie dQ) allowed into the detector 
is thus 


NoAve(vAvdA dQ 
< — 5 


l 
dP) =- t? C-A 
i } 2 é sont {r i ) 


where the factor 4 in front accounts for the polarizer that can remove half of the 
(isotropically polarized) noise without affecting the (linearly polarized) signal power. 
The sinallest solid angle df that we can use without sacrificing signal power 1s that 


subtended by the beam 


+ 


A” 
wa 





(ZED un = (dil) = 7G, = (C-3} 
where A = mah and 6, = A/arw n is the far-field diffraction angle of the signal beam 
as shown in Figure C-}. The value A-/n“A is often referred to as the solid angle per 
mode. 


Using (C-1) and (C-5), we rewrite (C-4) as 


Nayir 


4 
N N, 7 (C4) 


(dPy = 


The toral evolution of beam power including the induced and spontaneous tran- 
sitions is thus given by the sum of the emitted powers. (If the (wo contributions were 
coherent we would add their fields.) 


Ma 
T ET yhy Av (C-7) 
s i¥a 
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The solution of (C-7) subject to the boundary condition P(0) = Po 1s 


P(2) = Pæ” + phy Av(e™ — 1) 


(C2) 
amplified ampli fied 
signal moise 
where 
N, 
= ——— C4 
H N, ~ N, (C-9) 


is the population inversion factor. The signal-to-noise power ratio at the output of 
the amplifier is 





5 _ _ Pi G 
(S) pavAvG -| (C-10) 


G = exp( YL) is the one-pass gain. From the point of view of power bookkeeping, 
the effect of spontaneous emission 1s seen to be equivalent to a noise input power 


Neg = ahy dv ( - z) (€-11) 


which for an ideal four-level gain medium (j2 = 1} and high gain (G > 1) becomes 
Nig = Av Av 


If the laser amplifier were to be employed as a preamplifier in an optical receiver, 
then the minimum detectable power in the sense defined in Section 11.4 is given by 


(Pmin ~ hy Av (C-12) 


which is the same as that obtained in (11.4-10) in the case of a heterodyne detection 
scheme with unity quantum efficiency {y = 1). The laser preamplifier is thus an 
ideal’’ quantum limited receiver.’ 

The approach leading to (C-7) is quite general and should apply also to an atomic 
medium that is in thermal equilibrium (at T} and hence 1s absorbing. We can use 
{C-7) in this case, provided we put y(r) > —a(v), a (being the medium absorption 
coefficient) and (N/N) = exp -hH kT) as appropriate to a medium in thermal 
equilibrium. 

The result is 


dP ahv Av 
T = -aP + ut L] T] (C-13} 


'A practical note: To achieve the minimum detectable signal power, we need, according to (C-12), to 
reduce the bandwidth A» as much as possible. This ts more easily done at the radio frequencies of the 
heterodyne signal than at optical frequencies. The practical advantage thus lies with heterodyne reception. 
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whose solution 1s 


_ Av Ap a 
P) = POO) e =+ par be) (C-14) 
If the medium is ‘black’? e~* < 1 (i.e. all incident radiation is absorbed), the 
output power is 
hy 
PUL) = Shea Ar (C-15) 
independent of Ł and the input. This result is the same as the Johnson noise formula 
(10.5-6) which was obtained using quite a different point of view. 

If the laser medium contains a transition, other than that responsible for the gain, 
that causes an absorption coefficient œ and is characterized by a temperature T (this 
would be the temperature appearing in the Boltzmann ratio of the populations in- 
volved), then we must add the spontaneous emission from the upper to lower level 
of this transition to that from the upper, amplifying, laser level. Using (C-7) and 
(C-13) we obtain 
ohvAr 


OP Cy — op + E yh av + A (C16) 
g Y N, — N; ginal | 





whose solution is 
Piz) = PO) alive alwe 


hv À dv \ev — | 
+ (<= + vde yel (C-17) 
ë -1 1- NN; y-a 


At optical frequencies where Ay = XT, the contribution of the first term in the 
brackets, which represents spontaneous emission due to atomic levels involved in 
the absorbing transitions, 1s, in most cases, negligible compared to the second term, 
which is due to spontaneous emission in the lasing transition. At lower, say micro- 
wave, frequencies the loss contribution may become appreciable. 
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| Transformation 
| of a Coherent 
Electromagnetic 
Field by a Tinn 


Lens 


In this appendix we will derive one of the most important results of the theory of 

coherent optics, which deals with the transformation of a coherent monochromatic 

field by a lens. A special case of this derivation was stated as Equation (17.10-3). 
Consider the propagation of an optical beam 


E = Re[u(x, y, de] 


from an “input? plane z = U through a lens at z and then to the back focal ‘output’ 
plane at z + f as shown in Figure D-1. u(x) is thus the complex amplitude of the 


field, and f is the focal length of the lens. 
We use Equation (4.8-2) to transform the input beam at z = 0 to the plane 1. 


HX Ya} = all u(x, ye" dxdy (D-1) 


We used u(x, y) = u(x, y, z = 0) and 


= 3 I 7 ; B v)” 
r=Vo,-a¥ y + S aa + a (D-2) 
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Figure D-1 A lens at z transforms an “input’’ beam uix, y) at z = Ô to an “output at z + 
f. The lens plane is designated as 2, and assumed infinite in its transverse dimensions 50 that 
truncation effects are neglected. 


to rewrite (D-1)} as 





ie ™ ik 
mn y) = |j uo yje 37; 541 dedy (D-3) 
p 


In (D-2) and the rest of this appendix, s.y. stands for ‘‘similar terms with x — y,” 
As an example [(x, — x)? + s.y.] = ((x, — x)? + (y, — yY]. Relation (D-3), which 
results from using the approximate form of (D-2), is called the Kirchhoff diffraction 
integral. The approximation is valid when the neglected terms in (D-2) multiplied 
by &(=27/\) are small compared to 27. The field at plane £, is obtained by mul- 
tiplying the field at #, at 1 by the lens transfer function (2.3-1) 


Roy gy 
Ux(Xo, Ya) = mlan yey O20? 


TI dudyu(x, yet tra- tsy (D-4) 


Next we apply (D-3) again to ‘‘propagate’’ from plane 2 to 3 


e` eth 


a | Í deduce, ert “| (05) 


SRS er yee erm en ee ee aa = 


or ON SE SGP Drea 
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We rearrange the sum of all of the terms in the exponents of (D-5). The result is 


kiz + f) t+ * [x — x) + s.y.f + # (x5 — xy — Lae + J 


2f 2z 2f 
_ ws +y, z} k 
Kz + f} + k |1 F i i} F (xx; + yya) 


iffa (en) faoi) 


Changing the order of integration, we rewrite (D-5) as 


l l J dxdyu(x, y) 2% m) 
% 


[femeile bop} ee 


Considering the apertures X,, 2 as infinite and using the definite integral 





its (X34, Yaz + f} = — 


[ gnir dx = Va goin 
a a 
the integral over >, is equal to — i27z/k so that recalling that KA = 277, (D-6) becomes 


je eth A 
y(Xa, Yn 2+ f) = —— af esl gl l upele 2) dedy (D-7) 


Recalling the definition (17.10-1) of the Fourier transform, we can rewrite (D-7) as 
uala Yaz +f) 


een) 
= pO (Om F (uly ¥)}p=-ieyrq=-wys (D8) 
F{ u(x, y)} is the double (x, y} Fourier transform of u(x, y) and is a function of the 
variables p and g. An especially simple form results if the plane 2 is the front focal 
plane, i.e.,z = f. In this case 
2 tf 


Haa Ya 2f) = j Af Flu(x, Vy p= ~kr aff. g= kyy] (D-9) 





The output field u,{x3, Ya, 2) 1s thus the (scaled) Founer transform of the input 
field w(x, y). Equation (D-9) was stated in the book as Equation (17.10-3). 
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Lamb dip in Doppler-broadened gas lasers, 235 
Laplacian operator, 77 
Laser amplifier, 729 
Laser arrays, 431 
Laser dyes, 266 
Laser efficiency, 242, 581 
Laser field spectrum, 396 
Laser gyroscopes, 396 
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Noise equivalent current generator, 385 
Noise equivaient power, 456 
Noise equivalent voltage, 385 
Noise factor of optical fiber amplifier, 463 
Noise figure of amplifier, 444 
Noise power, 373 
Noise-power fluctuation, 449 
Noise shot, 381 
Noise temperature, 444 
Nonlinear constant, 642 
Nonlinear dielectric, 302, 323 
Nonlinear optical coefficients, 279 
Nonlinear optics, 273 
Nonlinear polarization, 273 
Normal (index) surfaces, 17 
Normal modes of vibration of CO, molecule, 257 
Numerical aperture of fiber, 117 
Nyquist noise, 383 


Ohmic losses, 356 
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Optical data storage, 541 
Optical fiher amplifier, 461 
Optical fiber link design, 441 
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Optical nonlinearities (3rd order), 642 
Optical pulse envelope, 108 
Optical pulse propagation, 63 
Optical rectification, 277 
Optical resonator algebra, 133 
Optical resonators, 121 
diffraction theory approach, 144 
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mode coupling to, 154 
mode density in, 125 
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resonant frequencies, 140 
Optical second-harmonic generation, 285 
Optical solitons in silica fibers, 693 
Optical spectrum analyzers, 129 
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Organic-dye lasers, 262 
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Osedlatmg dipole, 7 Photorefractive oscillators, 685, 686 
Oscillation frequencies of lasers, 189 Photorcfractive sclf-pumped phase conjugation, 684 
Photorefractive (wo-heam coupling. 68] 
Parametne amplification, 360 p-n junction, 432 
numencal example, 306 abrupt. 433 
Parametric amplifier. 713 equivalent circuit of, 435 
Parametne gain, 713 Pieroelectny crystals, 323 
Parametne oscillation, 273, 308 Poisson distribution, 471, 383, 424, 471 
frequency tuning in, 313 Polarization, 5, 22. 174 
Parametnc oscillators, power output and pump linear, 6 
saturation in, 314 nonlinear. 273 
Parametric up-conversion, 317 Polarization state, 17 
Paraxial ray, 39 Polarization transformation, 33 
Paraxial wave equation, 669 Polarizers, 17 
Periodic fibers, 512 Population inversion 
Periodic optical amplitication, 467 numerical example, 188 
Periodic poling, 325 in a semiconductur, 567 
Penodic waveguide, 504 Population inversion factor, 730 
Phase-amplitude coupling constant, 593 Power absorption, 176 
Phase conjugate mirror, reflectivity of, 646 Power exchange between two coupled modes, 519 
self pumped, 684 Power flow, 10 
Phase conjugate optics, A39 in fibers. 96 
amplification in, 646 in harmonic fields, 5 
coupled-mode formulation of, 643 Power fluctuation norse in lasers, 449 
Phase conjugale oscillators, 649 Power output of injection lasers, 581 
Phase conjugate waves, 641 Pressure-boadened operation of layers, 268 
Phase conjugation Principal axes, 725 
compensation by, 108 Principal dielectric axes, 12 
in CS, 649 Propagating Gaussian beam, 52 
in photorefractive crystals, 668 Propagation 
Phase diffusion, 394 of beams, 39 
Phase matching, quasi, 319 in birefringent crystals, 17 
Phase-matching, 290 constants, 85 
in parametri: amplification, 307 in fibers, 76 
in second-harmonic generation, 286 of guided optical modes, 491 
Phase memory, 401 of an optical ray, 42 
Phase modulation Pulse compression, 226 
coupled wave analysis of, 360 Pulse length measurement, 218 
of light, 347 Pulse narrowing by chirping and compression, 222 
Phase noise, 393 Pulse spreading 
Phase retardation, 342 in fibers, 98, 101 
Phase velocity, 9 in quadratic index fibers, 63 
Phasor representation of the optical field, 703 Pulse width, i01 
Photoconductive detector, 413, 425, 454 Pumping efficiency, 242 
Photodiode, the, 413 
Photodiodes, detection sensitivity, 443 Q factor of optical resonators. 121 
frequency response of, 438 Q-switching, 229, 233 
Photoelastic constant, 483, 485 Quadratic gain profile, 65 
Photomultiplier, 415 Quadratic-index fibers, 117 
Photomultipliers, heterodyne detection with, 421 Quadratic index media, 46, 48, 58 
noise mechanisms in, 417 Quadrature fields, 710 
Photon annihilation, 477 Quality factor, 121 


Photorefractive effect, 671 Quantum fuctuations. 324, 716 


Quantum limit of optical detection, 422, 424, 431 


Quantum noise, 701 

Quantum optics, 701 

{juantum well detector, 458 
Quantum well lasers, 604 
Quantum well lasers, gain in, 610 
Quantum welt physics, 605 
Quantum wells, 603, 723 
Quarter-wave plate, 23, 35 
Quasi-Fermi level, 562 

Quasi phase-matched LINbO,, 320 
Quaternary GalnAsP semiconductor lasers, 578 


Rate equations for laser oscillators, 194 
Rayleigh, Lord, and parametric oscillation, 300 
Ray matrix, 42, 55 

Real-time image processing, 663 
Reduced effective mass, 567 

Reentrant rays, 45 

Relative intensity noise (RIN}, 450 
Relaxation resonance frequency, 584 
Resonator modes, 132, 138 
Retardation, 342, 350 

Retardation plate, 18 

Rhodamine, 264 

Rotation matrix, 19 

Ruby laser, 170, 243 


Sagnac effect, 686 
Saturable absorber, 208 
Saturation intensity, 269 
Scattering of light by sound, 474 
Schawlow-Townes linewidth, 391 
Second-harmonic generation, 273 
with focused Gaussian beams, 291 
inside the laser resonator, 2945 
photon model of, 299 
Second-harmonic polarization, 278 
Self-heterodyning, 404 
Self reproducing stable field, 607 
Semiconductor lasers, 558 
Semiconductor laser structures, 577 
linewidth of, 398, 40] 
Semiconductor media, gain and loss in, 565 
Semiconductor physics, 559 
Shot noise, 381 
Signal-to-noise current ratio, 452 
Signal to noise power ratio, 410, 444, 465 
Signal to noise ratio, 431 
in optical amplifiers, 463 
Silica glass fiber, 76 
Single-state absorption, 265 
Slab waveguide, asymmetric, 499 


INDEX 


Solid angle per mode, 729 
Soliton equation, 698 
Salitons, 693 
Sound 
defiection of light by, 486 
diffraction of light from, 486 
Spatial correlation, 662 
Spatial Fourier transformation, 662 
Spectral broadening, 161 
Spatially penodic media, 669 
Spectral density function, 377 
of a train of randomly occurring events, 379 
of the laser field, 398 
Spherical mirrors, 132 
Spontaneous emission, 160, 388, 731 
Spontaneous emission noise, 728 
Spentaneous-emission spectrum, 249 
Spontaneous lifetime, 163 
Spontaneous rate, 166 
Sponlaneous transitions, 159 
Spot size of optical resonators, 136 
Squeezed field, 703 
Squeezed vacuum fluctuations, 718 
Squeezing, 701 
Stability condition, 44 
Stability diagram of optical resonator, 137 
Stability of Gaussian beams, 57 
Step-index circular waveguide, 80 
Stepindex fibers, 117 
Strain, 474 
Structures of buried waveguide diode lasers, 580 
Supermodes, 526 
Susceptibility 
electric, 6 
of a semiconductor medium, 566 
symmetrical mirror resonator, 134 
System theory approach to pulse propagation, 33 


TE modes, 499 

in a waveguide, 474 
Temporal dispersiun, 113 
Temporal envelope, 99 
Temporal filtering, 120 
Temporal imaging, 113, 120 
Thermal equilibnum, 167, 169 
Thermal noise, 383 
Thin lenses, 39 
Three-and four-level lasers, 192 
Threshold current denstty, 575 
Time averaging, 3 
Time lens, 114 
TM modes, 495, 50% 
Transfer function for pulse propagation, 107 
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Transfer matrix, 38 
Transformation 
of a coherent field, 662 
of Gaussian beam, 54 
by a thin lens, 732 
Transient holography, 649 
Transitions, induced, 168 
spontaneous, 167 
Transit time reduction factor, 441, 470 
in high frequency modulations, 351 
in photodiodes, 439 
Transverse electrooptic modulator, 348, 726 
Traveling wave, analysis of, 364 
Traveling-wave modulators, 351 
Two-beam coupling, 663 
Two-beam coupling gain, 679 


Ultrashort mode-locked pulses, 209 
Umaxial crystals, 287, 332 
Uncertainty principle, 702 

Unitary matnx, 20 


Vacuum field, 714 

Vacuum fluctuations, 714 

Valence band, 565 

Velocity dispersion D, 103 

Velocity of energy, 384 

Vertical cavity surface emitting lasers, 604 


Vertical cavity surface emitting semiconductor lasers, 
628 
Voigt notation, 337 
Volume gratings, 671 
Yolume holograms, 671 
angular multiplexing of, 533 
coupled wave analysis of, 346 


Wave equations, 77 
Waveguide 

optical, 4#) 

symmelric, 494 
Waveguide directional couples, 521 
Waveguide dispersion, 103 
Waveguide modes, 492 
Wavelength, 9 
Wavelength multiplexing in volume holograms, 352 
Wave plate, 17 
Wave propagation, 7 

in crystals, 12 

in nonlinear media, 282 
Wiener-Khintchine theorem, 375, 397 


Zero point (vacuum) fluctuations, 7]4 
Zinc-blende, 726 

Zinc-blende structure, 727 

Zine sulfide, crystal structure of, 281 
Zn, 281 


